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xθ∈X c(xθ)
� Ð 1=>V 21�$�>�$%#%1= 2&);!-0F%$%<½$%#M"�$%+�$M"�D.-7��3�#%*�?����0�! 24)#����21= 2GH>V�(/� 21X���2#���+�*q+.-01�3=��<

#!-N���)"!��O�#���GA-7"%"�$%1�$%+�#���GAC�DB#%@%F%$%$��q��>�#���&(��@%;%$%1= 2;%$!-7��3�#���>°����DB9!-� i@E-0/u"�*qGHp2�! )>V 2#%1
aij

$�>V ) 21
���0�! 24)#����21�3}+5+�$M"! '+= 2@%1=��;!-J;!-04(>V 2;%#����21�$

r
P

cij = (c1ij , ..., c
ξ
ij , ..., c

r
ij)

$:��1=O���;��%;� �"!�210-0+�$%1= ��! 2G
#!-0F� ��! 2#�#!-}����$��2@ Ñ -0;� 21=�0I�p(CxCi 2@%1�$%+�#%*�?È;� 2�u 2#%$%G�^|���0��DE9!-� )>�*�?�#!-}���2#���+= J+= 2@%1=��;%#���G¿F� ��! 2+=��G
C�DE#%@%F%$%$�P

f(X) = (
∑

xθ∈X c1(xθ), ...,
∑
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S = A ? B ? C
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S2 = A3 ? B1 ? C3

ÏV$����|dM� í ��#%F� 2#%1�;%$%9� )�2@E�� �%;� �"!�21�-0+��! 2#%$� 

C3 C2C1 B2 B3 B1

A3

A2

A1

2

3

3

3

3
3

ÏV$�����mM�t�i$��2@%;� 21�#��� x�%;����21�;!-0#��21�+=�z@E-(9� )�21�+=�z�2$��21= )>�*

Ï� 2�L 21�@M-MP
w = 1

< 3, 0, 0 >

< 2, 1, 0 >

< 2, 0, 1 >

< 1, 1, 1 >

< 1, 0, 2 >

< 0, 1, 2 >

< 0, 0, 3 >
�x-0$M?MD6"��'-0<
1=��9%@E-

< 1, 2, 0 >

< 0, 3, 0 >

< 0, 2, 1 >

Ï� 2�L 21�@M-MP
w = 2

< 3, 0, 0 >

< 2, 1, 0 >

< 2, 0, 1 >

< 1, 1, 1 >

< 1, 0, 2 >

N(S1)

�
��	

< 0, 1, 2 >

< 0, 0, 3 >

< 1, 2, 0 >

< 0, 3, 0 >

< 0, 2, 1 >

Ï� 2�L 21�@M-MP
w = 3�w"! (-7��3�#!-0<
1=��9%@E-< 3, 0, 0 >

< 2, 1, 0 >

< 2, 0, 1 >

< 1, 1, 1 >

< 1, 0, 2 >

N(S2)
�
�
�
�
���

< 0, 1, 2 >

< 0, 0, 3 >

< 1, 2, 0 >

< 0, 3, 0 >

< 0, 2, 1 >

ë -04(��+.-0<�+= 2;��2$%<Ä46-7"8-(9%$�>V��;�Cx�0�!��&)$%9� )�2@B��G�@M��$%@%$Æ$�>V ) 21����! �"�DBvwyL$%G¨+�$M"s��Ï�-��)�)>V��1�;%$�>
S@M-0@��2$��21= )>�D=^��)���21=�(<MyLDBv $%4

m
9!-��21= 2G�Rf@B��>�����#� 2#%1=��+BU�P

P (1), ..., P (i), ..., P (m)
� ì #��(/L )�21�+=�

�%;��� 2@%1�#%*�?¨-7��371= 2;%#!-01�$%+K&( 2#� 2;%$%;%D= 21=�Í<�"%��<�@M-0/u"!��G�DE@E-046-0#%#���G�9!-��21�$��2$��21= )>�*x� Ò -7"8-)9!-:$�>V ) 21
+�$M"sP
; ÷�08$ ý ")ÿ+"%$u÷�ø ü ô�P õ�ö8ÿ�ú2þ�$ ü ô�Pæ÷(ù8,<$uú ö ü ÷�$ ý ø7ô S = S(1) ? ... ? S(i) ? ... ? S(m) ý	/

HWºwË�}�ÿ#� ý�ü õ�ö`ú!�+"%$u÷�ø ý $'ú ù�,Aø}ø ý ��úNõ�ö8ÿ0ú2þ<$ ü ÿ+0È÷(ù8,�$'ú ö ü ÷#$ ý ø#� S(i)
�)ù � þ=÷#.1�7ÿ#0� E÷#"%$ ý " ý "%$'ú2û

� �W�8þ=ÿ � õ�ÿ ü ú ü $u÷ P (i)
^
i = 1,m

U�" ü ú ü ô7ù8ú)ø#� ��ý ")ÿ�ø � ú!"%$ ý�� ÿ#"%$-,�P�
� � úf.1�7ô�õ�ö8ÿ0ú2þ<$ ü � ��ý
÷(ù�,�$'ú ö ü ÷�$ ý ø0÷ �xý �
�i$��2@%;� 21�#��� W�%;����21�;!-0#��21�+=��@E-(9� )�21�+.-JR¼�)��+= 2;%�L 2#��21�+.-=U��2$��21= )>�*�;!-��)�)>�-01�;%$%+.-� 21=�Í<z#!-����2#���+= S���! �I

"�DEv�yu 2&(�'+= 2@%1=��;!-MP
N(S) = (w(S);n(S))

^�&Í"! 
w(S)

I|>�$%#%$�>�-7��3�#��� i4)#!-(9� 2#%$� x�!-0;%#���G��)��+=>V )�21�$MI
>V���21�$J>V 2/u"�D���1=��O�;!-0#%#%*W>�$z�%;��� 2@%1�#%*W>�$5-7��361= 2;%#!-01�$%+.-�>�$�HSº�Ë(^.@B��1=��;%*W w�)����1�+= 21=�21�+�DBvw1L;!-042��$%9MI
#%*W>��2$��21= )>�#%*W>�9!-��217<%>°Rf17�{ ��l^

∀ P (j1)
$
P (j2)

^
1 ≤ j1 6= j2 ≤ m

U�+
S
^
n(S) = (n1, ..., nr, ...nk)

^
&Í"! 

nr
Ix9%$����!�KHWº�Ë

r
I�&(�HDE;���+�#%<�@E-)9� )�21�+.-�+

S
���Å;� 24)D6��3710-01= }$%y�DE1=��<��)���21�-0+�#%*W ½;� 2�u 2#%$%<`^

@E��1=��;%*W ½#� �"!��>�$%#%$%;%DEv�1=�Í<����
N(S)

� Ñ ;%$%+= �"! 2#%#!-0<�46-7"8-(9!-A<M+���<% 21=��<�2w»�I�1�;%D7"�#���G����´�2#��%^�9%1=�
@E��>�����#� 2#%1��)��+=>V )�21�$�>V���21�$½+i+= 2@%1=��;� 

N(S)
>V�(/� 21�O�*q1�3L;!-��)�)>V��1�;� 2#510-0@%/L ´#!-i���2#���+= �9!-��21�$%9%#��0I

DE����;.<E"!��9� 2#%#���&(�X>�#��(/� )�21�+.-oRf17�{ ��l^�;� 2�L 21�@%$8U�Rf@M-0@�$
n(S)

UwZ\a�a�a7]_���¨p)1=��>�����DE9!-� w"�$��2@%;� 21�#��� x�%;��0I
�21�;!-0#��21�+=�'@M-)9� )�21�+.-N�2$��21= )>�*°O�D6"! 21u10-0@%/L ��%;� �"!�210-0+���<M1�3X�)��O���G�-0#!-7�!��&)$%9%#%DBv¾;� 2�L 21�@%D=�|ÏV$����|eE^�d
$�m�$M�%��vw�21�;%$%;%DEvw1�46-7"8-)9%DL@B��>�����4)$%F%$%$������%;%$�>V 2;� ����0��DB9!-0vw1=��<'���! �"�DEv�yL$� ��)���210-0+�#%*W q;� 2�u 2#%$%<QP
S1 = A2 ? B1 ? C2

^
N(S1) = (2; 2, 0, 1)

g
S2 = A3 ? B1 ? C3

^
N(S2) = (3; 1, 1, 1)

� Ñ ;���F� )�)�x;� 2�u 2#%$%<

ÙVÚ|Û�Ü�Ý8Þ´ßtàVÙ|Ü�ÚVÚVá�â^³�Ý8Ü�à�âcãQãcá äsÜVÞ ÉæåÄç È�Å�Å�É



¯('D� éqª�Ó��q 
;!-��)�)>�-01�;%$%+.-� )>V��Go46-7"8-)9%$½>V�6/� 21zO=-04)$%;���+.-01�3=�Í<5#!-u���! �"�DBvwyL$M?X�21�;!-01= 2&)$%<E?HZ\aM(m7]_PWRT6U��� 2;� )O���;%#%*qG
>V 21=�("s^tRha=U�"�$%#!-�>�$%9� )�2@E�� i�%;���&);!-�>V>�$%;���+.-0#%$� ��

�����<���wù!÷�"%$uú ö ý	/ ÷�� ý��3��ü ÿ � ÿ#�0ÿÖù8, ü ÿ � ÿ � öE÷ � ÷ ý ø / ø�ú!7uú ü!ü ÷ � þ7ù ý þ=÷zø ��ü ÿ � ÿ+�0ÿÖù�, ü ÿ ��� öE÷ � ú
���2���0��3�4(��+.-0#%$� :46-7"8-(9%$�>V��;�Cx�0�!��&)$%9� )�2@E��G�@M��$%@%$�Rf10�{ ��l^�� ì}ìoÑ UN"%��<Ä����$��2@E-�$°�2$%#%1= 246-�$%#MI

Cx��;�>�-0F%$%$A���5>�#���&)$�>Ä$��21=��9%#%$%@M-�>����%$��(-0#��J+J;.<E"! '�%DMO0��$%@E-0F%$%GÈ-0+�1=��;!-ARTZ\aM(d7]_^VZ\aM(m7]fU��uÇ°"�;%DE&(��G
�21=��;���#%*ÅO0��$%4)@%$� '$��)���! �"!��+.-0#%$%<:+½DE@E-046-0#%#���G:�%;%$%@M�8-7"�#���G���O0�8-��21�$�Rf10�{ ��l^s����$��2@:$%#�Ci��;�>�-0F%$%$:���
>�#���&)$�>}$��21=��9%#%$%@E-�>|Us�%;���+=�)"�<M1=�Í<i+S�������! �"�#%$� |&(�)"�*È+W+�$M"! �@M�8-��21= 2;%$%46-0F%$%$u+S>�#���&(�("!�0��3�#���>o&);!-�Cx 
RTZ~eE�]_^tZ\a�jM�]fU�^%#!-0�%;%$�>V 2;�^!>�-01= 2;%$!-7�HC�$%;�>�*���µ0���B�%P@R2¶2·�F�Ë����2���l�%�NË��(µ0��¶Í�}�2�%���l����R'Z\a�jM�]_�
Ð �%$��(-0#%$� L10-0@E��&(�J���)"%?.�)"8-5$�>V ) 21J���! �"�DEvwy�$%Go+�$M"�Z\a�jM�]_� Ñ D=�21�3

G = (A,E)
O�D6"! 215>�#���&(�("!�0��3�I

#%*W>�+�4)+= 2�u 2#%#%*W>�&);!-�Cx��>q^W&Í"! 
A
I�>�#��(/� )�21�+=��+= 2;%��$%#,RÀ"!��@%DM>V 2#%1=��+BU�^

E
I'>�#��6/� )�21�+=��;� )O� 2;��

���)���! �"�D= )>�*qG¨&);!-�C ;!-��)�)>�-01�;%$%+.-� 21=��<¨@E-0@���O�Ã� �"�$%#� 2#%$� 
m
�����!-0;%#��:;!-042��$%9%#%*�?¿>�#��6/� )�21�+�+= 2;MI

�L$%#�P
A =

⋃m
i1=1 Ai1 , |Ai1 ∩Ai2 | = 0 ∀i1 6= i2, i1, i2 = 1,m

���� )�q;� )O�;!-
(v, u) ∈ E (v ∈ Ai1 , u ∈

Ai2 , i1 6= i2)
�)����1�+= 21=�21�+�D= 21oDB;���+�#%v����(?.�(/� )�21�$�>V 2/u"�Do"�+�DM>�<H"!��@%DE>V 2#%1�-�>�$°Rf17�{ ��l^t+= 2;%��$%#!-�>�$8U��

Ò "! )�23�+= )�(-w+=�) �?L;� )O� 2;�^.�)�� �"�$%#%<Mv�yL$M?�+= 2;%�L$%#%*�+�#%DE1�;%$��)"�#���G�$u1=��Gu/� �"!�0��$�Rf10�{ ��l^
i1 = i2

U�^�;!-0+�#%*
#%D7��vL� í ��#%F� 2�%1�D.-7��3�#��� ����%$��(-0#%$� �46-7"8-(9%$�$�>V ) 21�+�$M"�RTZ\a�jM�]_^sZ\[0k.b7]fU�P
; ÷�08$ ý��xü ÿ+.Æú!"%$'ø0ÿAõ�öcú!�#"%$u÷�ø ý $uúTù8ú!0�}_ÿ+� ý�ü¨ý ù ýÄü ú!")þ.ÿÖù8,.þ=ÿ�� ý	/ þ=÷#.1�0ÿ+01�0ÿÖù ý R

Ai1 , i1 =
1,m

U4$u÷�þ =  	$uÿ½ÿ#>+?u÷ � õ�ÿ & ÿ+.°ú!"%$-,�}_þ=÷�þ ü ú2þ=÷ � ÷��+� ý $ ý ø ü ÷ ��� ô ü þ�� ý�� õ�ÿ7õ!÷Íö ü ÿ+0Èõ�ÿ & ÿ+.°ú!"%$ ý �½øÿ#$uÿ+>ÍöB÷ ü�ü ÿ ����ü ÿ(.°ú!"%$'ø�úxõ�öcú!�#"%$u÷�ø ý $uúTù8ú!0 � ÷�þ�" ý	��ý	/0ý ö8ô.ú!$-" � �
Ó ��9%#!-0<¨Cx��;�>�D7��$%;���+�@E-K46-7"8-)9%$¨�%;� �"!�210-0+��! 2#!-È+¨Z\a�jM�]w$¨�)����1�+= 21=�21�+�DBvwy�$%GÄ���0��$%#���>�$!-7��3�#%*qG

-7��&(��;%$%1=>¿�%;� �"%�!�(/� 2#o+�Z\[0k.b7]_�
Ð "�#���+�;� )>V 2#%#��z10-0@%/� L;!-��)�)>�-01�;%$%+.-� 21=�Í<}46-7"8-(9!-N>�-0@E�2$�>�-7��3�#���GA@M��$%@%$�+z>�#���&(�("!�0��3�#���>¨&);!-�Cx 

Rf10�{ ��l^s>�#���&(�)"!�0��3�#!-0<A@M��$%@M-=U'RTZ\m0k�]_^VZ\a�m�[7]fU��i�ÅZ\m0k�]|���%$��(-0#%*�1�;%$H+= 2;��2$%$A"%��<o46-7"8-)9:�L+�4)+= 2�L 2#%#%*W>�$
;� )O�;!-�>�$A$oDB42�8-�>�$�Rf+= 2;%�L$%#!-�>�$8U�� Ñ ;%$}p)1=��>¨����@M-046-0#��%^Q9%1=�N+=�) �46-7"8-)9%$:��+�4)+= 2�u 2#%#%*W>�$A;� )O�;!-�>�$
<M+���<Mv�1=�Í<K2w»�I_���!�(/'#%*W>�$���Ç|�! �"�D= 21H��1=>V 21�$%1�3�^�9%1=�546-7"8-)9!-�@M�8-��21= 2;%$%46-0F%$%$È>�#���&(�("!�0��#���&(�o&);!-�Ci-
$}46-7"8-)9!-z@M��$%@%$�+X>�#���&(�)"!�0��3�#���>¨&);!-�Cx i��9� 2#%3JO0��$%4)@%$�$};!-��)�)>�-01�;%$%+.-0v�1=�Í<A�)�N���! �"�DEv�yL$M?51=��9� 2@
4);� 2#%$%<QPSRh-=U|�%;��� 2@%1�$%;���+.-0#%$� i-7��&(��;%$%1=>V��+�RTZ~eE�]_^`Z\m0k�]_^`Zl�(b7]_^`Zl2k.a7]_^cZ\a0kBe6]_^`Z\a�jM�]_^QZ\a�m�[7]_^`Z\[0kBe6]fU�g�R¼O.U��%;%$MI
�!�6/� 2#%$%<A+5��O0�8-��21�$:-0+�1=��>�-01�$%9� )�2@%$���O�DB9!-0vwyL$M?.��<A�2$��21= )>�Rf�Nµ�¶��%�l���'·��(µ0���%�l�%��^�Ë�F%ñc�2��ÂE��Ë��)�}·��(µ0���%�l�%�
ñ%����ó%·��2��ËÖUoRTZ\a�b�d7]_^´Z\[�d�[7]fU�g�Rf+BU��%;%$M�!�(/� 2#%$%<Ä+È$%#%1= 2&);!-0F%$%$Ä$%#�Cx��;�>�-0F%$%$�Z\a�jM�]_g�Rf&7U'�%;%$M�!�6/� 2#%$%<Ä+
O�$���$%#�Cx��;�>�-01�$%@E XRTZ\a0k.d7]_^sZ\[�a�b7]_^�Z\[0kBe6]fU��

�	�������8÷��7÷� ý ÿ ü ÷ /0ü ÷� Eú ü!ý�ý �=öB÷ /%� ú!?'ú ü�ý�ý
� h�k%[�y�h#¡�k%h!m¢hDa8hQ[-j8h#k!j8hDa8cDjb`b`

�8÷��7÷� ý ÿ ü ÷ /�ü ÷� Eú ü�ý!ý �=öB÷ /%� ú!?uú ü!ý�ý ��$%;���@E�´�%;%$�>V 2#%<Mv�1=�Í<'+=�w>�#���&)$M?'��O0�8-��216<E?½RTZ\b�[7]_^%Z\m�[7]_^MZl([�[7]_^
Z\a�d�b7]_^VZ\a�d�m7]_^VZ\[M([7]fU�� Ñ ;����21= 2G%�u-0< / ÷��0÷# E÷�ÿ ü ÷ /0ü ÷� Mú ü�ý�ý +�@M��vw9!-� 215#� )��1�;%$%F!-01= ���3�#%DBvr>�-01�;%$%F%DH�)�0I
��1�+= 21=�21�+�$%<

Υ = ||cij ||
R
i = 1, n

^
j = 1, n

U°&�"! 
cij

I����0��3�46-}RTï ���0�! 24)#����21�3�ïl^�ï +�*q&(�)"8-Mï~US#!-04)#!-(9� 2#%$%<
p2�! )>V 2#%1�-

i
#!-u����4)$%F%$%v

j
� Ò -7"8-)9!-�$�>V ) 21�+�$M"KZl([�[7]_P

; ÷�08$ ý�ü ÷ /0ü ÷� Mú ü�ý ú π = (π(1), ..., π(n)) £ ù!ú � ú ü $Lÿ�ø i R i = 1, n
U ü ÷½õ�ÿ /0ý � ý!ý π(i)

^�þ=ÿ#$uÿ�ö8ÿ�ú
")ÿ0ÿ+$'ø�ú!$-"%$'ø7ô<P�$�ÿ+>#?'ú!0 £ �Y� ú2þ�$ ý ø ü ÿ#"%$ ý ∑n

i=1 ciπ(i) → max
�

ÏV$����°(no$M�%��v´�21�;%$%;%D= 21�46-7"8-(9%D��H#!-04)#!-)9� 2#%$%$8Á7;!-04(>V 2yu 2#%$%$�� Ð 9� 2+�$M"�#��%^�9%1=�A����4)$%F%$%$�>V��&)DE1
;!-��)�)>�-01�;%$%+.-01�3=�Í<}+'�%;����21�;!-0#��21�+= 6Á0��O0�8-��21�$H;!-04(>V 2;%#����21�$

m
�

ÎS��&( )O�;!-0$%9� )�2@E-0<½�����21�-0#���+�@E-N46-7"8-)9%$�$�>V ) 21N+�$M"sP

max
m

∑

i=1

n
∑

j=1

ci,jxi,j s.t.
m

∑

i=1

xi,j ≤ 1, j = 1, n;
n

∑

j=1

xi,j ≤ 1, i = 1,m; xi,j = 0 ∪ 1, i = 1,m, j = 1, n.

Ò "! )�23
xi,j = 1

^E )����$Jp2�! )>V 2#%1
i
#!-04)#!-)9� 2#5#!-�����4)$%F%$%v

j
^
cij
I�+.-0/'#����21�3½RTï ���0�! 24)#����21�3�ï~U�DE@E-046-0#%#���&(�

#!-04)#!-(9� 2#%$%<`� � 10-K46-7"8-)9!-È;� 2�'-� 21=��<¨���0��$%#���>�$!-7��3�#��%^´#!-0�%;%$�>V 2;�^�+= 2#%&( 2;��2@%$�>r>V 21=�)"!��> RTZ\a�n�d7]�$

ÙVÚ|Û�Ü�ÝcÞ´ßsàVÙ|Ü�ÚVÚVá�â>³�Ý8Ü�à�â8ãQãcá äsÜVÞMÉæå�ç È:Å�Å:É



� û������q q¡Q¢,û�£s q¡�¤ û�¥q¢��q�N�W¦%¡|§q�W¤�¥�£s�¨¥�ûq©�¢�£*û�ªs q�q� � û� S«��q¬��£M¡�§q�q®�©��S©�¢�ªs�°¯D'0±
"�;��~U���Ç|�! �"�D= 21z��1=>V 21�$%1�3�^%9%1=�uDB@M-046-0#%#!-0<546-7"8-)9!-'�)����1�+= 21=�21�+�D= 21z46-7"8-)9� x�)�������21�-0+��! 2#%$%<KRf�Nµ0��¶��%�l�%�BU
#!-L"�+�DB?EIh"!�0��3�#���>�&);!-�Cx �Rfó%�lñ!µ0�����l���i���Íµ0ñ%�8U�RTZl([�[7]s$J"�;��~U��

ÏV$�����(nM� Ò -7"8-)9!-N�u#!-04)#!-)9� 2#%$%$8Á7;!-04(>V 2yu 2#%$%$

-
HHHHHj
Q

Q
Q

QQs

rr r r
-�

�
�

���

�����1

@
@

@
@@R

rr r rrr
�

�
�

��3

-rr r r

� �! �I
>V 2#MI
1�*

�

�

�

�

f fff ffff ffff
ffff

#

"

 

!

Ñ ��4)$%F%$%$

ë �0�! ) }���!�6/'#���GÆ$%4)+= )�21�#���GÆ>V�)"! ���3�væ<E+���<% 21=�Í<�46-7"8-(9!-�@%+.-7"�;!-01�$%9%#���&(��#!-04)#!-(9� 2#%$%<¥¤!¦�§<¨�©ª§�«|¬|
§#®�®�¬�¯�°8±I²f°�«´³�©ªµ�¶f·�²!± Rf¸�¹@º�U�^`@B��1=��;!-0<A+�@M��vw9!-� 215DB9� 21J+�46-0$�>V���2+�<M4( 2G�>V 2/u"�Do;!-042��$%9%#%*W>�$:&);%DE�%�!-7I
>�$YRf@E-0/u"8-0<�&);%DE�%�!-:�)����1�+= 21=�21�+�D= 21����%;� �"! ��! 2#%#���G�����4)$%F%$%$8U�RTZ\b�[7]_^SZ\aM(m7]_^�Z\a�d�m7]fU�� Ñ D=�21�3K#� )��1�;%$MI
F!-01= ���3�#��� z4)#!-)9� 2#%$� 

d(i, j1, k, j2)
O�D6"! 21o�)����1�+= 21=�21�+=��+.-01�3A�)��+=>V )�21�$�>V���21�$�>V 2/u"�DAp2�! )>V 2#%1=��>

j1
+

&);%DE�%�� 
Ji
$�p2�! )>V 2#%1=��>

j2
+�&);%DE�%�� 

Jk
� »�@M-046-0#%#��� i4)#!-(9� 2#%$� ��%;%$�O=-0+���<% 21=�Í<}@½F� ��! 2+=��GHC�DE#%@%F%$%$��

Ñ ���21�-0#���+�@E-z46-7"8-)9%$¼¸T¹@ºÆR|2w»�I�1�;%D6"�#!-0<!Uq$�>V ) 21�+�$M"sP

max
m

∑

i=1

qi
∑

j=1

ci,jxi,j +
∑

l<k

ql
∑

j1=1

qk
∑

j2=1

d(l, j1, k, j2) xl,j1xk,j2 , l = 1,m, k = 1,m;

s.t.
m

∑

i=1

qi
∑

j=1

ai,jxi,j ≤ b,
qi

∑

j=1

xi,j ≤ 1, j = 1,m; xi,j = 0 ∪ 1, i = 1,m, j = 1, qi.

�x��<½p)1=��Go46-7"8-)9%$o$��2���0��3�4)DEv�1=�Í<}���! �"�DEv�yL$� i��?. )>�*�;� 2�u 2#%$%<QP,RT6Uq>V 21=�)"�*¾+= 21�+= 2G�$}&);!-0#%$%F�^�Rha=U
p)+�;%$��21�$%@%$�^t#!-0�%;%$�>V 2;�^s&( 2#� 21�$%9� )�2@%$� X-7��&(��;%$%1=>�*ØRTZ\[0k.n7]|$H"�;��~U�^s����$��2@��u46-0�%;� 210-�>�$ÄRf�Íµ0óbF�Ë��(µ0��¶Í�8U
RTZ\[�[0k�]�$J"�;��~U��
�¾;!-�>�@E-7?A"8-0#%#���&(�5$��)���! �"!��+.-0#%$%<K�%;� �"!�210-0+���<% 21=��<È+.-0/'#%*W>Æ$��2���0��3�4(��+.-01�3 ��ü ÿ � ÿ7þ2ö ý $'ú ö ý ÷(ù8,.û

ü ô<P / ÷��7÷� Eô�ÿ ü ÷ /�ü ÷� Eú ü�ý!ý P ci,j ⇒ ci,j = (c1i,j , ..., c
ξ
i,j , ..., c

r
i,j)

RTZ\mM�]_^�Z\aM(a7]_^�Z\aM(m7]_^�Z\[M(m7]fU�� Ó -0@%$�>
��O�;!-04(��>¿+= 2@%1=��;%#!-0<½F� ��! 2+.-0<½C�DE#%@%F%$%<ARf#!-0�%;%$�>V 2;�^!+'�%;����21= 2G%�L )>�����DB9!-� 6U�$�>V ) 21�+�$M"sP

(
∑m

i=1

∑n
j=1 c

1
i,jxi,j, ...,

∑m
i=1

∑n
j=1 c

ξ
i,jxi,j, ...,

∑m
i=1

∑n
j=1 c

r
i,jxi,j )

�
�´�2#��%^79%1=�q42"! )�23W#!-7"!�q$��2@M-01�3 Ñ -0;� 21=�0I�p(CxCx 2@%1�$%+�#%*W |;� 2�L 2#%$%<Q� Ñ ;%$xp)1=��>½>V��&)DE1W$��2���0��3�4(��+.-01�3=��<

#� )�2@E�0��3�@B�X��?. )>�;� 2�u 2#%$%<Q^%#!-0�%;%$�>V 2;�P
RT6U��� 2;� )O���;%#%*W i>V 21=�("�*xg
Rha=U�$%#%1= 2;!-0@%1�$%+�#%*W ��%;���F� �"�DB;%*�RTZ\aM(a7]s$J"�;��~U�g
Rh[=U�;!-042��$%9%#%*W zp)+�;%$��21�$%@%$�^s+�@M��vw9!-0<QP Rh-=U�"�+�DB?BI_�21�-7"�$%G%#!-0<:p)+�;%$��21�$%@E-MPJRf�ÀU´>�#���&(��@%;%$%1= 2;%$!-7��3�I

#��� q;!-0#%/'$%;���+.-0#%$� S���0�! 24)#����21�$N#!-04)#!-(9� 2#%$%GoRf17�{ ��l^.+= 2@%1=��;���+
{ci,j}

U�^!Rf�l�ÀU�p)+�;%$��21�$%@M-´"%��<u���0��DB9� 2#%#���G
DE�%;���yL 2#%#���G�46-7"8-)9%$¿�:#!-04)#!-)9� 2#%$%$�g R¼O.UL"�+�D.?EI_�210-7"�$%G%#!-0<�p)+�;%$��21�$%@M-MPKRf�ÀUL&( 2#� 2;!-0F%$%<�>�#��6/� )�21�+.-
;� 2�u 2#%$%G5@E-0@½-0�%�%;���@B�2$�>�-0F%$%<½>�#��6/� )�21�+.- Ñ -0;� 21=�0I�p(CiCx 2@%1�$%+�#%*�?z1=��9� 2@:Rf#!-0�%;%$�>V 2;�^%#!-����2#���+= ´;� �I
�u 2#%$%<z#� )�2@E�0��3�@%$M?X46-7"8-(95�i#!-04)#!-(9� 2#%$%$½�w�("�#���GJF� ��! 2+=��GJCxDB#%@%F%$� 2G8U�^QRf�l�ÀU|+�*q<M+��! 2#%$� �#!-0$M��DE9%�u 2&(�
��@E��#%9!-01= ���3�#���&(�z;� 2�u 2#%$%<5$M��$½;� 2�u 2#%$%G��
Î�#!-7�!��&)$%9%#��:>V�(/'#��A;!-��)�)>V��1�;� 21�3K1�;!-0#��)Cx��;�>�-0F%$%v Rf9%1=��O�*��� 2;� 2G%1�$�@�>�#���&(��@%;%$%1= 2;%$!-7��3�#%*W>

�����21�-0#���+�@E-�>|Uq"%��<z@%+.-7"�;!-01�$%9%#���G½46-7"8-(9%$��L#!-04)#!-)9� 2#%$%$½$X"%��<J��O���O�yL 2#%#���G�46-7"8-)9%$½�L#!-04)#!-)9� 2#%$%$��

½¾htdf¿Q`b\8c(jbj8h+¡�k%h%m¢h%a8h-\8h�k%l�cDÀÁc(jb`b¡
�rZ\aM(m7]_^��%;� �"%�!�(/L 2#�O��0�! ) z��O�yL$%GK����DE9!-0GK46-7"8-(9%$K;!-04(>V 2yu 2#%$%<K�)�}���! �"�DBvwyL$�>�$K;!-��2�L$%;� 2#%$%<EI

>�$�P�Rh-=Us"!�����0��#%$%1= ���3�#%*W W�%;!-0+�$M�8-´���´;!-04(>V 2yu 2#%$%v¨p2�! )>V 2#%1=��+x���´����4)$%F%$%<%>¿Rf17�{ ��l^="!�����0��#%$%1= ���3�#!-0<

ÙVÚ|Û�Ü�Ý8Þ´ßtàVÙ|Ü�ÚVÚVá�â^³�Ý8Ü�à�âcãQãcá äsÜVÞ ÉæåÄç È�Å�Å�É



¯('(' éqª�Ó��q 
9!-��21�3�#!-w���2#���+= �$��2@%D=�)�21�+= 2#%#���&(��$%#%1= ��%�! 2@%1�-=U�^cR¼O.U�"!�����0��#%$%1= ���3�#%*W SO�$%#!-0;%#%*W q��1�#����u 2#%$%<u#!-w>�#��0I
/L )�21�+.-7?Xp2�! )>V 2#%1=��+'$X#!-i>�#��6/� )�21�+.-7?5����4)$%F%$%G�� Ñ �("!��O�#!-0<X;!-��2�L$%;� 2#%#!-0<X46-7"8-)9!-u>V�(/L 21';� 2�u-� 21=�Í<
#!-}���2#���+= J� ì}ìoÑ Z\aM(m7]_�½�L-0#%#%*qG����)"%?.�)"�$M�%��v´�21�;%$%;%D= 21=��<��%;%$�>V 2;���>q^V�%;� �"!�21�-0+���<EvwyL$�>��)��O���G
>V�("�$�C�$%@E-0F%$%v×�%;%$�>V 2;!-5$%4}Z\aM(m7]_�JÏ�-��)�)>�-01�;%$%+.-0v�1=�Í<����! �"�DBvwy�$� �@B��#%F� 2�%1�*xP½RT6Uw$��)���! �"!��+.-01= ���3�I
�2@%$� J�%;��� 2@%1�*xg�Rha=Ui�� 2;��)��#!-7��Rf17�{ ��l^��)��1�;%D6"�#%$%@%$8U�g�Rh[=Ui����>V 2yL 2#%$%<Qg�RfkBU���1�#����L 2#%$%<�#!-}DE@E-046-0#%#%*�?
@E��#%F� 2�%10-7?Q�Æ��>V ) 21=��<�"�+.-A$��)���! �"!��+.-01= ���3=�2@%$M?��%;��� 2@%10-MP�Rh-=UuO��0��3��u��G¿�%;��� 2@%1

R1
RÀ��$M"! 2;�^q>V 2#� �I

"�/L 2;�^!1�;%$��2�� 2F%$!-7��$��21�-M^`�) 2@%;� 210-0;%3BU�g�R¼O.U��%;��� 2@%1
R2

RÀ��$M"! 2;�^�"�+.-'�2�� 2F%$!-7��$��210-=U��q�x-'Ï�$�������^�Ï�$����
(a½$:+ Ó -�O0��$%F� XaJ�%;%$%+= �"! 2#%*xP5Rh-=U´�21�;%DE@%1�DB;%*��%;��� 2@%1=��+�gWR¼O.Uw�M�8-0#�����>V 2yu 2#%$%G¨R

A
^
B
^
C
^
X
^
Y
U

$K$M?�O0��$%4(���21�3�RÀ"�+.-�DB;���+�#%<KO0��$%4(���21�$�Pu�%DB#%@%1�$%;%#!-0<���$%#%$%<K�)����1�+= 21=�21�+�D= 21A�)����1�+= 21=�21�+�D= 21A���8-�O���G
O0��$%4(���21�$8U�gNRf+BUN���%$��(-0#%$� H�)��1�;%D6"�#%$%@E��+�� Ó -�O0��$%F!-�a��)�)"! 2;./'$%1�1�-0@%/� o"!���%D=�21�$�>�*W H;!-04(>V 2yu 2#%$%<
�)��1�;%D7"�#%$%@B��+X���u����>V 2yL 2#%$%<%>¾RfDB@M-046-0#���+'@%+.-7"�;!-01�#%*�?��2@B��O�@M-7?�Zl�l�l� ]fU��

ÏV$����S���|Ç�1�;%DE@%1�DE;!-u�%;��� 2@%1=��+

xr\8[tcDe8v
R1
Pu ��$M"! 2; H1

rH3

ì  2#� �I
"�/L 2;

rH7Ç� 2@%;� 210-0;%3

���)���! �"!��+.-01= ���$

r H4 rH5Rhµ=U

xr\8[tcDe8v
R2
Pu ��$M"! 2; H2

rH5 rH6���)�)���! �"!��+.-01= ���$
Rfó8U

ÏV$����W(aM� Ñ �8-0#�����>V 2yL 2#%$%G�^!&);!-�C�$M?Hï{O0��$%4(���21�$�ï

A B C

X Y

u u u
A B C

ZZ

ZZ

ZZ
r rX Y











J
J

J
JJ

J
J

J
JJ

�������0��#%$%1= ���3�#���;!-��)�)>�-01�;%$%+.-0vw1=��<o���! �"�DBvwyL$� ��%;!-0+�$M�8-MP
x�\8h#yt`b^8[�Â0Õ ��$M"! 2;}�%;��� 2@%10-N"!�0��/� 2#HO�*q1�3X;!-04(>V 2yL 2#oO0��$%4)@B�X@}�)��1�;%D7"�#%$%@E-�>q^cDE9!-��21�+�DBvwy�$�>¿+

 2&(�'�%;��� 2@%1= XRf17�{ ��l^%$��)���! �"!��+.-01= ���$�^c>V 2#� �"�/� 2;�^c�) 2@%;� 210-0;%3BU��
x�\8h#yt`b^8cAÃ=Õ ��$M"! 2;5�%;��� 2@%1�-u"!�0��/L 2#�O�*q1�3';!-04(>V 2yL 2#}�)"�$%#½+'O��0��3��u��>�$M��$½>�-7�!��>�����>V 2yu 2#%$%$��
x�\8h#yt`b^8[@Ä=Õ|ì  2#� �"�/L 2;��%;��� 2@%1�-q"!�0��/L 2#LO�*q1�3�;!-04(>V 2yL 2#LO0��$%4)@B��@x��$M"! 2;%D�&);%DE�%�%*�$i�) 2@%;� 21�-0;%vL�
x�\8h#yt`b^8[5ÅBÕÄì  2#� �"�/� 2;��%;��� 2@%10-K>V�(/L 21KO�*q1�3�;!-04(>V 2yu 2#�+�>�-7�!��>³����>V 2yL 2#%$%$YR¼�)"�$%#8U'$M��$�+

O��0��3��u��>�����>V 2yu 2#%$%$KRf+�"�+=�� )>|U��
x�\8h#yt`b^8[IÆ=Õ Ç���1�;%D7"�#%$%@%$�^%DE9!-��21�+�DBvwy�$� x+��)"�#���>��%;��� 2@%1= �^%"!�0��/'#%*�O�*q1�3�;!-04(>V 2yu 2#%*°+N�("�#���>

$½1=��>�/� �����>V 2yu 2#%$%$½$M��$½+'����>V 2yu 2#%$%<E?`^!;!-��2���0�!�(/� 2#%#%*�?oO0��$%4)@B�'"�;%DE&�@5"�;%DE&)D=�
x�\8h#yt`b^8[�Ç=Õ Ç� 2@%;� 210-0;%3J>V�(/� 21JO�*q1�3N;!-04(>V 2yu 2#�+zO��0��3��L��>¿����>V 2yL 2#%$%$�Rf+�"�+=�� )>|Uq$M��$½+z>�-7�!��>

����>V 2yu 2#%$%$ÈRf+�"�+=�� )>|U��
x�\8h#yt`b^8[{È�Õ í DE;.<MyL$� �$½#� 2@%DE;.<MyL$� x�)��1�;%D6"�#%$%@%$}#� x>V��&)DE1NO�*q1�3N;!-04(>V 2yu 2#%*�+��("�#���>�����>V 2yu �I

#%$%$��
x�\8h#yt`b^8[iÉ=Õ �i;%DE4)3�<}"!�0��/'#%*�O�*q1�3½;!-04(>V 2yL 2#%*³+��)"�#���>Æ$A1=��>°/� u����>V 2yu 2#%$%$�$M��$A+½O0��$%4)@B�

;!-��2���0�!�6/� 2#%#%*�?}����>V 2yu 2#%$%<E?`�
»w@E-046-0#%#%*W ��%;!-0+�$M�8-�O�*���$�$��2���0��3�4(��+.-0#%*¾�%;%$}���%;� �"! ��! 2#%$%$o+=��4(>V�(/'#���&(�X;!-04(>V 2yu 2#%$%<��)��1�;%D7"%I

#%$%@E��+N+�����>V 2yu 2#%$%<E?:R Ó -�O0��$%F!-Na=U��

ÙVÚ|Û�Ü�ÝcÞ´ßsàVÙ|Ü�ÚVÚVá�â>³�Ý8Ü�à�â8ãQãcá äsÜVÞMÉæå�ç È:Å�Å:É



� û������q q¡Q¢,û�£s q¡�¤ û�¥q¢��q�N�W¦%¡|§q�W¤�¥�£s�¨¥�ûq©�¢�£*û�ªs q�q� � û� S«��q¬��£M¡�§q�q®�©��S©�¢�ªs�°¯D'�²
Ó -�O0��$%F!-NaM� Ð �%$��(-0#%$� i�� 2;��)��#!-7�8-

2w�%�ÄÏt�0��3 Ñ ;��� 2@%1 í DE;� �I
#%$� 

Ñ ��>V 2yu 2#%$%< �i;%DE/�O=-

H1
��$M"! 2;oO��0��3��L��&(�
�%;��� 2@%1�- R1

�L-
A[1]

^
B[1]

^
C[1] H2

^
H3

H2
��$M"! 2;
�%;��� 2@%1�- R2

�� 21 A[1]
^
B[1]

^
C[1] H1

H3
ì  2#� �"�/� 2;oO��0��3�I
�u��&(�'�%;��� 2@%10- R1

�L-
A[2]

^
B[2]

^
C[2],

X[1]
^
Y [1]

H1
^
H7

H4
���)���! �"!��+.-01= ���3

R1
�� 21

A[2]
^
B[2]

^
C[2]

^
X[1]

^
Y [1]

H5
���)���! �"!��+.-01= ���3

R1
^
R2

�L-
A[2]

^
B[2]

^
C[2] H7

H6
���)���! �"!��+.-01= ���3

R2
�L-

A[2]
^
B[2]

^
C[2] H5

H7
Ç� 2@%;� 21�-0;%3

R1
�L-

A[2]
^
B[2]

^
C[2]

^
X[2]

^
Y [2]

H3
^
H5

Ó -�O0��$%F!-z[M�t�������0��#%$%1= ���3�#����21�3

H4 H5 H6 H7

H3
H4
H5
H6

(010)/0 (110)/1 (100)/0 (111)/2
(010)/0 (000)/0 (010)/0

(111)/2 (100)/0

ÏV$����W([M��Ç�1�;%DE@%1�DE;!-'�)���210-0+�#%*�?½;� 2�u 2#%$%G

uS = A ? B ? C ? X ? Y
S′ = A3 ? B1 ? C4 ? X2 ? Y4 =
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A B Cr r r
A1 = H1(1)
A2 = H2(1)
A3 = H3&H7(2)
A4 = H5&H6(1)

B1 = H1(1)
B2 = H2(1)
B3 = H3&H7(3)
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C4 = H5&H6(1)

X Yr r
X1 = H3(2)
X2 = H4(1)
X3 = H5(1)
X4 = H1(2)
X5 = H2(2)

Y1 = H3(1)
Y2 = H4(2)
Y3 = H1(2)
Y4 = H2(2)
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B1 B2 B3 B4

A1
A2
A3
A4

/4 (0, 2)/2 (4, 2)/4 (2, 0)/2
(0, 2)/2 /4 /♦ (4, 0)/3
(4, 2)/4 /♦ /4 (4, 4)/5
(2, 0)/2 (4, 0)/3 (4, 4)/5 /4
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A4
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C3
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(2, 2)/3 (2, 0)/2 (2, 0)/2 /4 /♦ (2, 2)/3 (2, 0)/2 /4 /♦
(0, 2)/2 /♦ (2, 0)/2 /♦ /4 (0, 2)/2 /♦ /♦ /4
/4 (4, 0)/3 (4, 4)/5 (2, 1)/2 (0, 0)/0 /4 (4, 0)/3 (2, 1)/2 /♦

(2, 2)/3 (2, 0)/2 /4 (0, 0)/0 (2, 0)/2 (2, 2)/3 (2, 0)/2 (0, 0)/0 (2, 0)/2
(2, 2)/3 (2, 0)/2 (2, 0)/2 /4 /♦ (2, 2)/3 (2, 0)/2 /4 /♦
(0, 2)/2 /♦ (2, 0)/2 /♦ /4 (0, 2)/2 /♦ /♦ /4
/4 (4, 0)/3 (4, 4)/5 (2, 1)/2 (0, 0)/0 /4 (4, 0)/3 (2, 1)/2 /♦

(2, 2)/3 (2, 0)/2 /4 (0, 0)/0 (2, 0)/2 (2, 2)/3 (2, 0)/2 (0, 0)/0 (2, 0)/2
(1, 1)/2 (1, 0)/1 (1, 0)/1 /4 /♦ (2, 2)/3 (2, 0)/2 /4 /♦
(0, 1)/1 /♦ (1, 0)/1 /♦ /4 (0, 2)/2 /♦ /♦ /4
/4 (2, 0)/2 (2, 2)/4 (1, 1)/2 (0, 0)/0 /4 (4, 0)/3 (2, 1)/2 /♦

(1, 1)/2 (2, 0)/2 /4 (0, 0)/0 (1, 0)/1 (2, 2)/3 (2, 0)/2 (0, 0)/0 (2, 0)/2
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(0, 2)/2 /4 /♦ (4, 0)/3
(4, 2)/4 /♦ /4 (4, 4)/5
(2, 0)/2 (4, 0)/3 (4, 4)/5 /4
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Rf���l���2�Íµ0ó%·l�l�%�BU'RTZ\m�b7]_^�Zl([�[7]_^�Z\a�d�[7]_^�Z\[�a�n7]�$}"�;��~U����³Z\a�m�a7]�p)10-z46-7"8-(9!-X$��2���0��3�4)D= 21=��<o"%��<}�%;��� 2@%1�$%;���+.-7I
#%$%<K�%;���$%4)+=�)"!�21�+= 2#%#%*�?��2$��21= )>�$K1= �?E#��0�!��&)$%9� )�2@%$M?È�%;���F� )�)�)��+�� Ñ ;%$Kp)1=��>�F%+= 21�-}�)����1�+= 21=�21�+�DEvw1
�2+=��G��21�+.-�>��2$��21= )>q^!C�DE#%@%F%$%<%>q^M+= 2;��2$%<M>q�
Ò -7"8-)9!-N;!-��2@%;!-��2@%$H+= 2;%��$%#o&);!-�Ci-N>V�(/� 215O�*q1�3X�%;� �"!�210-0+��! 2#!-J���! �"�DEv�yL$�>¿��O�;!-04(��>YRTZ k.n7]_^�Z kBe6]_^

Z\j�n7]_^`Zl�2k�]_^cZl([�[7]_^cZl(j�d7]_^cZl(j�m7]_^`Z\a�j�j7]_^8Z\a�m0k�]_^`Z\[0k.j7]_^cZ\[�j�d7]fU����L-0#X#� )��;%$� 2#%1�$%;���+.-0#%#%*qG½&);!-�C
G = (A,E)R

A
Is>�#��(/L )�21�+=�iDE42�!��+BÁ7+= 2;%��$%#�^

E
Is>�#��(/� )�21�+=��;� )O� 2;�^

|A| = n
U�����>V ) 21=��<�#!-�O���;�F%+= 21=��+XRf#���>V 2;���+�^

>V 21=��@8U
X = {x1, x2, ..., xk}

� ë D7"! )>�#!-04)*q+.-01�3
C(G) = {C(a1), ..., C(ai), ..., C(ai)}

R
Cai

∈ X
U

Rf$M��$
< C(a1) ? ... ? C(ai) ? ... ? C(ai) >

Uuþ=ÿ ü��Vý�� ô2öB÷�� ý ú!0p�8ø0ú!$uÿ�ø�Rf17�{ ��l^�#!-04)#!-(9� 2#%$� XF%+= 210-�"%��<
@M-0/u"!��G�+= 2;%�L$%#%*�U�� Ñ ���210-0#���+�@M-�$�>V ) 21N+�$M"sP
; ÷ /0ü ÷� ý $4,G�2ù � þ=÷#.1�0ÿ+0Nø�ú ö�7 ý�ü � ∀ai ∈ A

�!ø�ú!$ ý ù ýG� ú!$uþ=ôÈR9$I�
ú(� = C(ai)
U�$u÷�þ =  �$uÿwø0ú öW7 ý!ü �ÿ#� ü ÿ � ÿË�!ø�ú!$L÷ ü ú�")ÿ�ú!� ý!ü ú ü �¨öcú!>Íö8ÿ � = $Á�
ú(� = ∀ai, aj ∈ A

ú!"�ù ý (ai, aj) ∈ E
R9$I�
ú(� = " � úf. ü ��úø�ú ö�7 ý�ü �tU $uÿ � �0÷ C(ai) 6= C(aj)

�
Ó -0@%$�>���O�;!-04(��>q^="%��<u46-7"8-0#%#���&(�x&);!-�C�-

G = (A,E)
���2DEyu )�21�+���<M 21=�Í<�����$��2@½þ=ÿ ü��Vý�� ô2öE÷#� ý�ý �8ø0ú2û

$uÿ�ø�Rf17�{ ��l^
C(G) = {C(a1), ..., C(ai), ..., C(an)}

U����´�2#��%^%9%1=�
|C(G)|

;!-0+�#��'9%$�����DJ$��2���0��3�4(��+.-0#%#%*�?
F%+= 21=��+HR¼>V 21=��@8U���R ì $%#%$�>�-7��3�#��� x9%$����!�'1�;� )O�D= )>�*�?½F%+= 21=��+'"%��<5&);!-�C�-

G
#!-04)*q+.-� 21=��< & ö8ÿ � ÷�$ ý  Eú2û

")þ ý	�  ý "Tù!ÿ � "8-0#%#���&(��&);!-�Ci- χ(G)
U��|Ç|�! �"�D= 21L��1=>V 21�$%1�3�^E9%1=��"�;%DE&)$� q1�$%�%*¨46-7"8-)9%$z;!-��2@%;!-��2@%$z&);!-7I

Ci-�>V��&)DE1LO�*q1�3u1�;!-0#��)Cx��;�>�$%;���+.-0#%*Æ+L46-7"8-)9%Dz;!-��2@%;!-��2@%$X+= 2;%�L$%#���ÏV$����q(ji$M�%��v´�21�;%$%;%D= 21'46-7"8-)9%D
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¯0²%) éqª�Ó��q 
;!-��2@%;!-��2@%$�+= 2;%��$%#�P

G = (A,E), A = {p, q, u, v, w}, E = {(p, q), (q, v), (u.v), (w, p)(w, q)(w, u)(w, v)}$o1�;%$}F%+= 21�-
{x1, x2, x3}

Rf17�{ ��l^`�)����1�+= 21=�21�+�DEv�yL$� L$%#M"! 2@B�2*¾"%��<o-7��371= 2;%#!-01�$%+�#%*�?oF%+= 21=��+X+= 2;%��$%#8U��
Ò "! )�23�;� 2�u 2#%$� ´$�>V ) 21'+�$M"sP

C(G) = {P2, Q3, U3, V2,W1}
� Ñ ;%$5p)1=��>�9%$����!�u+=��4(>V�(/'#%*�?5;� 24)D7��361�$MI

;%DEv�yL$M?Hþ=ÿ ü��Vý�� ô2öB÷�� ý 0��!ø�ú!$uÿ0ø�Rf1�;%$½F%+= 21�-=U�;!-0+�#�� 6
�

Ï�$����W(jM� Ñ ;%$�>V 2;½;!-��2@%;!-��2@%$}+= 2;%��$%#
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p

P1
P2
P3

�� �� V1
V2
V3

v

�� ��
U1
U2
U3

u

�� ��

Q1
Q2
Q3

q �� ��
W1
W2
W3

w�� ��

���)���! �"�DEv�1=�Í<�;!-042��$%9%#%*W '>V�)"�$�Cx$%@E-0F%$%$H46-7"8-)9%$H;!-��2@%;!-��2@%$H+= 2;%��$%#�^c#!-0�%;%$�>V 2;�PrRT6UW;!-��)�)>V��1�I
;� 2#%$� '�2�� 2F%$!-7��3�#%*�?H�21�;%DB@%1�DE;H&);!-�Ci-}RfF� 2����9%@%$�^Q"! 2;� 2+�3�<`^`&)$%�� 2;%&);!-�Cx*¾$}"�;��~U�RTZl�2k�]_^�Zl([�[7]_^�Z\a=e7k�]_^
Z\a=e�j7]_^`Z\[�j�d7]fU�g}Rha=UV����>V 29� 2#%#%*W ´&);!-�C�*���D=���!��+�$� )>È#!-x;!-��)�21=�6<M#%$%$z"�+.-XRTZ\b�j7]_^cZ\b�b7]_^8Zl2k��]_^`Z\[=e�j7]_^cZ\[=e�b7]fU�g
Rh[=Uq#!-04)#!-)9� 2#%$� L#� )�2@B�0��3�@%$M?oF%+= 21=��+�"%��<��("�#���G}$}1=��G�/� i+= 2;%��$%#%*xg�RfkBUW��F� 2#%$%+.-0#%$� ��)��+=>V )�21�$�>V�0I
�21�$A>V 2/u"�D�F%+= 21�-�>�$:�)>V 2/'#%*�?�R¼�)���) �"�#%$M?!US+= 2;%��$%#�Z\aM(m7]_gÄRhj=UW����>V 29� 2#%#%*W u&);!-�Cx*¾��D=���!��+�$� )>Ä#!-
;!-��)�21=�6<E#%$%$�[M^Qk5$A17� ���lgYRhb=Uw��F� 2#%$%+.-0#%$� ��)����1�+= 21=�21�+�$%<:@M-0/u"!��&(�½F%+= 21�-J���5��1�#����L 2#%$%vÅ@A@E-0/u"!��G
+= 2;%�L$%#� uZ\aM(m7]_� ì �6/'#��i;!-��)�)>�-01�;%$%+.-01�3N-0&);� 2&)$%;���+.-0#%#%*qG5+= )�uRf17�{ ��l^%-7"%"�$%1�$%+�#!-0<JC�DB#%@%F%$%<!UV$��2���0��3�I
4(��+.-0#%#%*�?HF%+= 21=��+:Rf@E-0/u"�*qGHF%+= 21J$�>V ) 21X#� )��1�;%$%F!-01= ���3�#%*qG�+= )�

w(xl) ∀xl ∈ X, l = 1, k
U�����p)1=��>

����DE9!-� x>V�(/'#��z�)Cx��;�>�D7��$%;���+.-01�3N46-7"8-)9%D5>�$%#%$�>�$%46-0F%$%$�P
; ÷�08$ ý öB÷�")þ2öE÷#")þ.ôJø�ú ö�7 ý�ü C∗(G)

�)ù �i/ ÷��7÷ ü�ü ÿ � ÿ � öB÷ � ÷ G = (A,E)
" �xý�ü�ý�� ÷(ù8, ü � �  ý "�ù�ÿ �

ý ")õ!ÿÖù8, / ÿ0ø0÷ ü�ü � & �!ø�ú!$Lÿ�øi} � ú!$uÿ0þ%�0P

min
{C(G)}

|C∗(G = (A,E))| s.t. C∗(ai) 6= C∗(aj) ∀(ai, aj) ∈ E, i 6= j.

� 1�-u46-7"8-)9!-L<M+���<% 21=��<�2w»�I�1�;%D7"�#���G�RTZl�2k�]_^QZl([�[7]_^QZl6e�d7]_^QZ\[�j�d7]fU�� Ñ D=�21�3
C∗(G) = {c∗θ}

O�D6"! 21�>�#��6/� �I
�21�+=�S$��2���0��3�4(��+.-0#%#%*�?iF%+= 21=��+¨Rf���{���l^

C∗(G) ⊆ C∗(G)
U��t�A����DE9!-� V+�4)+= 2�u 2#%#%*�?xF%+= 21=��+�Rf$�-7"%"�$%1�$%+�#���G

-0&);� 2&)$%;%DEv�yu 2G}CxDB#%@%F%$%$8U�>V�6/� 21zO�*q1�3N;!-��)�)>V��1�;� 2#!-N���! �"�DEv�y'-0<J�����210-0#���+�@M-MP

min
∑

∀c∗
θ
∈C∗(G)

w(c∗θ) s.t. C∗(ai) 6= C∗(aj) ∀(ai, aj) ∈ E, i 6= j.

Ð 9� 2+�$M"�#��%^V9%1=�o )����$
w(xl) = 1 ∀xl ∈ X

p)10-}Cx��;�>�D7��$%;���+�@E-}<M+���<% 21=��<�p)@%+�$%+.-7�! 2#%1�#���G��%;� �"�*�I
"�DEyL 2G�� Ñ ;%$È+= 2@%1=��;%#���>�+= )�) �F%+= 210-

( w1(cθ), ..., w
µ(cθ), ..., w

λ(cθ) ) ∀cθ ∈ C
$È-7"%"�$%1�$%+�#%*�?

-0&);� 2&)$%;%DEv�yL$M?½C�DE#%@%F%$%G5F� ��! 2+.-0<½+= 2@%1=��;%#!-0<½C�DE#%@%F%$%<X$�>V ) 21z+�$M"sP

(
∑

∀c∗
θ
∈C∗(G)

w1(c∗θ) , ...,
∑

∀c∗
θ
∈C∗(G)

wµ(c∗θ) , ...,
∑

∀c∗
θ
∈C∗(G)

wλ(c∗θ) )

$u���2DByu )�21�+���<% 21=��<u����$��2@u;� 2�L 2#%$%G�^�@E��1=��;%*W �<E+���<Mvw1=��< Ñ -0;� 21=�0I�p(CxCx 2@%1�$%+�#%*W>�$'����DB@M-046-0#%#���Gu+= 2@MI
1=��;%#���GoC�DB#%@%F%$%$��
�¨��O�yL )>�����DE9!-� �^%�%;� �"!�210-0+���<% 21=��<��� 2;��2�� 2@%1�$%+�#%*W>�;!-��)�)>�-01�;%$%+.-01�3N���! �"�DEv�yL$� ´F� ��! 2+�*W xC�DE#%@MI
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+�$%G½#!-';!-��)�21=�(<M#%$%$o[M^%k'$510� "s�
ì �(/'#��}DB@M-046-01�3o���! �"�DEv�yL$� ��L$%;���@B�}�%;%$�>V 2#%<% )>�*W z"%��<:46-7"8-)9È;!-��2@%;!-��2@%$�&);!-�Ci-51�$%�%*�-7��&(�0I

;%$%1=>V��+�P�RT6Uu1=��9%#%*W ��� 2;� )O���;%#%*W }-7��&(��;%$%1=>�* RTZ\j�d7]_^SZl�2k�]_^SZl(d�[7]_^SZ\a0k.m7]_^SZ\[M(b7]_^SZ\[�a�d7]fU�gLRha=Uu����DE9!-0GMI
#%*W �-7��&(��;%$%1=>�* Rf�Íµ0���%��� µ0·l�=�����l���%��ËÖU�RTZl�2k�]_^xZ\[�a=e6]fU�g5Rh[=UX�%;%$�O0��$%/� 2#%#%*W �-7��&(��;%$%1=>�* RTZ k.n7]_^iZ k��]_^
Zl(d=e6]_^wZ\a=e7k�]_^SZ\a�dM�]_^�Z\a�d�d7]_^SZ\[�bM�]fU�g�RfkBU'p)+�;%$��21�$%@%$�$�>V 210-0p)+�;%$��21�$%@%$,RTZ\a0k�k�]_^�Z\[�[�[7]fU�^�+�@M��vw9!-0<¿���! �"�DBI
vwy�$� �Pw>V 21=�)"�*,�!��@E-7��3�#���&(�5����$��2@M-:RTZ\j�m7]_^�Z\b�n7]_^VZ\bM�]_^VZl([M�]fU�^Q>V 21=�)"�*³��1�/'$%&2-:R¼Ë��l�GF%·
µ0���)�:µ0�%���(µ0·l�l�%�BU
RTZ\b0k�]_^xZl6e�e6]_^iZ\a�j�n7]fU�^w>V 21=�("�����$��2@E-��H46-0�%;� 210-�>�$ÅRf�Íµ0óbF�Ë��(µ0��¶��8UHRTZl(n�a7]_^xZl(b�a7]fU�^w����1=��9� 29%#%*qG�����$��2@
R¼Ë�¶(µ0�����2�'Ë��(µ0��¶Í�8UXZl(j=e6]_^ÍR2>�DB;!-0+�3�$%#!-0<ÎRJ���%1�$�>�$%46-0F%$%<°R¼º��.�'¶)��·����.ÌÈ��ñ%���l�'��Ï6µ0�������8UJRTZ\j�[7]_^�Z\d�b7]fU�^�����$��2@
#!-z���2#���+= x�� 2;� )>V 2#���GA��@%;� )�21�#����21�$�Zl��]_g�Rhj=Uq&( 2#� 21�$%9� )�2@%$� '-7��&(��;%$%1=>�*�Á�p)+=�0��vwF%$���#%#!-0<}���%1�$�>�$%46-7I
F%$%<�RTZ\a�a7]_^sZl�(n7]_^�Zl(a�[7]_^tZl([�n7]_^tZ\aM(n7]_^tZ\a�j�j7]fU�gVRhb=Uq>V 21=�("o&( 2#� 2;!-0F%$%$A�21=�0�!O�F���+HZ\a�b�a7]_gVR�e�UW-7��&(��;%$%1=>�*Y#!-
���2#���+= L#� 2G%;���#%#%*�?}�) 21= 2G�RTZ\m�m7]_^�Zl(a�j7]fU�g�Rhd=UW;� 2�'-01= ���$}#!-z���2#���+= ���O�DE9!-0vwy�$M?.�Í<H-0+�1=��>�-01=��+AZ k.j7]_gVRhm=U
-7��&(��;%$%1=>�*¾#!-u���2#���+= �$��2���0��3�4(��+.-0#%$%<o-0&( 2#%1=��+}Z\j�a7]_�

Ó -�O0��$%F!-NmM�|Ç���+=>V )�21�$�>V���21�3XF%+= 21=��+

P1
P2
P3
P4
P5
P6
Q1
Q2
Q3
Q4
Q5
Q6

V1
V2
V3
V4
V5
V6
W1
W2
W3
W4
W5
W6

Q1 Q2 Q3 Q4 Q5 Q6 V1 V2 V3 V4 V5 V6 W1 W2 W3 W4W5 W6 U1 U2 U3 U4 U5 U6

0 1 2 3 4 3 4 4 4 4 4 4 0 1 2 3 4 3 4 4 4 4 4 4
1 0 4 2 3 4 4 4 4 4 4 4 1 0 1 2 3 4 4 4 4 4 4 4
2 4 0 1 2 4 4 4 4 4 4 4 2 1 0 1 2 4 4 4 4 4 4 4
3 2 1 0 3 2 4 4 4 4 4 4 3 2 1 0 3 2 4 4 4 4 4 4
4 3 2 3 0 2 4 4 4 4 4 4 4 3 2 3 0 2 4 4 4 4 4 4
3 4 4 2 2 0 4 4 4 4 4 4 3 4 4 2 2 0 4 4 4 4 4 4

0 1 2 3 4 3 0 1 2 3 4 3 4 4 4 4 4 4
1 0 4 2 3 4 1 0 1 2 3 4 4 4 4 4 4 4
4 1 0 1 2 4 2 1 0 1 2 4 4 4 4 4 4 4
3 2 1 0 3 2 3 2 1 0 3 2 4 4 4 4 4 4
4 3 2 3 0 2 4 3 2 3 0 2 4 4 4 4 4 4
3 4 4 2 2 0 3 4 4 2 2 0 4 4 4 4 4 4

0 1 2 3 4 3 0 1 2 3 4 3
1 0 1 2 3 4 1 0 4 2 3 4
2 1 0 1 2 4 2 4 0 1 2 4
3 2 1 0 3 2 4 3 2 3 0 2
4 3 2 3 0 2 4 3 2 3 0 2
3 4 4 2 2 0 3 4 4 2 2 0

0 1 2 3 4 3
1 0 1 2 3 4
2 1 0 1 2 4
3 2 1 0 3 2
4 3 2 3 0 2
3 4 4 2 2 0
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bJF%+= 21=��+�P
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"%��<:F%+= 21=��+�R
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 210^Q1=�J�)����1�+= 21=�2+�DBvwy�$� '��F� 2#%@%$K�)��+=>V )�21�$�>V���21�$:F%+= 21=��+5;!-0+�#%*�#!-0$M��DB9%�u )>�D�DE;���+�#%vØRf10�{ ��l^
4
US"%��<

�!-0;�+= 2;%��$%#
(p, u)

^
(p, v)

^
(q, u)
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¯0²(¯ éqª�Ó��q 
1=��+BUi+H+�$M"! Ñ -0;� 21=�0I�p(CxCx 2@%1�$%+�#���&(�H;� 2�u 2#%$%<K$��)����1�+= 21=�21�+�DBvwyL$%G�+= 2@%1=��;È@M-)9� )�21�+.-H$�>V 2vw1o+�$M"sP
C∗(G) =< W6 ? P2 ? Q3 ? U2 ? V3 >

^
N(C∗(G)) = (4; 4, 0, 0)
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P1(1)
P2(1)
P3(1)
P4(2)
P5(2)
P6(2)

�� ��
V1(1)
V2(1)
V3(2)
V4(2)
V5(2)
V6(1)

v�� ��
U1(1)
U2(1)
U3(2)
U4(2)
U5(1)
U6(1)

u

�� ��

Q1(1)
Q2(1)
Q3(2)
Q4(2)
Q5(1)
Q6(1)

q
�� ��

W1(1)
W2(1)
W3(1)
W4(2)
W5(2)
W6(2)

w

�� ��

�H�������! �"�#%$� �&(�)"�*È-0@%1�$%+�#���$��)���! �"�D= 21=��<�46-7"8-)9!-S�� 2;� 2@%;!-��2@%$�&);!-�C�-iRTZl(j7]_^.Z\a�n7]_^BZl(j�[7]_^.Z\a=e7k�]_^BZ\a=e�j7]fU��
Ò "! )�23oO=-04(��+.-0<�Cx��;�>�D7��$%;���+�@E-51�-0@B��GK46-7"8-)9%$�$�>V ) 21o���! �"�DBvwyL$%G:+�$M"s� Ò -7"8-0#��}���! �"�DBvwyL ) �Px&);!-�C
G = (A,E)

R
|A| = n

U�^�>�#��6/� )�21�+=�JF%+= 21=��+
X = {x1, ..., xk}

^8$���?.�("�#!-0<�þ=ÿ ü��Vý�� ô2öB÷�� ý	� �!ø�ú!$uÿ�ø´"%��<
&);!-�Ci-

G
P
Co(G) = {Co(a1), ..., C

o(ai), ..., C
o(an)}

^
Co(ai) ∈ X ∀ai ∈ A

R
i = 1, n

U�� Ñ D=�21�3546-7I
"8-0#!-�#� )��1�;%$%F!-01= ���3�#!-0<5>�-01�;%$%F!-L�21=��$�>V���21�$5�� 2;� 2@%;!-��2@%$z"%��<z@E-0/u"!��G5+= 2;%�L$%#%*YRf$%#M"�$%+�$M"�D.-7��3�#!-0<
>�-01�;%$%F!-:�� 2;� 2@%;!-��2@%$8U�P

dai
(xδ1 , xδ2)

R
δ1 = 1, k

^
δ1 = 1, k

U
∀ai ∈ A

�K�x��<�&);!-�Ci-
G
46-7"8-� 21�I

�Í<�10-0@%/L L#� 2@B��1=��;!-0<oF� ��! 2+.-0<�þ=ÿ � > ý!ü ÷�� ý�� �!ø�ú!$uÿ�ø Cg(G)
$M��$H>�#��(/� )�21�+.-zF� ��! 2+�*�?�þ.ÿ � > ý�ü ÷�� ý 0

�!ø�ú!$uÿ�ø
{Cg(G)}

� Ó  2�� 2;%3u"%��<J@E-0/u"�*�?X"�+�DB?}þ=ÿ � > ý!ü ÷�� ý 0��!ø�ú!$uÿ�ø�R
C1(G)

$
C2(G)

U�>V�(/'#��u;!-���I
�)>�-01�;%$%+.-01�3}$%#%1= 2&);%$%;���+.-0#%#%DBv��21=��$�>V���21�3KR¼�21=��$�>V���21�3}�� 2;� 2@%;!-��2@%$8Uw@E-0@�#� 2@B��1=��;%DEvr-7"%"�$%1�$%+�#%DEv
C�DE#%@%F%$%v

D(C1(G), C2(G)) =
∑n

i=1 dai
(C1(ai), C

2(ai))
���������0��#%$%1= ���3�#��A#� )��O(?.�)"�$�>V�A;!-��)�)>V��1�I

;� 21�3'O0��$%4(���21�3L"�+�D.?½þ.ÿ ü���ý�� ô)öB÷�� ý 0��!ø�ú!$uÿ�ø0P ρ(Cβ1(G), Cβ2(G))
� Ó -0@%$�>���O�;!-04(��>È;!-��)�)>�-01�;%$%+.-� 21�I

�Í<u���! �"�DEvwyu-0<LF� 2����9%@E-w�%;� )��O�;!-04(��+.-0#%$%G�P
Co(G = (A,E)) ⇒ C∗(G = (A,E)) ⇒ Cg(G = (A,E))

^
&Í"! 

C∗(G = (A,E))
<M+���<% 21=��<5;� 24)D7��361�$%;%DEv�yu 2G�þ.ÿ ü���ý�� ô)öB÷�� ý ú!0��!ø�ú!$Lÿ�ø��

��O��0�! ) N��O�yu )>�����DE9!-� N>V�6/'#���;!-��)�)>�-01�;%$%+.-01�3o"�+= z��O���O�yL 2#%#%*W zF� ���$�P Rf�ÀU��21=��$�>V���21�3o1�;!-0#���I
Cx��;�>�-0F%$%$

Co(G) ⇒ C∗(G)
$ Rf�l�ÀU|@E-(9� )�21�+=��O0��$%4(���21�$½>V 2/u"�D

C∗(G)
$
Cg(G)

Rf$M��$
{Cg(G)}

U��
Ð F� 2#%$%+.-0#%$� ADE@E-046-0#%#%*�?Ä�21=��$�>V���21�$Æ$ÆO0��$%4(���21�$°>V�(/� 21����2#���+�*q+.-01�3=�Í<Æ#!-:;!-042��$%9%#%*�?Ä���)"%?.�("8-7?
Rf#!-0�%;%$�>V 2;�^`-7"%"�$%1�$%+�#!-0<�C�DE#%@%F%$%<Q^%>�$%#%$�>�$%46-0F%$%<`^8C�DE#%@%F%$%<Hï �'�l�8Á7�Nµ+ÐQï~U��
Ó  2�� 2;%3N46-7"8-)9!-'�� 2;� 2@%;!-��2@%$}&);!-�Ci-'>V�6/� 21zO�*q1�3N;!-��)�)>V��1�;� 2#!-����! �"�DEv�yL$�>���O�;!-04(��>qP
; ÷�08$ ý�ü ÿ�ø0ô�PØþ=ÿ ü��Vý�� ô2öB÷�� ý PÑ�!ø�ú!$uÿ0ø

C∗(G)
"%��<�46-7"8-0#%#���&(�K&);!-�Ci-

G = (A,E)
$u÷�þ =  	$uÿ7û>#� ��ý�ü�ý	��ý	/0ý ö8ÿ0ø0÷�$-,�>�ù ý	/ ÿ+"%$-,�öcú / ô7ù�,�$ ý ö8ô<P�?uú!0Hþ=ÿ ü��Vý�� ô2öE÷#� ý�ý �!ø�ú!$Lÿ�ø � öB÷ � ÷ C∗(G(A,E))
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�!úTù8ú)ø7ÿ#0Èþ=ÿ ü��Vý�� ô2öB÷�� ý�ý �!ø�ú!$Lÿ�ø � öB÷ � ÷ Cg(G(A,E))

"'ô� Mú!$Lÿ � ÿ � öE÷ ü!ý  Eú ü!ü ÿ+0 ý�ü $'ú � ö ý ö8ÿ�ø7÷ ü�ü ÿ+0
"%$uÿ ý�� ÿ#"%$ ý õ!ú öcú2þ)öB÷�")þ ý R

≤ D
U�P

min
{C(G=(A,E))}

ρ(C∗(G), Cg(G))) s.t. D(Co(G), C∗(G)) ≤ D, C∗(ai) 6= C∗(aj) ∀(ai, aj) ∈ E, i 6= j.

ÏV$����W6e�$M�%��v´�21�;%$%;%D= 21N46-7"8-(9%D5�� 2;� 2@%;!-��2@%$�+= 2;%�L$%#½&);!-�Ci-MP

Co(G) = (P2 ? Q3 ? U3 ? V2 ? W1) ⇒ C∗(G) = (P1 ? Q2 ? U2 ? V1 ? W3)
�
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W1
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�	��Ò�� * ÿ#"%$Söcÿ0ú ü�ý ú ý ú öB÷Öö &�ý�ý
qGcD\8h#\<s	`ba8c+dfe	h+¡�eb^8htd!v#cD\b`8k%h#nb`b¡

�� 2;!-0;=?M$%9� )�2@E-0<�@M�8-��21= 2;%$%46-0F%$%<:;� (-7��$%4)D= 21��%;���F� )�)��R�Ç�#%$%4)DBI_��+= 2;=?!Uw���5$%#%1= 2&);!-0F%$%$:p2�! )>V 2#%1=��+
R¼��O�Ã� 2@%1=��+BU�"%��<X���0��DE9� 2#%$%<5$� 2;!-0;=?M$%$�#!-u>�#��6/� )�21�+= �$���?.�("�#%*�?���O�Ã� 2@%1=��+�� Ñ D=�21�3'$�>V ) 21=��<}>�#��(/� �I
�21�+=�wp2�! )>V 2#%1=��+�R¼��O�Ã� 2@%1=��+BU�P

A = {A1, ..., Ai, ..., An}
�s�x��<���F� 2#%@%$'��O�Ã� 2@%1=��+´$�>V ) 21=��<

r
?B-0;!-0@%1= 2;%$MI

�21�$%@}Rf�!-0;!-�>V 21�;���+BU�R
T1, ..., Tξ , ..., Tr

U�$u"%��<u@E-0/u"!��&(����O�Ã� 2@%10-
∀Ai ∈ A

+= 2@%1=��;N��F� 2#���@�$�>V ) 21�+�$M"sP
zi = (zi,1, ..., zi,ξ , ..., zi,r)

� ë -04(��+�*qGK-7��&(��;%$%1=>Ä"%��<o$� 2;!-0;=?M$%9� )�2@B��GÈ@M�8-��21= 2;%$%46-0F%$%$¨Rhµ0����·������2�Íµ0���lÂ=�
µ0·l�=�����l���%�½^E���0��$%#���>�$!-7��3�#%*qG�^c÷(ù � ÿ�ö ý $ � �6U�$��2���0��3�4)D= 21=��<N"8-0+�#���$�46-0@M��vw9!-� 21=��<�+�$%#%1= 2&);!-0F%$%$X�!-0;
ï{O0��$%4)@%$M?Qï!��O�Ã� 2@%1=��+HRTZl6eE�]_^�Zl6e�[7]fU�P
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Õ $u÷�� ý�� ���|��*q9%$����! 2#%$� �>�-01�;%$%F%*Æ�!-0;%#%*�?uR�;!-��)�21=�6<E#%$%GYR�P ∀(A(i1), A(i2))
^
A(i1) ∈ A

^
A(i2) ∈

A
^
i1 6= i2

Rf+q�%;����21= 2G%�u )>�����DE9!-� �>V�(/'#��S$��2���0��3�4(��+.-01�3�>V 21�;%$%@%D
l2
U�P

di1i2 =
√

∑r
ξ=1(zi1,ξ − zi2,ξ)2

�
Õ $u÷�� ý�� ���5��*q<M+��! 2#%$� N�!-0;%*Å��O�Ã� 2@%1=��+o�N#!-0$�>V 2#%3���$�>ÖR�;!-��)�21=�(<M#%$� )>ÍRX>V 2/u"�DA#%$�>�$K$�$%#%1= �I
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Ji1,i2 = Ai1&Ai2

U�P
∀j zJi1,i2

,j =
zi1,j+zi2,j

2

� Ð 9� 2+�$M"�#��%^
9%1=�o$%#%1= 2&);!-0F%$%vØ�!-0;%*Å��O�Ã� 2@%1=��+:>V�6/'#��A���2DByu )�21�+���<M1�3o#!-}���2#���+= z"�;%DB&)$M?ÈC�DB#%@%F%$%G�^�#!-0�%;%$�>V 2;�P
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