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Abstract—In this paper a queueing system with a single customer searching server, retrials, finite
buffer, Poisson flow and general distribution of service time is considered. An arriving customer joins
a retrial orbit if he finds the buffer fully occupied. After finishing the service, the server searches
for the next customer to be served among the customers in the buffer. The inter-retrial times are
exponentially distributed with parameter γ. An orbiting customer can be served only if the buffer is free.
A computational algorithm for stationary distribution of the primary queue length and a formula for the
mean number of customers in the system are presented.

1. INTRODUCTION

In the last years interest in queueing systems with the server searching for customers is increasing. In
fact these systems are able to model computer systems in which the processor has to spend a random time
to find the next task to be processed. Despite the increasing interest, few results have been obtained for such
systems.
The notion of search (at a service completion epoch) for customers has been introduced by Neuts

and Ramalhoto in [1] in the context of classical M/G/1 queue. Recurrent formulas for stationary state
probabilities and some performance indices have been obtained for a single server queueing system with two
independent Poisson flows of customers and a general distribution function for service time in [2], where
the searching for customers of different types is realized with non-preemptive priority. A retrial queueing
system with a customer-searching server, a Poisson flow of customers and finite buffer has been analyzed
in [3], where a computational algorithm for stationary state probabilities is derived. The results of [3] are
generalized to the case of K Poisson flows of customers in [4]. The search for retrial customers for a
M/G/1 queue with retrials has been studied in [5]. AMAP/M/c queue with retrials and server searching
for customers has been analyzed in [6]. The steady state analysis of the model has been performed using
direct truncation andmatrix-geometric approximation and efficient algorithm for calculation of performances
indices has been presented. Matrix-geometric form for stationary state probabilities has been derived in [7]
for the PH/PH/1/r queueing system with search.
In this paper we consider aM/G/1/r queueing system with retrials, server searching for customers in

the buffer and priority service of primary customers. A similar queueing system without search has been
investigated in [8], where a computational algorithm for stationary distribution of primary queue length and
binomial moments of retrial queue length has been obtained. The present paper generalizes the results of [8]
for the case in which the server realizes a searching for primary customers.

2. SYSTEM DESCRIPTION

We deal with a single server queueing system with a buffer of capacity r (1 ≤ r < ∞) for primary
customers and retrials.
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Customers arrive from outside according to a Poisson flow with rate λ. The customer service times are
independent and identically distributed random variables and they have a common arbitrary distribution
function B (x). We assume that B (x) is absolutely continuous, that B (0) = 0 and

b =

∞∫
0

xdB (x) <∞.

An arriving customer is allocated at the end of the queue in the buffer if there are free places, otherwise he
joins the group of retrial customers which is called orbit. We suppose that the size of the orbit is infinite.
A customer waits in the buffer until the server searches for him. The duration of a search for customer

is exponentially distributed with parameter θ. The time intervals between retrial requests of each orbiting
customer are exponentially distributed with parameter γ.
If at the moment of repeated request the server is serving a customer, the orbiting customer will rejoin

the orbit, otherwise if the buffer is free and so the server is in the searching phase, the orbiting customer will
interrupt the search and will be served.
Using Kendall’s notation, we shall denote this queueing system asM/G/1/r queue with retrials and search.

3. SYSTEM OF EQUILIBRIUM EQUATIONS

The behaviour in time of the system under consideration can be represented by the Markov process
{ξ(t), t > 0} with the state space

X =
{
(i, n) , (i, n, x) , n > 0, x > 0, i = 0, r

}
,

where the state (i, n) of the process ξ (t) at the moment t means that the server is free, there are i customers
in the primary queue and n customers in the orbit; ξ (t) = (i, n, x) corresponds to the situation in which the
queue includes i customers, the orbit contains n customers and the elapsed service time is equal to x.
Define

p∗in(t) = P {ξ (t) = (i, n)} ,
Pin (x, t) = P {ξ (t) ∈ {(i, n)× [0, x)} .

We suppose that there exist stationary probabilities

p∗in = lim
t→∞

p∗in(t),

Pin(x) = lim
t→∞

Pin (x, t)

and stationary probability density pin(x) = P
′
in(x). Let pin = Pin(∞). Note that pin is the stationary

probability that i customers are in the primary queue and n customers are in the orbit. Let us denote

qin (x) =
pin (x)

1−B (x)
, i = 0, r, n ≥ 0,

qin (0) = qin, i = 0, r, n ≥ 0.

It can be shown that the following system of equations holds:

d

dx
qin (x) = −λqin (x) + u (i)λqi−1,n (x) , i = 0, r − 1, n ≥ 0, (3.1)

d

dx
qrn (x) = −λqrn (x) + λqr−1,n (x) + u (n)λqr,n−1 (x) , n ≥ 0, (3.2)
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0 = − (λ+ nγ) p∗0n +

∞∫
0

q0n (x) dB (x) , n ≥ 0, (3.3)

0 = − (λ+ θ) p∗in + λp∗i−1,n +

∞∫
0

qin (x) dB (x) , i = 1, r − 1, n ≥ 0, (3.4)

0 = − (λ+ θ) p∗rn + λp∗r−1,n + u (n)λp∗r,n−1 +

∞∫
0

qrn (x) dB (x) , n ≥ 0, (3.5)

q0n (0) = γ (n+ 1) p∗0,n+1 + θp∗1n, n ≥ 0, (3.6)

qin (0) = θp∗i+1,n, i = 1, r − 1, n ≥ 0, (3.7)

qrn (0) = 0, n ≥ 0, (3.8)

where u (x) is a unit Heavyside function.

4. SYSTEM OF EQUATIONS FOR FACTORIAL MOMENTS AND ITS SOLUTION

In this section we shall get the system of equations for factorial moments and its solution. For this purpose
let us derive some basic relations that we shall use later.
Summing the equation (3.1) over i = 0, r − 1 and adding (3.2), we obtain

d

dx
q·,n (x) = −λqrn (x) + u (n)λqr,n−1 (x) , n ≥ 0, (4.1)

where the central dot “ · ” will denote summing over all possible values of a discrete argument.
Summing (3.4) over i and adding (3.3), (3.5), we obtain

−θp∗·,n + θp∗0,n +

∞∫
0

q·,n (x) dB (x)− nγp∗0n − λp∗rn + u (n)λp∗r,n−1 = 0. (4.2)

Summing (3.7) over i and adding (3.6), (3.8) we have

θp∗·,n − θp∗0,n = q·,n (0)− γ (n+ 1) p∗0,n+1. (4.3)

Substituting (4.3) into (4.2) we deduce that

q·,n (0) = −nγp∗0n + γ (n+ 1) p∗0,n+1 +

∞∫
0

q·,n (x) dB (x)− λp∗rn + u (n)λp∗r,n−1, n ≥ 0. (4.4)

By multiplying (4.1) by 1−B (x), integrating it over x in [0,+∞), and using (4.4), we obtain

γ (n+ 1) p∗0,n+1 = λprn + λp∗rn, n ≥ 0. (4.5)

Now let us define, for |z| ≤ 1, generating functions of qin (x), p∗in, pin:

Qi (x, z) =
∞∑

n=0

qin (x) zn, P ∗i (z) =
∞∑

n=0

p∗inz
n, Pi (z) =

∞∑
n=0

pinz
n, i = 0, r.

ИНФОРМАЦИОННЫЕ ПРОЦЕССЫ ТОМ 4 № 1 2004



16 D’Apice, De Simone, Manzo, Rizelian

Using the above functions, system of equations (3.1)−(3.8) takes the following form:

∂

∂x
Qi (x, z) = −λQi (x, z) + u (i)λQi−1 (x, z) , i = 0, r − 1, (4.6)

∂

∂x
Qr (x, z) = −λ (1− z)Qr (x, z) + λQr−1 (x, z) , (4.7)

0 = −λP ∗0 (z)− γz
d

dz
P ∗0 (z) +

∞∫
0

Q0 (x, z) dB (x) , (4.8)

0 = − (λ+ θ)P ∗i (z) + λP ∗i−1 (z) +

∞∫
0

Qi (x, z) dB (x) , i = 1, r − 1, (4.9)

0 = −λ
(

1− z +
θ

λ

)
P ∗r (z) + λP ∗r−1 (z) +

∞∫
0

Qr (x, z) dB (x) , (4.10)

Q0 (z) = γ
d

dz
P ∗0 (z) + θP ∗1 (z) , (4.11)

Qi (z) = θP ∗i+1 (z) , i = 1, r − 1, (4.12)

Qr (z) = 0. (4.13)

It is clear that solving differential equations (4.6), (4.7) with boundary conditions (4.8)−(4.13) is fairly
difficult from an analytic point of view. It is simpler to search only for the factorial moments of the number
of customers in the orbit. In order to do it, let us define

Nim (x) =
∞∑

n=m

(n)m qin (x) , N∗
im =

∞∑
n=m

(n)m p∗in, Nim =
∞∑

n=m

(n)m pin, i = 0, r, m ≥ 0,

(4.14)
where (n)m = n (n− 1) ...(n−m+ 1).
Differentiatingm times the equations (4.6)−(4.13) over z and letting z = 1, we have

d

dx
Nim (x) = −λNim (x) + u (i)λNi−1,m (x) , i = 0, r − 1, (4.15)

d

dx
Nrm (x) = λNr−1,m (x) + λmNr,m−1 (x) , (4.16)

0 = − (λ+ γm)N∗
0m − γN∗

0,m+1 +
∫ ∞

0
N0m (x) dB (x) , (4.17)

0 = − (λ+ θ)N∗
im + λN∗

i−1,m +
∫ ∞

0
Nim (x) dB (x) , i = 1, r − 1, (4.18)

0 = −θN∗
rm + λN∗

r−1,m + λmN∗
r,m−1 +

∫ ∞

0
Nrm (x) dB (x) , (4.19)

N0m (0) = γN∗
0,m+1 + θN∗

1m, (4.20)
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Nim (0) = θN∗
i+1,m, i = 1, r − 1, (4.21)

Nrm (0) = 0. (4.22)

Note that we can rewrite (4.5), using (4.20)−(4.22), as

γN∗
0,m+1 = λ (Nrm +N∗

rm) . (4.23)

This relation will be useful later.
Now we have to analyze the system (4.15)−(4.22).
By multiplying equation (4.15) by 1−B (x) and integrating it over x in [0,+∞), we obtain

−Nim (0) +

∞∫
0

Nim (x) dB (x) = −λNim + u (i)λNi−1,m, i = 0, r − 1. (4.24)

Substituting (4.24) for i = 0 into (4.17) and (4.24) into (4.18), we obtain respectively

N0m (0) = (λ+ γm)N∗
0m + γN∗

0,m+1 + λN0m,

Nim (0) = (λ+ θ)N∗
im − λN∗

i−1,m + λNim − u (i)λNi−1,m, i = 1, r − 1.
(4.25)

From (4.25), using (4.20), we have

Nim (0) = λ (Nim +N∗
im) + γmN∗

0m, i = 1, r − 1. (4.26)

Summing (4.26) over i = 1, r − 1, using (4.25), (4.22) and (4.23), we have

N·,m (0) = λ
(
N·,m +N∗

·,m
)

+ rγmN∗
0m, (4.27)

from which
Nm =

1
λ
Nm (0)− rm

ρ̂
N∗

0m, m ≥ 0, (4.28)

where Nm (0) = N·,m (0) , Nm = N·,m +N∗
·,m, and ρ̂ = λ

γ .

Now we shall find Nm (0) and N∗
0m, in order to obtain Nm.

First of all we can easily show that for fixedm the solution of equation (4.15) is

Nim (x) = e−λx
i∑

k=0

(λx)k

k!
Ni−k,m (0) , i = 0, r − 1.

Substituting this solution into equations for boundary conditions (4.17), (4.18), we obtain respectively

0 = − (λ+ γm)N∗
0m − γN∗

0,m+1 +N0m (0)β0,

0 = − (λ+ θ)N∗
im + λN∗

i−1,m +
i∑

k=0

βkNi−k,m (0) , i = 1, r − 1,

where βk =
∞∫
0

(λx)k

k! e−λxdB (x) , k = 0, r − 1.

From these relations, using (4.20), (4.21), and (4.23), introducing the notations

Am = (Nrm +N∗
rm) , (4.29)
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we have
β0θN

∗
1m = (λ+ γm)N∗

0m + λ (1− β0)Am,

θ
i∑

k=0

βkN
∗
i−k+1,m − (λ+ θ)N∗

im + λN∗
i−1,m = −λβiAm, i = 1, r.

(4.30)

The matrix of coefficients for the system (4.30) has a triangular structure; so its solution can be represented
as

N∗
im = ϕiN

∗
0m + σiAm, i = 1, r, m ≥ 0, (4.31)

where ϕi and σi are calculated as follows

ϕ0 = 1, ϕ1 = 1
θβ0

(λ+ γm) , ϕi = 1
θβ0

[
(λ+ θ)ϕi−1 − λϕi−2 − θ

i−1∑
k=1

ϕkβi−k

]
, i = 2, r,

σ0 = 0, σ1 = λ(1−β0)
θβ0

, σi = 1
θβ0

[
(λ+ θ)σi−1 − λσi−2 − λβi−1 − θ

i−1∑
k=1

σkβi−k

]
, i = 2, r.

From the relation (4.31), we have

N∗
im = χiN

∗
0m + ψiNrm, i = 1, r, (4.32)

where
χi = ϕi +

σiϕr

1− σr
, i = 1, r,

ψi =
σi

1− σr
, i = 1, r.

From (4.20), (4.21), and using (4.32) for i = 1, i = r and (4.23), we obtain

Nim (0) = fiN
∗
0m + giNrm, i = 0, r − 1, (4.33)

where
f0 = λχr + θχ1, fi = θχi+1, i = 1, r − 1,

and
g0 = λψr + λ+ θψ1, gi = θψi+1, i = 1, r − 1.

In order to obtain Nim (0) we have to calculate N∗
0m and Nrm. First we shall obtain the latter in the case

m = 0. From (4.14) in which we putm = 0, summing over i

N·,0 (x) = q·,· (x) = q·(x), N∗
·,0 = p∗·,·, N·,0 = p·,· , (4.34)

hence, using the normalizing condition, from (4.27) form = 0 we have

λ = q·, (4.35)

where q· = q· (0).
From (4.15) and (4.16) form = 0, using (4.34), we have

q· (x) = q· . (4.36)

By multiplying (4.36) by 1−B (x) and integrating it over x in [0,+∞), we obtain

p·,· = bq· . (4.37)

From (4.35) and (4.37) we get
p·,· = ρ, (4.38)
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where ρ = λb. From (4.38), and from normalizing condition we have

p∗·,· = 1− ρ. (4.39)

Note that the relation (4.39) implies that the condition ρ < 1 is a necessary ergodicity condition for the
Markov process under consideration. One can show that this condition is a sufficient one.
Further, summing (4.33) over i = 1, r − 1 form = 0 and using (4.35), we obtain

f̃p∗0,· + g̃pr,· = λ, (4.40)

where f̃ =
r−1∑
i=0

fi, g̃ =
r−1∑
i=0

gi.

Summing (4.32) form = 0 over i = 1, r and using (4.39) and (4.40), we get

p∗0,· =
λψ − g̃ (1− ρ)

f̃ψ − (1 + χ) g̃
, pr,· =

f̃ (1− ρ)− λ (χ+ 1)

f̃ψ − (1 + χ) g̃
.

From (4.32) form = 0, and from (4.33) we obtain

p∗i,· = χip
∗
0,· + ψipr,·, i = 1, r,

qi = fip
∗
0,· + gipr,·, i = 0, r − 1,

where qi = qi,· .

From (4.25), (4.26), form = 0 we find

p0,· =
1
λ
q0,· − p∗0,· −

1
ρ̂
N∗

01, pi,· =
1
λ
qi,· − p∗i,·, i = 1, r − 1,

where N∗
01 is determined by the formula

N∗
01 = ρ̂π

and
π = pr,· + p∗r,·

which follows from (4.23) form = 0.
Note that π is the probability that a new arrived customer will join the retrial queue.
To obtain the factorial moments form ≥ 1, we have to solve the equation (4.7). The solution of (4.7) is

given in the following form:

Qr (x, z) =
r−1∑
k=0

1
zk+1

[
Qr−k−1 (z) e−(λ−λz)x −Qr−k−1 (x, z)

]
.

We can rewrite this equality as follows:

r∑
i=0

ziQi (x, z) =
r−1∑
i=0

ziQi (z) e−(λ−λz)x. (4.41)

By multiplying (4.41) by 1−B(x) and integrating it over x in [0,+∞), we have

r∑
i=0

ziPi (x, z) =
1− β (λ− λz)
λ (1− z)

r−1∑
i=0

ziQi (z) . (4.42)
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Let us denote

F (z) =
1− β (λ− λz)
λ (1− z)

. (4.43)

Differentiatingm times the equation (4.42), taking into account (4.43) and putting z = 1, we have

r∑
i=0

m∑
j=0

(
m

j

)
(i)m−j Nij =

r−1∑
i=0

m∑
j=0

(
m

j

)
F (m−j)(1)

j∑
k=0

(
j

k

)
(i)j−k Nik (0) , m = 0, r − 1. (4.44)

Now we can calculate factorial moments Nim and N∗
im. We illustrate the computing procedure for the case

m = 1.
From (4.44) form = 1, taking into account (4.38), we have

N1 + Ñ1 = ρ+
λ2b(2)

2
+ b [N1 (0) +Q (0)] , (4.45)

where

b(2) =

∞∫
0

x2dB(x), Ñ1 =
r∑

i=0

(i+ 1) pi,·, Q (0) =
r−1∑
i=1

iqi.

In turn, from (4.45) and (4.28) form = 1, we obtain the expression for N1 (0):

N1 (0) =
λ

1− ρ

[
ρ+

λ2b(2)

2
+ bQ (0) +

r

ρ̂
N∗

01 − Ñ1

]
. (4.46)

Thus, from (4.46) and (4.28) form = 1, we can calculate the values of N1 (0) and N1.
Summing (4.33) over i = 0, r − 1, we have

N1 (0) = f̃N∗
01 + g̃Nr1.

From here we can calculateNr1. After this from (4.33) we obtainNi1 (0) , i = 0, r − 1 (these values are not
necessary for this case, but they will be used in the casem = 2).
Further, from (4.32) we get N∗

i1, i = 1, r. Then we can compute N·,1:

N·,1 = N1 −N∗
·,1.

In such a way we can calculate the mean number of primary customers in the buffer,N buf
1 , the mean number

of customers waiting in the buffer and being served in the server, N sys
1 , and the mean number of retrial

customers, N ret
1 , by the following formulas:

N buf
1 = Ñ1 + Ñ∗

1 − ρ, Ñ∗
1 =

r∑
i=1

ip∗i,·,

N sys
1 = N buf

1 + ρ, N ret
1 = N·,1 +N∗

·,1.
(4.47)

The mean number of customers in the system, N , is defined as follows:

N = N sys
1 +N ret

1 .

ИНФОРМАЦИОННЫЕ ПРОЦЕССЫ ТОМ 4 № 1 2004



PRIORITY SERVICE OF PRIMARY CUSTOMERS 21

5. MEAN NUMBER OF CUSTOMERS IN THE SYSTEM

In this section we shall find another expression for the mean numberN of customers in the system, based
on some other arguments.
Let

pi = pi· + p∗i,·, i = 0, r, (5.1)
be the probability that the primary queue contains i customers.
From (4.26) form = 0, it follows that

pi =
qi
λ
, i = 1, r − 1. (5.2)

From (4.47), using (5.1) and (4.38), we have

N = ρ+
r∑

i=0

ipi +N ret
1 . (5.3)

Define

Q (x) =
r∑

i=1

iqi,· (x) .

From (4.15), (4.16) form = 0,we obtain
d

dx
qi,. (x) = −λqi,. (x) + u (i)λqi−1,. (x) , i = 0, r − 1, (5.4)

d

dx
qr,. (x) = λqr−1,. (x) . (5.5)

Summing (5.4) over i = 0, r − 1 multiplied by i and adding (5.5) multiplied by r, using (4.36) we get
d

dx
Q (x) = λq. − λqr,. (x) . (5.6)

Summing (4.15) over i = 0, r − 1 form = 1 and adding (4.16) form = 1, it follows that
d

dx
N.,1 (x) = λNr0 (x) = λqr,. (x) . (5.7)

By substituting (5.7) into (5.6) and using (4.35) we obtain

Q (x) +N.,1 (x) = λ2x+Q (0) +N.,1 (0) . (5.8)

By multiplying (5.8) by 1−B (x), integrating it over x in [0,+∞) we have

N = ρ+
λ2

2
b(2) + b [Q (0) +N.,1 (0)] + Ñ∗

1 +N∗
.,1. (5.9)

By multiplying (5.2) by i, summing it over i = 0, r − 1, and using (5.1), and (4.38), we get

1
λ
Q (0) =

r∑
i=0

(i+ 1) pi,. +
r∑

i=0

ip∗i,. − ρ− rpr. (5.10)

Summing (5.10), (4.28) and using (5.3), and (4.23) form = 0 andm = 1, we obtain

N = ρ+
1
λ

[Q (0) +N1 (0)] .

From here, using (5.9) and (4.23), it follows that

N = ρ+
b2

(
1 + c2B

)
2 (1− ρ)

+
Ñ∗

1 +N∗
.,1

1− ρ
,

where cB is the coefficient of variation of B(x).
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6. NUMERICAL RESULTS

In order to illustrate the results obtained, we present some numerical examples computed by MATHE-
MATICA 4.0. Results are given in Examples 6.1 and 6.2, where pi is the probability that primary queue
contains i customers; N buf

1 is the mean number of primary customers in the buffer, and N is the mean
number of customers in the system.

Example 1. We consider the case in which the distribution function B (x) is exponentially distributed
with parameter µ, and the following values of the system parameters:

r = 15, λ = 1, µ = 2, θ = 5.

Results are given in the Table 1:

Table 1

The table shows the independence of the system performance characteristics on the parameter γ This is
due to priority service of primary customers.

Example 2. In this example, we illustrate the influence of parameter θ on the system performance. We
consider again the exponential service time and the following values for the parameters of the system:

r = 15, λ = 1, γ = 0.3.

Numerical results are reported in Table 2 for b = 0.5 and in Table 3 for the case b = 0.9.

Table 2

As intuition may suggest, Table 2 and Table 3 show that when the customer searching time decreases,
the performances of the system improve.
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