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S = A ? B ? C
S1 = A2 ? B1 ? C2
S2 = A3 ? B1 ? C3
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A1 = H1(1)
A2 = H2(1)
A3 = H3&H7(2)
A4 = H5&H6(1)
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X Yr r
X1 = H3(2)
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X3 = H5(1)
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Y1 = H3(1)
Y2 = H4(2)
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Y4 = H2(2)
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/4 (0, 2)/2 (4, 2)/4 (2, 0)/2
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0 1 2 3 4 3 4 4 4 4 4 4 0 1 2 3 4 3 4 4 4 4 4 4
1 0 4 2 3 4 4 4 4 4 4 4 1 0 1 2 3 4 4 4 4 4 4 4
2 4 0 1 2 4 4 4 4 4 4 4 2 1 0 1 2 4 4 4 4 4 4 4
3 2 1 0 3 2 4 4 4 4 4 4 3 2 1 0 3 2 4 4 4 4 4 4
4 3 2 3 0 2 4 4 4 4 4 4 4 3 2 3 0 2 4 4 4 4 4 4
3 4 4 2 2 0 4 4 4 4 4 4 3 4 4 2 2 0 4 4 4 4 4 4

0 1 2 3 4 3 0 1 2 3 4 3 4 4 4 4 4 4
1 0 4 2 3 4 1 0 1 2 3 4 4 4 4 4 4 4
4 1 0 1 2 4 2 1 0 1 2 4 4 4 4 4 4 4
3 2 1 0 3 2 3 2 1 0 3 2 4 4 4 4 4 4
4 3 2 3 0 2 4 3 2 3 0 2 4 4 4 4 4 4
3 4 4 2 2 0 3 4 4 2 2 0 4 4 4 4 4 4

0 1 2 3 4 3 0 1 2 3 4 3
1 0 1 2 3 4 1 0 4 2 3 4
2 1 0 1 2 4 2 4 0 1 2 4
3 2 1 0 3 2 4 3 2 3 0 2
4 3 2 3 0 2 4 3 2 3 0 2
3 4 4 2 2 0 3 4 4 2 2 0

0 1 2 3 4 3
1 0 1 2 3 4
2 1 0 1 2 4
3 2 1 0 3 2
4 3 2 3 0 2
3 4 4 2 2 0
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>V )�21�$�>V���21�$�$��)����1�+= 21=�21�+�$%<¿F%+= 21=��+A+= 2;%��$%#!-�>�Rf9%$����! 2#%#%*qG��%;%$�>V 2;�^�ÏV$����l
(b=U�� Ñ ;%$�p)1=��>���?. )>�-
;� 2�u 2#%$%<½���2#���+.-0#!-u#!-L46-7"8-)9!-�>V��;�Cx�0�!��&)$%9� )�2@B��G}@M��$%@%$�Rf17�{ ��l^�� ìoì}Ñ U��%�¨�%;%$�>V 2;� �$��2���0��3�4(��+.-0#%*
bJF%+= 21=��+�P

x1
^
x2
^
x3
^
x4
^
x5
^
x6
� Ð F� 2#%@%$��)����1�+= 21=�21�+�$%<KF%+= 21=��+�+= 2;%�L$%#!-�>°����@E-046-0#%*�+½@%;%DE&���*�?
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(bLR¼��F� 2#%@E-
1
<M+���<% 21=��<L#!-0$M��DB9%�u 2G8U�� Ó -�O0��$%F!-´m��)�)"! 2;./'$%1x��F� 2#%@%$'�)��+=>V )�21�$�>V���21�$

"%��<:F%+= 21=��+�R
4
�)����1�+= 21=�21�+�D= 21o#!-0$M��DB9%�u )>�DADE;���+�#%v�U�gV )����$K;� )O�;��}>V 2/u"�DH+= 2;%�L$%#!-�>�$È��1=�2DE1=�21�+�D.I

 210^Q1=�J�)����1�+= 21=�2+�DBvwy�$� '��F� 2#%@%$K�)��+=>V )�21�$�>V���21�$:F%+= 21=��+5;!-0+�#%*�#!-0$M��DB9%�u )>�D�DE;���+�#%vØRf10�{ ��l^
4
US"%��<

�!-0;�+= 2;%��$%#
(p, u)

^
(p, v)

^
(q, u)
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¯0²(¯ éqª�Ó��q 
1=��+BUi+H+�$M"! Ñ -0;� 21=�0I�p(CxCx 2@%1�$%+�#���&(�H;� 2�u 2#%$%<K$��)����1�+= 21=�21�+�DBvwyL$%G�+= 2@%1=��;È@M-)9� )�21�+.-H$�>V 2vw1o+�$M"sP
C∗(G) =< W6 ? P2 ? Q3 ? U2 ? V3 >

^
N(C∗(G)) = (4; 4, 0, 0)

�

ÏV$����W
(bM��Ï�-��2@%;!-��2@E-z���)��+=>V )�21�$�>V���21�3�v
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A
A
A
A
A
A
AA�
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HHHHHHHHH
p

P1(1)
P2(1)
P3(1)
P4(2)
P5(2)
P6(2)

�� ��
V1(1)
V2(1)
V3(2)
V4(2)
V5(2)
V6(1)

v�� ��
U1(1)
U2(1)
U3(2)
U4(2)
U5(1)
U6(1)

u

�� ��

Q1(1)
Q2(1)
Q3(2)
Q4(2)
Q5(1)
Q6(1)

q
�� ��

W1(1)
W2(1)
W3(1)
W4(2)
W5(2)
W6(2)

w

�� ��

�H�������! �"�#%$� �&(�)"�*È-0@%1�$%+�#���$��)���! �"�D= 21=��<�46-7"8-)9!-S�� 2;� 2@%;!-��2@%$�&);!-�C�-iRTZl
(j7]_^.Z\a�n7]_^BZl
(j�[7]_^.Z\a=e7k�]_^BZ\a=e�j7]fU��
Ò "! )�23oO=-04(��+.-0<�Cx��;�>�D7��$%;���+�@E-51�-0@B��GK46-7"8-)9%$�$�>V ) 21o���! �"�DBvwyL$%G:+�$M"s� Ò -7"8-0#��}���! �"�DBvwyL ) �Px&);!-�C
G = (A,E)

R
|A| = n

U�^�>�#��6/� )�21�+=�JF%+= 21=��+
X = {x1, ..., xk}

^8$���?.�("�#!-0<�þ=ÿ ü��Vý�� ô2öB÷�� ý	� �!ø�ú!$uÿ�ø´"%��<
&);!-�Ci-

G
P
Co(G) = {Co(a1), ..., C

o(ai), ..., C
o(an)}

^
Co(ai) ∈ X ∀ai ∈ A

R
i = 1, n

U�� Ñ D=�21�3546-7I
"8-0#!-�#� )��1�;%$%F!-01= ���3�#!-0<5>�-01�;%$%F!-L�21=��$�>V���21�$5�� 2;� 2@%;!-��2@%$z"%��<z@E-0/u"!��G5+= 2;%�L$%#%*YRf$%#M"�$%+�$M"�D.-7��3�#!-0<
>�-01�;%$%F!-:�� 2;� 2@%;!-��2@%$8U�P

dai
(xδ1 , xδ2)

R
δ1 = 1, k

^
δ1 = 1, k

U
∀ai ∈ A

�K�x��<�&);!-�Ci-
G
46-7"8-� 21�I

�Í<�10-0@%/L L#� 2@B��1=��;!-0<oF� ��! 2+.-0<�þ=ÿ � > ý!ü ÷�� ý�� �!ø�ú!$uÿ�ø Cg(G)
$M��$H>�#��(/� )�21�+.-zF� ��! 2+�*�?�þ.ÿ � > ý�ü ÷�� ý 0

�!ø�ú!$uÿ�ø
{Cg(G)}

� Ó  2�� 2;%3u"%��<J@E-0/u"�*�?X"�+�DB?}þ=ÿ � > ý!ü ÷�� ý 0��!ø�ú!$uÿ�ø�R
C1(G)

$
C2(G)

U�>V�(/'#��u;!-���I
�)>�-01�;%$%+.-01�3}$%#%1= 2&);%$%;���+.-0#%#%DBv��21=��$�>V���21�3KR¼�21=��$�>V���21�3}�� 2;� 2@%;!-��2@%$8Uw@E-0@�#� 2@B��1=��;%DEvr-7"%"�$%1�$%+�#%DEv
C�DE#%@%F%$%v

D(C1(G), C2(G)) =
∑n

i=1 dai
(C1(ai), C

2(ai))
���������0��#%$%1= ���3�#��A#� )��O(?.�)"�$�>V�A;!-��)�)>V��1�I

;� 21�3'O0��$%4(���21�3L"�+�D.?½þ.ÿ ü���ý�� ô)öB÷�� ý 0��!ø�ú!$uÿ�ø0P ρ(Cβ1(G), Cβ2(G))
� Ó -0@%$�>���O�;!-04(��>È;!-��)�)>�-01�;%$%+.-� 21�I

�Í<u���! �"�DEvwyu-0<LF� 2����9%@E-w�%;� )��O�;!-04(��+.-0#%$%G�P
Co(G = (A,E)) ⇒ C∗(G = (A,E)) ⇒ Cg(G = (A,E))

^
&Í"! 

C∗(G = (A,E))
<M+���<% 21=��<5;� 24)D7��361�$%;%DEv�yu 2G�þ.ÿ ü���ý�� ô)öB÷�� ý ú!0��!ø�ú!$Lÿ�ø��

��O��0�! ) N��O�yu )>�����DE9!-� N>V�6/'#���;!-��)�)>�-01�;%$%+.-01�3o"�+= z��O���O�yL 2#%#%*W zF� ���$�P Rf�ÀU��21=��$�>V���21�3o1�;!-0#���I
Cx��;�>�-0F%$%$

Co(G) ⇒ C∗(G)
$ Rf�l�ÀU|@E-(9� )�21�+=��O0��$%4(���21�$½>V 2/u"�D

C∗(G)
$
Cg(G)

Rf$M��$
{Cg(G)}

U��
Ð F� 2#%$%+.-0#%$� ADE@E-046-0#%#%*�?Ä�21=��$�>V���21�$Æ$ÆO0��$%4(���21�$°>V�(/� 21����2#���+�*q+.-01�3=�Í<Æ#!-:;!-042��$%9%#%*�?Ä���)"%?.�("8-7?
Rf#!-0�%;%$�>V 2;�^`-7"%"�$%1�$%+�#!-0<�C�DE#%@%F%$%<Q^%>�$%#%$�>�$%46-0F%$%<`^8C�DE#%@%F%$%<Hï �'�l�8Á7�Nµ+ÐQï~U��
Ó  2�� 2;%3N46-7"8-)9!-'�� 2;� 2@%;!-��2@%$}&);!-�Ci-'>V�6/� 21zO�*q1�3N;!-��)�)>V��1�;� 2#!-����! �"�DEv�yL$�>���O�;!-04(��>qP
; ÷�08$ ý�ü ÿ�ø0ô�PØþ=ÿ ü��Vý�� ô2öB÷�� ý PÑ�!ø�ú!$uÿ0ø

C∗(G)
"%��<�46-7"8-0#%#���&(�K&);!-�Ci-

G = (A,E)
$u÷�þ =  	$uÿ7û>#� ��ý�ü�ý	��ý	/0ý ö8ÿ0ø0÷�$-,�>�ù ý	/ ÿ+"%$-,�öcú / ô7ù�,�$ ý ö8ô<P�?uú!0Hþ=ÿ ü��Vý�� ô2öE÷#� ý�ý �!ø�ú!$Lÿ�ø � öB÷ � ÷ C∗(G(A,E))

þ
�!úTù8ú)ø7ÿ#0Èþ=ÿ ü��Vý�� ô2öB÷�� ý�ý �!ø�ú!$Lÿ�ø � öB÷ � ÷ Cg(G(A,E))

"'ô� Mú!$Lÿ � ÿ � öE÷ ü!ý  Eú ü!ü ÿ+0 ý�ü $'ú � ö ý ö8ÿ�ø7÷ ü�ü ÿ+0
"%$uÿ ý�� ÿ#"%$ ý õ!ú öcú2þ)öB÷�")þ ý R

≤ D
U�P

min
{C(G=(A,E))}

ρ(C∗(G), Cg(G))) s.t. D(Co(G), C∗(G)) ≤ D, C∗(ai) 6= C∗(aj) ∀(ai, aj) ∈ E, i 6= j.

ÏV$����W
6e�$M�%��v´�21�;%$%;%D= 21N46-7"8-(9%D5�� 2;� 2@%;!-��2@%$�+= 2;%�L$%#½&);!-�Ci-MP

Co(G) = (P2 ? Q3 ? U3 ? V2 ? W1) ⇒ C∗(G) = (P1 ? Q2 ? U2 ? V1 ? W3)
�

ÙVÚ|Û�Ü�ÝcÞ´ßsàVÙ|Ü�ÚVÚVá�â>³�Ý8Ü�à�â8ãQãcá äsÜVÞMÉæå�ç È:Å�Å:É



� û������q q¡Q¢,û�£s q¡�¤ û�¥q¢��q�N�W¦%¡|§q�W¤�¥�£s�¨¥�ûq©�¢�£*û�ªs q�q� � û� S«��q¬�­�£M¡�§q�q®�©��S©�¢�ªs�°¯7²D�
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6eE� Ñ ;%$�>V 2;��� 2;� 2@%;!-��2@%$}+= 2;%��$%#
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P2
P3

�� �� V1
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V3

v
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U1
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U3

u

�� ��

Q1
Q2
Q3

q �� ��
W1
W2
W3

w�� ��
����?.�)"�#!-0<
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p

P1
P2
P3

�� �� V1
V2
V3

v�� ��
U1
U2
U3

u �� ��

Q1
Q2
Q3

q
�� ��

W1
W2
W3

w

�� ��Ï� 24)D6��371�$%;%DBvwy'-0<
;!-��2@%;!-��2@M-

�	��Ò�� * ÿ#"%$Söcÿ0ú ü�ý ú ý ú öB÷Öö &�ý�ý
qGcD\8h#\<s	`ba8c+dfe	h+¡�eb^8htd!v#cD\b`8k%h#nb`b¡

�� 2;!-0;=?M$%9� )�2@E-0<�@M�8-��21= 2;%$%46-0F%$%<:;� (-7��$%4)D= 21��%;���F� )�)��R�Ç�#%$%4)DBI_��+= 2;=?!Uw���5$%#%1= 2&);!-0F%$%$:p2�! )>V 2#%1=��+
R¼��O�Ã� 2@%1=��+BU�"%��<X���0��DE9� 2#%$%<5$� 2;!-0;=?M$%$�#!-u>�#��6/� )�21�+= �$���?.�("�#%*�?���O�Ã� 2@%1=��+�� Ñ D=�21�3'$�>V ) 21=��<}>�#��(/� �I
�21�+=�wp2�! )>V 2#%1=��+�R¼��O�Ã� 2@%1=��+BU�P

A = {A1, ..., Ai, ..., An}
�s�x��<���F� 2#%@%$'��O�Ã� 2@%1=��+´$�>V ) 21=��<

r
?B-0;!-0@%1= 2;%$MI

�21�$%@}Rf�!-0;!-�>V 21�;���+BU�R
T1, ..., Tξ , ..., Tr

U�$u"%��<u@E-0/u"!��&(����O�Ã� 2@%10-
∀Ai ∈ A

+= 2@%1=��;N��F� 2#���@�$�>V ) 21�+�$M"sP
zi = (zi,1, ..., zi,ξ , ..., zi,r)

� ë -04(��+�*qGK-7��&(��;%$%1=>Ä"%��<o$� 2;!-0;=?M$%9� )�2@B��GÈ@M�8-��21= 2;%$%46-0F%$%$¨Rhµ0����·������2�Íµ0���lÂ=�
µ0·l�=�����l���%�½^E���0��$%#���>�$!-7��3�#%*qG�^c÷(ù � ÿ�ö ý $ � �6U�$��2���0��3�4)D= 21=��<N"8-0+�#���$�46-0@M��vw9!-� 21=��<�+�$%#%1= 2&);!-0F%$%$X�!-0;
ï{O0��$%4)@%$M?Qï!��O�Ã� 2@%1=��+HRTZl
6eE
�]_^�Zl
6e�[7]fU�P

ÏV$����S
(dM� Ñ ;%$�>V 2;½$� 2;!-0;=?M$%9� )�2@B��GH@M�8-��21= 2;%$%46-0F%$%$
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Õ $u÷�� ý�� ���|��*q9%$����! 2#%$� �>�-01�;%$%F%*Æ�!-0;%#%*�?uR�;!-��)�21=�6<E#%$%GYR�P ∀(A(i1), A(i2))
^
A(i1) ∈ A

^
A(i2) ∈

A
^
i1 6= i2

Rf+q�%;����21= 2G%�u )>�����DE9!-� �>V�(/'#��S$��2���0��3�4(��+.-01�3�>V 21�;%$%@%D
l2
U�P

di1i2 =
√

∑r
ξ=1(zi1,ξ − zi2,ξ)2

�
Õ $u÷�� ý�� ���5��*q<M+��! 2#%$� N�!-0;%*Å��O�Ã� 2@%1=��+o�N#!-0$�>V 2#%3���$�>ÖR�;!-��)�21=�(<M#%$� )>ÍRX>V 2/u"�DA#%$�>�$K$�$%#%1= �I

&);!-0F%$%<X�)����1�+= 21=�21�+�DBvwyL 2GX�!-0;%*Ä��O�Ã� 2@%1=��+�+L�)"�$%#X;� 24)D6��371�$%;%DBvwy�$%GuR�$%#%1= 2&);%$%;���+.-0#%#%*qGYRwp2�! )>V 2#%17�
Õ $u÷�� ý�� O�� Ð �21�-0#���+�@E-5�%;���F� )�)�(-5+�*q9%$����! 2#%$%<A$M��$A+�*q9%$����! 2#%$� '#���+=��G�>�-01�;%$%F!-X�!-0;%#%*�?�R�;!-���I

�21=�6<E#%$%GYRi$5�� 2;� �?.�)"o@ Õ $u÷�� ý�ý �.�
��;� 24)D6��3710-01= ����0��DB9!-� 21=�Í<J"�;� 2+=��+�$M"�#!-0<��21�;%DB@%1�DE;!-½Rf$%#%1= 2&);%$%;���+.-0#%$� ��)"�#���G��!-0;%*°��O�Ã� 2@%1=��+z#!-
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#%$�>�?B-0;!-0@%1= 2;%$��21�$%@E-�>|UJ$�>V ) 21È+�$M"sP�R

Ji1,i2 = Ai1&Ai2

U�P
∀j zJi1,i2

,j =
zi1,j+zi2,j

2

� Ð 9� 2+�$M"�#��%^
9%1=�o$%#%1= 2&);!-0F%$%vØ�!-0;%*Å��O�Ã� 2@%1=��+:>V�6/'#��A���2DByu )�21�+���<M1�3o#!-}���2#���+= z"�;%DB&)$M?ÈC�DB#%@%F%$%G�^�#!-0�%;%$�>V 2;�P
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�w�´#%1= 2&);!-0F%$%<}#� )�2@E�0��3�@%$M?H��O�Ã� 2@%1=��+5>V�6/� 215�%;���+=�)"�$%1�3=�Í<�-0#!-7�!��&)$%9%#��%��ÏV$����u
(dX�)�)"! 2;MI
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(mz�%;� �"!�210-0+��! 2#%*
@M�8-��21= 2;%*x^|���0��DB9� 2#%#%*W X#!-��u-0&( J[½�%;%$�>V 2;!-M� Ð 9� 2+�$M"�#��%^�9%1=�}+�*q9%$�����$%1= ���3�#!-0<����!�6/'#����21�3A�u-0&2-
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