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In this paper we investigate the ruin probability in the classical risk model under a positive constant
interest force. We restrict ourselves to the case where the claim size is heavy-tailed, i.e. the equilibrium
distribution function (e.d.f.) of the claim size belongs to a wide subclass (denoted A) of subexponential
distributions. Two-sided estimates for the ruin probability are developed by reduction from the classical
model without interest force. Discussions on the class A are given.
The classical risk model with homogenous Poisson arrival process, constant premium rate and constant
interest force has been investigated by many authors such as Sundt & Teugels (1995, 1997), Asmussen
(1998), Kl-uppelberg & Stadtm-uller (1998) and Kalashnikov & Konstantinides (2000). In the present work,
we propose two-sided bounds for the ruin probability in this model. The well-known inequalities in the
classical risk model without interest force enable us to derive accurate two-sided estimates. The idea of
the reduction is not new, but only recently this method became effective as the necessary tools has been
accumulated. This approach is also applicable to the investigation of the convergence rate of the ruin
probability approximations (see Kalashnikov & Tsitsiashvili (1999, 2000) and Mikosch & Nagaev (2000)).
We assume that the claim sizes, (Zk )k≥1 , form a sequence of i.i.d. non-negative r.v.’s, with a common
d.f. B(x) = 1 − B(x) = P (Z1 ≤ x), x ≥ 0, and a finite expectation b. Throughout this paper, the d.f. B
always satisfies B(x) > 0 for all x ≥ 0. We denote by
1
F (x) =
b

Z

x

B(z) dz,

(1)

x ≥ 0,

0

the equilibrium distribution function (e.d.f.) of the d.f. B. We assume, as usual, that the claim arrival times
constitute a homogeneous Poisson process (N (t))t≥0 , which is independent of (Zk )k≥1 and has an intensity
PN (t)
λ > 0. Therefore, the compound Poisson process X(t) =
k=1 Zk represents the total claim amount
accumulated up to time t ≥ 0, with X(t) = 0 when N (t) = 0. We write ρ = λb and let c be the constant
gross premium rate which is not necessarily positive. We assume that there exists a constant interest force
δ > 0 which affects the risk process. Let u > 0 be the initial surplus of the insurance company, then the total
surplus up to time t, represented by Uδ (t), satisfies the equation
δt

Z

t
δz

Z

e dz −

Uδ (t) = ue + c
0

0

t

eδ(t−z) dX(z),

t ≥ 0.
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The ultimate ruin probability for this risk process is then defined by


ψδ (u) = P inf Uδ (t) < 0 | Uδ (0) = u ,
t≥0
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u ≥ 0.

We shall need
ψδ (u)
,
Gδ (u) = 1 −
ψδ (0)

Z

∞

kδ (u) =

z dGδ (z),
u

Kδ = ρ

1 − ψδ (0)
.
ψδ (0)

See Sundt & Teugels (1995) for details. These expressions enable us to take the following representation for
the ruin probability:


Z ∞
ρ
kδ (u)
dz
−
kδ (z) 2 .
(2)
ψδ (u) =
Kδ + ρ
u
z
u
Further we shall use the following two-sided bounds of kδ (u) (see Kalashnikov & Konstantinides (2000))
(ρ + Kδ )u
(ρ + Kδ )(c − ρ) ψ0 (u)
F (u) ≤ kδ (u) ≤
.
c + δu
δρ
1 − ψ0 (u)

(3)

The inequalities in (3) will play a critical role in deriving estimates for the ruin probability.
As is done in many recent papers on risk theory, we are interested in heavy-tailed claim sizes. The most
important class of heavy-tailed d.f.’s is the subexponential class S. By definition, a d.f. F supported on
[0, ∞) belongs to the class S if and only if for any (or equivalently for some) n ≥ 2
F ∗n (x)
= n,
x→∞ F (x)
lim

where F ∗n denotes the n-fold convolution of the d.f. F . We refer to Embrechts et al. (1997), Goldie &
Kl-uppelberg (1998), Rolski et al. (1999) and Asmussen (2000) for thorough reviews of the applications of
the class S in insurance and finance.
It is well known that if the e.d.f. F of the claim size belongs to the class S and the safety loading condition
ρ < c holds, then
ρ
ψ0 (u) ∼
F (u), u → ∞.
(4)
c−ρ
See Feller (1971) and Embrechts & Veraverbeke (1982). This asymptotics, together with inequalities (3),
gives the relationship
ρ + Kδ
kδ (u) ∼
F (u), u → ∞.
(5)
δ
Hence, it seems tempting to substitute (5) into (2) on the way to the following asymptotic relationship:
Z
λ ∞
dz
ψδ (u) ∼
B(z) , u → ∞.
(6)
δ u
z
See Asmussen (1998), Kl-uppelberg & Stadtm-uller (1998) and Kalashnikov & Konstantinides (2000) for (6).
Definitely, the asymptotics (6) is kept valid under an additional restriction that, for some v > 1,
lim sup
x→∞

F (vx)
< 1.
F (x)

(7)

Motivated by this background we introduce a new class of subexponential d.f.’s.
Definition. Let F be a d.f. supported on [0, ∞). We say that F belongs to A if F ∈ S and (7) holds for
some v > 1.
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Theorem 1. In the classical risk model, provided F ∈ A, the asymptotics (6) is true.
Based on the classical asymptotics (4), Kalashnikov & Tsitsiashvili (1999, 2000) introduced as an auxiliary
function the relative error of the approximation (4)
∆(u) =

ψ0 (u)
ρ
c−ρ F (u)

− 1,

u ≥ 0.

Obviously, ∆(u) → 0 as u → ∞. Now we look for another auxiliary function which plays a similar role in
the present situation. In fact, recalling (6) and the function
Z ∞
x
dz
D(x) = 1 −
F (z) 2 ,
z
F (x) x
we can obtain an asymptotic relationship for the ruin probability ψδ (u) that
ψδ (u) ∼

ρ
D(u)F (u),
δu

(8)

u → ∞.

This urges us to investigate the auxiliary function
Γ(u) =

ψδ (u)
ρ
D(u)F
(u)
δu

− 1,

u ≥ 0.

Obviously, Γ(u) represents the relative error of the approximation (8).
Now we state the main result of the paper:
Theorem 2. In the classical risk model, if ρ < c, then for any u > 0 we have


∆(u) + ψ0 (u)
1
c
−
+
[1 − D(u)]
1 − ψ0 (u)
D(u) c + δu


c
1
c
∆(u) + ψ0 (u)
≤ Γ(u) ≤ −
+
+
,
c + δu D(u) c + δu
1 − ψ0 (u)

(9)

where ∆(u) = supx≥u ∆(x).
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