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We consider the problem of optimal disorder time detection for the Pareto distribution function. We
derived an analytical solution for the main parameters of the cumulative sums method: mean delay time to
disorder and mean time between “false alarms”.
Let θ be an integer random variable (r.v.) with the countable state space 0, 1, . . .. If we suppose that

θ = n, then independent r.v.’s ξ1, ξ2, . . . , ξn−1 have a common Pareto distribution

F0(x) = 1−
(

k

x

)α

,

where 0 < α < 2, 0 < k, k < x, and r.v.’s ξn, ξn+1, . . . have a distribution

F1(x) = 1−
(

k

x

)β

,

0 < β < 2, 0 < k, k < x and α 6= β (we suppose that the densities of these distributions are p0(x), p1(x),
respectively). R.v. θ may be considered as the moment of disorder in the observation process. The observer’s
aim is to determine by the incoming observations x1, x2, . . . the point of change τ as accurately as possible.
There is a number of methods to detect the point of change. Here we use the method of cumulative sums
[1-4]. Let S0 be any value in the interval [1, µ], where 1 < µ, and

Sn = max
{

1, Sn−1
p1(xn)
p0(xn)

}
, n ≥ 1.

Define the moment τ in the form

τ = inf {n ≥ 1 : Sn ≥ µ} .

The task is to find by practical consideration the optimal level µ.
The main parameters of the cumulative sums method are:
1) mean delay time to detect disorder

E0τ = E {τ |θ = 0} ;

2) mean time between “false alarms”

E∞τ = E {τ |θ = ∞} ,
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should not be less than some value R.
Denote πn(x) = P (τ = n|θ = 0, S0 = x), where 1 ≤ x < µ. After calculating the variables πn(x), n ≥

1, it is possible to find E0τ =
∑∞

n=1 nπn(1).
For any n ≥ 1 and α > β

πn(x) = an + bnx
β

α−β , 1 ≤ x < µ

is correct. If parameter µ satisfies the condition(
β

α

) β
α−β

(
β

α− β
ln(µ)− 1 + µ

β
β−α

)
≤ 1

then the sequence

E0τ =
∞∑

n=1

nπn(1) =
1−

(
β
α

) β
α−β

(
β

α−β ln(µ)− 1
)

(
β

αµ

) β
α−β

− 1

converges. For α < β we have

E0τ = 1 +

(
αµ
β

) β
β−α

1−
(

α
β

) β
β−α

(
1 + β

β−α ln(µ)
) ,

if the condition ∣∣∣∣∣
(

α

β

) β
β−α

(
1 +

β

β − α
ln(µ)

)∣∣∣∣∣ < 1

is true. In the same way we are able to find E∞τ .
Statistical investigations have shown, that observations of inactive OFF times of web traffic are inde-

pendent identically distributed r.v.’s with the Pareto distribution function [5]. We can use our results for
determination of the web crabler’s traffic disorder time.
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