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Abstract—An asymptotic lower bound is proved involving second additive term of the order
v/|1In | for the mean length of a controlled sequential strategy s for discrimination between two
statistical models in a very general nonparametric setting. Small parameter « is the maximal
error probability of s. A sequential strategy is constructed attaining (or almost attaining)
this asymptotic bound uniformly over the distributions of models including those from the
indifference zone. These results are extended for general loss function g(N) of the length N
of strategies growing not faster at infinity, than some power. Applications of this results to
change-point detection and testing homogeneity is outlined.

1. INTRODUCTION
1.1. Setting of the Problem

There are numerous references on sequential hypotheses testing and quick detection of param-

eter changes in stochastic system. The aim of the present paper is three-fold:

1. to construct second-order optimal sequential strategies strengthening the traditional ones;

2. to do this for a non-parametric setting with control, indifference zone and general risk;

3. to show applicability of the above ideas and constructions for change-point detection and testing
homogeneity.

We begin with a brief review of sequential discrimination between a finite set of distributions
which illuminates further general exposition.

Let us outline the setting of the problem following [1] where first order optimal tests were
constructed.

No control case. Let (X, B, 1), X C R, be a probability space, (P,d(-)) be a metric space,
where P is a subset of the set A of probability measures absolutely continuous mutually and with
respect to p. Their densities are denoted by the corresponding small letters.

Denote by Ep f(X) the expectation of f(X), X is a random variable (RV) with distribution P.
Let I(P,Q) = Eplog f]% be the relative entropy (Kullback—Leibler divergence) with usual conven-
tions (logarithms are to the base e, 0log 0 = 0 etc), and the metric d be I-uniformly continuous on
P, i.e. for every € > 0 there exists § = d(¢) > 0 such that for every pair P, @ from P if I(P,Q) < 0,
d(P,Q) < e.

The set P is partitioned into sets Py, P1 and the indifference zone Py = P\ (P1 U Py). We
test Hy : P € Py versus Hy : P € Py, any decision is good for P € P.
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Suppose that the distance between the hypotheses is positive, i.e.

inf  d(P. > 0 . 1.1
pertbep, 1P Q) 2 00> 0 D

A strategy s consists here of the stopping time N and a measurable binary decision §, § = r,r =
0,1, means that H, is accepted. We assume that observations X;,7 = 1,...,n are independent and
P-identically distributed (i.i.d.(P)), P € P, when N > n.

For an a > 0 introduce a-strategies s satisfying

Condition G/(«) : max,—o 1 suppep, Pp(d =1—-7) < a.

Remark 1. For simplicity of notation we confine ourselves to testing two hypotheses with error
probabilities of the same order. A generalized condition G(a,c,d) : suppep, Pp(d = 1 —1) <
crad ¢, > 0,d, > 0 can be studied similarly [2]. Generalization to testing several hypotheses see
e.g. [3].

Let ELN be the mean length (MEL) of a strategy s. Our first aim is to find an expansion of
the lower bound for MEL as o« — 0.

Define I(P,R) = infger I(P, Q) for R C P; A(P) = Pi1—, for P € P, as the alternative set
in P for P. For P € Py, if I(P,Py) < I(P,P1), then A(P) = P1, otherwise, A(P) = Py. Finally
k(P) = I(P, A(P)).

We prove in Theorem 1 that for any a-strategy s under mild regularity condition

SN > ]1;530)“ +O(y/Tlog al). (1.2)

In Theorem 3 under stricter regularity conditions we construct the a-strategy s* attaining equality
in (1.2).

Controlled experiments. For controlled testing we suppose that P from P is a set of measures
P ={P" ueU}, P*€ A, labeled by controls u € U = {1,...,m}. We use the notation: p"(x) is
the density function of measurements under control u, U* is the set of mixed controls.

After obtaining the n-th observation experimenter either decides to stop or chooses mixed
control for the (n + 1)-th experiment. Let F,, be the o-algebra generated by the observations
and controls up to the time n. We suppose that the (n + 1)-th experiment is predictable, i.e.
corresponding distribution on U is F,,-measurable, strategy length N is a stopping time under the
flow F,, and a decision ¢ is Fy-measurable. A strategy s consists now of a rule of mixed control
choice u(+), stopping time N, and decision §. For more details about constructing a probability
space and a controlled strategy see [4].

We assume that metrics d,, are given which are I-uniformly continuous on P* = {P" : P €
P} for each u with respect to the relative entropy and (1.1) holds for the metric d(P,Q) =
maxyecpy dy (P, QY).

Let u = (ki1,...,Km), where ; > 0 and >, k; = 1, be a mixed control and

Iu(P,Q) => rlI(P',Q").
=1

Introduce

K(P) = max Lu(P, A*(P)) > 0, (1.3)

and u* = u*(P) as a control such that
k*(P) = I~(P, A" (P)),
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where A% (P) is the alternative set in P*" for P*", and (1.1) implies the inequality in(1.3).
Our main result for controlled sequential testing consists in proving a modified lower bound
(2.1) and constructing a second order optimal a-strategy s satisfying (2.1).

1.2. Some Results for Finite P

The sequential controlled discrimination between distributions from finite set P was pioneered
in [5]. Subsequent development of first order asymptotically optimal sequential procedure (AOSP1)
with the MEL E$N satisfying ESN = |log(a)[k(P)~'(1 + o(1)) is surveyed [6] in a Bayesian
framework. All these results follow from the results of the present paper. It was shown in [8], [7] etc.
that the wideness of the class of AOSP1 allows excessive values of the risk function for finite samples.
Constructing procedures of the higher (second) order of optimality (AOSP2) became desirable. The
results of [9] on Bayesian sequential discrimination between a finite number of distributions ( simple
hypotheses) imply that (1.4) holds for the optimal strategy with some nonnegative K. Under the
additional conditions a strategy is constructed in [10] with MEL exceeding the optimal one in
O(log | log(a)|).

No-control case. Outlining these results for a finite set P we begin with a no-control case.

Introduce z(P, @, x) = log %, L,(P,Q) =" 2(P,Q,x;). Suppose that k(P) = I(P,Q;),i =
1,...,0,Q; € A(P)

Proposition 1. Let RV z(P,Q, ) possess fourth moments for all P and Q. For any «-strategy s
if l=1 then

v oo
and if l > 1 then
SN > IZ%](DO)‘)'JFK “](;(g](f)‘)'(ljuou)), (1.4)

where K = E(g(¢)) > 0, ¢ = (C1,-..,¢) is a normally distributed RV with mean 0 and covariance
matriz X = (), X5 = Ep(2(P, Qi, 2)2(P, Qj, x)), 9(¢) = maxj=1,1 -

Sketch of proof (full proof see in [11]). Define Ly, (P) = (Ln(P,Q1),...,Ln(P,Q1)), X0 =
log(a)1,1:=(1,...,1).

Introduce the first time 7, when likelihood ratios of the true distribution P with respect to
any alternative exceed the prescribed level |log(a)|. It is not a stopping time (for unknown P) but
it is shown in ([9], Lemma 5.1) that any strategy has MEL exceeding Ep7 + const for all a.

Therefore the lower bound for MEL is reduced to minimizing the mean time until the first
entry into R = {x ¢ R': 2; > 0,5 =1,...,1} for the process xo + L, (P).

Applying Keener’s lower bound ([9], Theorem 2) for our minimization problem we get the
results of Proposition 1.

Controlled experiments. Let for simplicity the optimal control v* be unique and w1, ..., u; be
controls in U such that v*(P) = (k1,...,K0,...,0), k; > 0, and Ele ki = 1.

Introduce vectors p; = (I(P!,QY),...,I(P",Q1)),i =1,...,t, where Q; € A(P) be such that
Lypy(P,Qj) = k(P),j =1,...,1. Usually it holds | > 2 for a controlled discrimination.

The regular case is defined to be such that p;,i = 1,...,t, span the subspace L and dim(L) = [.
In degenerate case dim(L) < [.

An example of degenerate case is the following: P = { Py, P1, P_1}, Po = {FPo}, P1 = {P1, P_1},
U={1,2},and I(PY,P*)=I,r=1-1,u=1,2
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Let Fs:(P,x) be the minimal value of the function

f= ki (1.5)
i=1

under the conditions

t
/@Z-ZO,izl,...,t,x—i—ZmuiZO, (1.6)

i=1
and
9(¢) == Fo(P,x0 + ¢) — |log a|k(P) ™"

Proposition 2. Let RV z(P",Q",x) possess fourth moments for all P, Q, and u. For any «-
strateqy s in the reqular case

SN > ‘Zig((;‘))’ +0(1),

while in the degenerate case

SN > Z)ﬁf;'+K “Z%](f;”(l—{—o(l)), (1.7)

where K = E(g(¢)) >0, ¢ = (¢1,-..,¢) is a normally distributed RV with mean 0 and covariance
matriz ¥ = (2j1j2)7 S ZE:I ’iiEP(Z(Pi’ ;l'lvgc)Z(Pi’ ;2755))

Sketch of proof (full proof see in ([11])). For finite set U of controls the asymptotically optimal
control rule should provide the fastest approach to the positive octant R™ by the vector composed
of likelihood ratios. This problem was studied in [12]. A more simple non-stochastic control problem
analogous to (1.5), (1.6) was studied in [9] for sequential discrimination in Bayesian setting.

Let I«(py(P,Q) > 0 for all P,Q € P,P # Q. A strategy s* with MEL “Z?I(f)‘” + O(1) can be
constructed for the regular case under the condition of Proposition 2. We have not enough space

to give full description of the strategy and give principal moments only (details see in [11]).

The length of the first stage is Ny = Alog(|log(c)|) where A is such that the probability of
an error of specifying P is less then | log(a)| 2.

The control rule at the first phase is as follows. This phase has a random number of sub-
stages. Every sub-stage begins at the moment of changing the maximum likelihood estimate (ME)
P based on the previous measurements and the control u*(P) is used at this sub-stage. Only the
last sub-stage’s measurements will be used for the subsequent controls.

Introduce LY = (L(P, Q1),..., L(P, Q1)), where P is the ML-estimate of P at the end of the
first stage, {Q1,...,Qi} = A(P), L(P,Q;) = ZzNle z(PY, qu.i,xi), T is a starting time of the last
sub-stage and ¢ is a straight line through the points 0 and xo + L(!). On the next two phases we

use in general the optimal control from [12] where ¢ is a switching line of the control rule.
Define Ly, = (Ln(P,Q1), - .., Ln(P,Q1)), where L,,(P,Q;) = L(P,Q1) + 3 i, 2(P", Q' x;).
We stop the phase at the first time when the process xo + L, enters R™ and is sufficiently

close to the line £. If n > 2 (minpep k(P)) "' |log(e)| then the procedure fails and we return to the
starting point.

If the third stage is successful then we stop the measurements. The decision rule consists of
accepting the hypothesis containing P.
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In the degenerate case it is necessary to use more complicated control for getting an a-strategy
with the property

oy los(@)] o [llog(a)

W (P) 5 (P) +O(1), (1.8)

where K is the same as in (1.7). In contrast to the regular case the optimal control from [12] does
not apply for the last phase of the strategy with condition (1.8). A full description of the procedure
under the condition (1.8) is given in [11].

A Bayesian controlled sequential discrimination between parametric set P was studied in [13].
It is proved in [13] that the principal term of the risk function of AOSP1 is the same as for a
finite P. Indifference zones were incorporated in [14]. Similar results were obtained for sequential
hypotheses testing with an indifference zone in [15] for exponential families P. A generalization
onto non-parametric space P was done in [16] under an assumption that the set P is convex.

In [1,17] an AOSP1 was found for non-parametric P with an indifference zone under general
conditions of regularity. We construct AOSP2 in present paper under additional conditions of
regularity.

1.8. Brief Outline of Change-Point Detection

Our procedure is also applicable for the non-parametric detection of abrupt change in the
distribution of i.i.d. sequence without an indifference zone. We use the methodology outlined
in [18].

Let the observations Xq,...,X,,... be independent, and for n < v all have a distribution
Py € Py, while all X,, have an unknown distribution P € P; for n > v, where v is an unknown
integer, and (1.1) hold.

Let N be a change-point estimate, and a* = a, if @ > 0, and a™ = 0 otherwise. Introduce the
functional

E*(N) = sg;;esssupEfgl (N—v+1)"|Xy,...,X,)
for P € P; (with index P; suppressed) as an optimality criterium of the strategy s under the
restriction that for a given a > 0
sup ES (N) > a™ L. (1.9)
PePy
Let s be a one-sided sequential strategy for testing the hypothesis H, : P € P; versus Hy :
P € Py with a decision ¢ such that suppep, Pp(6 = 1) < a and T be its stopping time. For
every t we denote by 7T; the stopping time of s based on the observations X; = (x4, Ty41,...).
Define N = inf,(T; + t) as the stopping time of change-point detection. By Theorem 2 in [18§]
E} (N) > a~! for all P € Py. Hence asymptotically optimal strategies for the hypotheses testing
are also asymptotically optimal for the change-point detection under the condition (1.9).
Theorem 3 in [18] states under the condition (1.9): E*(N) > |loga|l; (1 + o(1)), where
I = Ii(Py) = I(P1,Py), if the condition C1 in section 2 is satisfied.
In [3] a more extensive survey of connections between the sequential hypotheses testing and
the change-point detection is given for finite or parametric P.
We generalize these results for a non-parametric setting and study AOSP2 of change-point
detection in subsection 5.2.

2. LOWER BOUND FOR NON-PARAMETRIC HYPOTHESES TESTING
C1. There is ¢ > 0 such that E% (2(P* Q*, X)) < cforall P P,Q € P, and u € U.
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We prove the following lower bound extending that of [17].

Theorem 1. i. Under the condition C1 any a-admissible strategy s for the no-control problem
satisfies (1.2) for every P € P.

ii. For controlled experiments and every P € P the following inequality holds

SN > klf(g]f‘)' +0(y/[logal). (2.1)

Proof. i. Choose Q,, € A(P) such that I(P,Q,) < k(P)+n~!.

Two cases are considered separately
Al. P e P+,
A2. PeP,,r=0,1

In the first one we assume for definiteness that @,, € Py. From the definition of A(P) it follows
that there exists @/, € P; such that I(P, Q) < I(P,Q,) +n~'.

Introduce N

Li(P,Qn) =Y 2(P, Qn, ;)
=1

and f{k: Ly(P, Q) log o}
~Jin L (P, Q) > —logal,
Mo(e) = {oo if supy, Li(P, Q) < —loga.
We define M;(«) similarly by replacing L (P, Q,) with Li(P,Q?,).
It follows from C1 that the upper bound for the overshoot of the level |log | (obtained in [12])
does not depend on «. Hence from Wald identity we get

|log o] + C4

PMo(a) < REo (2.2)
s |log o + C1
pMi(a) < Wa (2.3)

with the same constant Cy for all o and n.
Introduce N; = min (M;(«), N{D =1 —i}), where N{D = 1— i} = N if H; is rejected and
N{D =1—i} = oo if H; is accepted. It follows from these definitions that

1
M—N <Y (M- Ny), (2.4)
=0

where M = min(My, M7). Similarly to [19] (p. 197) we get

[ log Pg,, (No < o) [ log Py (N1 < 00)]|
I(P,Qn) ’ I(P, Q)

The error probability of testing simple hypotheses H{, : P = @,, versus H{ : P = @/, does

not exceed a for any a-strategy. Besides, the definition of the stopping times M; implies that
Py, (Mo < ) < a, Py, (M; < 00) < a. Hence

Py, (No < 00) < 20, Pgy (N1 < 00) < 2 (2.6)
and we get from (2.2)-(2.6):
1+C4 14+ Cy
EHr(M —N) < + . 2.7
ol IR XA (XN 27
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Thus (2.7) entails:
LN = EpM — Cs, (2.8)

with the same constant C5 for all o and n.
Introduce I,, = max(I(P, Q,), I(P,Q),)). The definitions of @,, and @/, imply that

I, < k(P)+2n~ L. (2.9)
It follows from the definitions of the stopping times M; and the values I,, that
| 10g0£’ < maX(LM(P7 Qn)a LM(P7 Q;z)) = MIn+

max(M(I(P, Qn) — In) + Cu, M(I(P,Q,,) — In) + Chy) < M1y +max(Cr, Chy), (2.10)

where (;, = L(P, Q) — kI(P,Qy) and ¢, = Ly(P,Q;,) — kI(P,Q},) are martingales. The following
inequalities follow for these martingales from condition C1 in Appendix

N|=

PlCu| < C3( M)2 Eb|Cy| < C3(BEpM)z, (2.11)

with the same constant Cs for all & and E}, M. Therefore, from (2.10) we get
pM > |logall;! —Ep (G| + [Ch) 17"
Using the bounds (2.11) we get
pM > [logall,! — Cy(EpM)?,

with the same constant Cy for all o« and n. If we replace E%: M with its upper bound using (2.2) and
(2.3), then we get a lower bound

HM > |logal|l; ! - C5(|logal)2, (2.12)
with the same constant Cs for all o and n. It follows from (2.9), (2.8), and (2.12) that
SN > |logalk(P) ™ — C5(|loga|)z — Cs — 2k(P) 2| log afn "

1

If a sequence n = n(«a) is chosen such that |log oz|%n_ — 0 for @ — 0, then the theorem

follows from the last inequality.

For the case A2 the theorem follows directly from the Wald lower bound for the MEL of the
sequential ratio likelihood probability test. The proof of i. is complete.

Proof of ii. We outline only the modifications in the proof i. sufficient for proving ii. similarly
o [17]. Let u* = u*(P) be a control that provides the maximum in (1.3) and @, be a sequence of
measures in A(P) such that

I (P,Qn) < k*(P)+n~"

We prove the theorem for P € P, , other cases are straightforward.

Let Q, € Py, Q, € Py be such that I*"(P,Q’,) < I*"(P,Q,) as in the proof without control,
and M;(«) be defined as in the previous proof based on the modified statistics

k
R(P,Qn) =D 2(P"D, QU ),
i=1
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where u(i) is the value of the control for the i-th experiment. We suppose that for M;(a) > N we
use control ©* in experiments after N for definiteness.

If N; are defined as in the proof of Theorem 1, then (2.4) is valid. Similarly to (2.5) we get

No

E2 Y 2(P9,Qu" ;) > [log Pg, (No < o0)), (2.13)
=1

E2> (P9, Q) 2;) > |log gy, (N1 < 00)]. (2.14)
=1

Define o
k) = BEN) Y PE(u() =1, < Ny)
j=1

and K*(i) = {ngi), ce m%)},i =0, 1. From the theorem 2.2.1 in [4] and (2.13), (2.14) we get
E2No I O(P,Q,) > |logPg, (Ny < 00)], (2.15)
EZN I W(P,QL) > |log Pgr (N1 < o0)]. (2.16)

Formulas (2.2), (2.3) may be rewritten as

loga| + C
ES My(a) < [log o] + C (2.17)

- INO(P,Qn)
1 C
ES M (a) < %7
7P, Q1)
where the control (i) is defined as x*(i), but N; are replaced with M;(«). It follows from the
definitions that

(2.18)

H*() _ H,() 7ES(M0(OZ)—NO) H/() . w*
IOUP,Qu) = 17O(P, Q) = =FEg et (19O(P.Qu) = 1 (P.Qw)

and an analogous inequality is valid for I*"(V(P,Q’,,) — I"'(V(P, Q")). Hence it follows from (2.15)~
(2.18) that
EZ(M;(a) — N;) < Cs,
with the same constant Cg for all o and n.
The end of the proof is the same as for the no-control problem.

3. ASYMPTOTICALLY OPTIMAL NON-PARAMETRIC HYPOTHESES TESTING

We use the following regularity conditions:

C2. There exist t > 0 and f > 0 such that for allu € U and P € P
Ep (Suerp exp(—tz(P, Q,X))) </

C3. z(P,Q, x) is differentiable w.r.t. z and

= zZ1(x) (alx x 1/2 X oo,
D / () (a(z)b(z))/" do <
where

0z(P,Q, x)

20| sy [ ploutdn) < ate). s [ ploutdn) < a).

PeP J -0 pPeP

z1(z) = sup
QeP
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C4. There exist the values b > 0 and K1 = K;(b) such that for every n the estimate p = p,, of
the density function of i.i.d.(P) observations X7, ..., X, with P € P can be constructed such that

Ep(I(P,P)) < Kin™°. (3.1)

Remark 2. If for example the set X is the interval [0,1] and for P € P the function logp is
periodic and belongs to the Sobolev space W3 on X, r > 1, then in [20] verified the condition C4
with b = —22_. Therefore, if additionally to C3 we assume that

1+2r
2
/ <52(RW) dr < ¢ < o0
X 856

with the boundary condition z(P,@,0) = z(P, @, 1) then C4 is valid for b = %

If P determines a smooth quasi-homogeneous family of density functions ([21]), then C4 is valid
if we use the methodology of [21] for density’s estimation with b > 1 depending on smoothness of
P.

Remark 3. Usually the estimate P is constructed via approximating P by a parametric expo-
nential family of distributions 4,, of dimension m and using the ML-estimation under the assump-
tion that P € A,,. Then

T2

I(P, 15) < ym™" 4y (3.2)

n
where v, and 5 are numbers, r; depends on smoothness of P, and ro depends on a choice of a
basis for the family A,,. Optimization of (3.2) in m gives (3.1).

Now we introduce our strategy s* = s*(3,n) depending on the parameters 5 and n. Procedure
s* consists of conditionally i.i.d. loops. The loop terminating by the event (3.3) is the final loop of
s*. Every loop contains two phases.

Based on the first L = [y/|1n3]] + 1 observations of a loop we estimate the density function
P.

We perform the following test in the second phase. Let us numerate measurements of the
second phase anew and introduce Lk(P, Q) = Zle Z(P, Q, z;), where P is the estimate of P in
the first phase. We stop observations at the first moment M such that

inf Ly (P,Q) > —log 8 (3.3)
QEAL(P)
or )
M > 2k(P)™ Y log | (3.4)

and accept the hypothesis H, (i.e. § = r) if (3.3) holds and 1 — r is the index of the set A(P). If
(3.4) holds then we begin a new loop.

Theorem 2. For every P € P under the conditions C1-C4 and appropriate parameters, s* is
an «a-strategy and

s* |10g0[’ —b
PN <S5 + Kol loga|' ™% + K31/[log o (3.5)

with the same constants Ko and K3 for all a.

Proof. Let F, be the o-algebra generated by the first k£ observations on the second phase and all
previous observations, 7 be an event that A(P) = A(P), and F be its complement. It follows from
(1.1) and well-known Sanov theorem on large deviations for the empirical distribution functions
of i.i.d. observations that

P} (F|Fo) < C1B™, (3.6)
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where (7 and by are positive numbers depending on §y and P only.
From the definition of L;(P, Q) it follows

E} (Li(P, Q) — Li-1(P, Q)| Fi—1, T) = I(P,Q) — I(P, P). (3.7)
Denote

k
(k) = Li(P,Q) — Ly (P, Q) — I(P,Q) + I(P,P), E(k) =) &(0). (3.8)
=1

It is obvious that Z(k) is a martingale and under the event 7 the conditions of the theorem 8 are
satisfied. Therefore, by this theorem

Efo( sup  |2(k)]
QEA(P) k<l

fo,T> < K4V1, (3.9)

with the same K4 for all [.
Theorem 6 ([17]) for the processes Z(k) with e = 2k;' — k(P)I(P,Q) — I(P, P)), ko =
inf pep k(P) > 0, implies the existence of a positive number by such that

Py (M = M"|Fy, T) < C28%, (3.10)

with the same C for all 5.

First we estimate the mean length Ef; Ny of the second phase which is the principal part of
the total mean length. We get from (3.9) similarly to the proof of the theorem 3 in [22]

. | log f3|
ES (No|Fo, T) < — 821 4 0o /TTog B] <
P (N2|Fo, T) k(P)—I(P,P)+ 31/ |log B|

| log 8]
< m+03v‘log5|7 (3.11)

|=%/2 and Cj is independent of 3.

where ¢ = K |log

Since the second phase is truncated

2|log B| _ 2[log f] _

ES (No|Fo, F) <
P (Na2|Fo, F) WD) S o

Ly. (3.12)

The truncation probability of the second phase based on observations of a given loop is bounded
from above by C13% 4+ C53%2 = po. The first summand of the left-hand side is estimated in (3.6).
The second summand’s expression follows from (3.10).

Since all attempts to complete the second phase of s* with the final decision are i.i.d., their

amount is distributed geometrically. Hence for the mean length E}’;* N we get the following upper
bound based on (3.11), (3.12) and the definition of the first phase

|log B|(k(P))™Y + L + Laps + Cy|log Ble + C3+/|log B

ESN <
P = 1—po

, (3.13)

where Cj is independent of 5.
Let us now bound the error probability. It follows from the definition of s* that

Py (D= 11|70, T) = P (Lu(P, P) > log 8| Fo, T) =
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B} (Ej (exp (—Lu(P, P)Z(Lu(P, P) > [og 8)) ) < B.

Thus:
P, (D=1-7)< b_ (3.14)
I —po
Inequality (3.14) entails that s*(8,n) is a-strategy under /3 satisfying
p
< a. 3.15
I—p2 — (3.15)

Since po — 0 as @ — 0, we have |log 3| < loga| + 1 under sufficiently small . Hence
(3.13) implies that

X log o _
PN = |k(§3)’ + Ks|loga ™ + K/ Tlogal

for the parameters of s*(/3,n) chosen as specified by (3.15).
Proof of Theorem 2 is completed.

We see that the second term in (3.5) is generally of larger order of magnitude than in (2.1).
It is remedied by a procedure with more than two phases. The amount of phases depends of b.

Theorem 3. For every P € P under the conditions C1-C3 and Cj with b > % and appropriate
parameters the multi-phased strategy s* is an «-strategy and

o log
PN < |k(P)’ + O(V/|log a]).

Proof. The three-phased procedure is as follows. The first phase is the same as before. On the

second phase we use Ny = [| log a| ] + 1 measurements and calculate the statistics
No
LO(P,Q) = (P, Q,u).
i=1

Let ﬁ(y) be the estimate of p after the second phase. Then we use the statistics

k

LP(P,Q) = LOP,Q) + 3 =(P, Q1)

i=1

and stop observations as in the two-phased strategy with Lk(P Q) replaced by L (P Q). The
decision and possible call for a new loop are the same as for the two-phased procedure

The procedure with three phases has the second term of the order max{%, 271’227”}. Therefore
if b > @ then the procedure with three phases has the second term of the order %

Similarly the n-phased procedure can be constructed. We use n — 1 phases for estimating P.
Let d; = %. If the i-th phase uses N; = [|log a|%] + 1 measurements then the second term has

the order max{3, 22_(3117_‘21;" }.

For completing the proof we need to replace No with """ 5 N; in (3.11). Thus:

N;
7 (No| Fo, T Z < ~ P 1%—1)‘;077-) +

. (|log Bl — S N;
1B} (' 8O~ Lims \fo,T>+Csx/|10gB|,

k(P)il(P,Pnfl)
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where P is the estimate of P after the i-th phase. Therefore

« 1
B (M50, T) < e + O(Tog ),

where £ = K1 |log 3|71, . If we take n such that bd, 1 > % then

E} (N2l Fo, T) < O(V/[1og 8]). (3.16)
If we replace (3.11) with (3.16) then the proof is implied by that of Theorem 2.

4. NON-PARAMETRIC HYPOTHESES TESTING WITH CONTROL

Let the following regularity conditions be satisfied.
C5. Condition C4 is valid with the same values b and K (b) for every u € U. Additionally to

C4 there exists a sequence of mixed controls u,(P),c > 0 and Ky = Kj(c) such that u,(P,) is a
measurable control for every n and i.i.d.(P) observations X7,...X,, with P € P, and

E inf ([
Pl Qeerl(P)( Un

5y (P.Q) — K(P))| < Kan™™.

Remark 4. In C5 we assume that the estimate P, permits us to approximate u*(P) in such a
way that the preceding bound holds. It can be done e.g. by approximating a quasi-homogeneous
smooth P as in Remark 3 by finite-dimensional exponential families using the methodology of [21].

Our procedure S* = S*(,n), as before, has conditionally i.i.d. loops until the final success
almost similar to (3.3). If an analogue of (3.4) holds, a new loop begins. Every loop contains two
phases.

For every u € U based on L = [y/|Ina|] + 1 independent observations with this control we
estimate measure P“ in the first phase as in the previous case. Let P be the estimate for P as
before.

We use the control u(i) = ur(P) for the i-th measurement of the second phase and stop
observations and take the decision § as in the strategy s*.

Theorem 4. Under the conditions C1-C5 for every P € P under appropriate parameters S* is
an «a-strategy and

x log o _
E? N < ’k*(gp)‘ + Ks|logo|'™%? + K43y/]log o

where d = min(b, ), the numbers Kz and Ky do not depend on «.

Proof is similar to that of Theorem 2. Since we use the control uy(P) instead of u*(P),
(3.11) takes the form

. 1
BE (Val70,T) < [ 2+ O(VTog ),

where ¢ = K| log/B\_% + Ko|log B 2.
A further strengthening of the upper bound in theorem 4 can be obtained by studying multi-
phased strategies as in section 2.

5. EXTENSIONS AND APPLICATIONS
5.1. General Risk

Our theorems 1 and 2 can be extended to a general loss function with power growth of the
strategy length. Let g : R™ — R™ be continuous, increasing to infinity and
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i. g(an) < Kgakg(n) for all a > 1, all large n, and some positive K, and k;

ii. 1 - k < gt

Let E%g(IN) be the risk of the strategy s.
Theorem 5. Under the conditions C1 any a-admissible strategy s satisfies

2135 (0 7r)

Under the conditions C1-C4 and appropriate parameters, s* is an a-strateqy and

<1+ Cg%, with the same constants ¢, and C, for all n and k.

x log o _ _1
BraV) < g (L) (14 Kaltogal ™+ Kallogal ).

with the same constants Ko and K3 for all a.

Proof is a rather straightforward generalization of that for Theorem 1 and 2 along the lines
of [17].

5.2. Change-Point Detection

A version of our procedure s* = s*(f,n) is also applicable for the non-parametric detection of
abrupt change in the distribution of i.i.d. sequences as outlined in section 1.3.

Denote X; = (x4, 41, ... ), where z; is the i-th measurement. For every ¢ > 1 based on the
sequence of measurements X; we construct one loop of the procedure s* = s*(3,n) which is denoted
by s;(8,n) for estimating N;. The loop contains two phases.

Based on the first L = [\/|In3|] + 1 observations of the loop we construct an estimate P of
the density function P as outlined in section 2.3.

If P € P, then we stop the loop and take N; = co. If P € Py then we perform the following
test in the second phAase. Let us numerate measurements of the second phase anew and introduce
Lk(Pa Q) = Z?:l Z(P7 val)

We stop observations at the first moment M such that

ot Lai(P,Q) > ~log 8 (5.1)
or
M > 2k(P)"Y|1og 8| (5.2)

and take Ny =t 4+ M if (5.1) holds and 1 — r is the index of the set A(P). If (5.2) holds then we
take Ny = oo.

Theorem 6. Under the condition C1 for sufficiently small o we have the following lower bound
E*(N) > |loga|I; + O(log | log ).

Under the conditions C1-C4 and appropriate parameters of s* the procedure for the change-
point detection’s problem is an «-strateqy and

E*(N) < |logall;* + K| log o|' Y2 + Kg+/[1og o, (5.3)
with the same constants K5 and Kg for all a.

Proof. The lower bound follows from the proof in [18] if we put ¢ = |log a| L.
The condition (1.9) follows from the theorem 2 in ([18] and (5.3) follows from our Theorem 2.

For a general loss function from section 5.1 and E$ g((N — v + 1)*) the result of Theorem 4
implies an upper bound for a general risk of the change-point detection.
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5.3. Sequential testing homogeneity

Let independent observations may be taken from m > 2 populations with distributions
Py,...,Pyon (X,B,u), P; € P, and the conditions C1-C4 valid for P. We test Hy: P, = --- = Py,
versus Hy : max;; d(P;, Pj) > A > 0, where d is I-uniformly continuous distance on P. Apply-
ing control u means that we take an observation from the wu-th population. This is a particu-
lar case of controlled experiments for testing the hypothesis Hy : P € Py versus Hy : P € P
with the indifference zone P € P, where P = (Py,...,Py),Pi € P, Po = {P : P, = ..., Py},
P1 ={P :max;; d(P;, Pj) > A >0}, Py = {P:0 < max;; d(FP;, Pj) < A}.

If P € Py then )

F(P) = g JUBQ) + (PR 5.4
and w*(P) = (..., ). If P € Py then

K (P) = ma f () (5.5)

where

an (P;, P*) + inf I(P",Q),

QeP
Pt =" Kipi, = (Ki,...,Km) € U*, and
*(P) = .
u(P) = arg max f(u). (5.6)
Control u*(P) exists since f(u) is a continuous function of ki1,. .., K.
For P € P, we calculate k1(P) by (5.5) and
I a;
kO(P) = m I:T; ! ;
Doim WLy i
where
= inf P,Q)+ I(P, R)), 5.7
— ol ((PLQ)+ 1P R) 5.7
and k*(P) = min(ko(P), k1(P)). If k*(P) = ko(P) then u*(P) = (xY,...,x2,), where
]:[ 1
0 — j#i%i

B H];ék:al
If k*(P) = k1(P) then u*(P) is given by (5.6).
If we verify the condition C5 then we can use the general strategy from the previous section.

Theorem 7. Let X = [0,1], P be such that logp € W3, ||D"logpl|la < K, r > 1, logp be a peri-
odic function, and i be Lebesque measure. Under the conditions C1-C3 and appropriate parameters
S* is an a-strategy and

1 _
ES N < ‘kf(go‘)' + Kr|loga|  + Ksy/[log (5.8)

where d = "= Land the constants K7 and Ks are the same for all a.

Proof. The regularity conditions on log p force the density to be strictly positive and finite on
[0, 1]. If we approximate f = logp by

! !
= Bo + Z BorV/2 cos(2mkx) + Z Bop+1V2sin(2mkx) (5.9)

k=1 k=1
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then
1 = filloo < Kl 7712, (5.10)

where ¢, = +/2r — 177" ([20], p. 1365).

Let A; be the set of measures with logp given by (5.9) and Q* = Q] be the information
projection ([23]) of @ € P into A;. If we replace in (5.4), (5.5), (5.7) P with A;, then it follows
from (5.10) that

k*(P) — L, (p+y (P, A(P) = O(1 "=/,

If P* is the ML-estimate of coefficients Bg, k = 1,...20+ 1 in A;, then smoothness of densities
in A; implies

Bp(K*(P) — (I, ps (P, A(P)) < O(=712) + 0(\/2),

where L is the coinciding amount of observations from every population at the first phase. Opti-
mizing in [ we verify the condition C5 with ¢ = % Therefore Theorem 4 implies (5.8) .

6. APPENDIX

Consider a family of martingale-differences (z(p,x,), F,) with respect to a flow F,, of o-
algebras, i.e.
E (z(¢, xn)|[Fn-1) =0

for all n = 1,2,... under all ¢ from an arbitrary set ®. Here we bound from above sup,cq [2n(¢)|
and sup,eq [2-(¢)| where z,(p) = >0 ; 2(p, vx) is a martingale and 7 is a stopping time with
respect to F,. We assume the following regularity conditions.

B1.
E ((2(90751771))2’]'—71—1) <ec.

uniformly over p € @ and n=1,2,...
B2. The function z(y, z) is differentiable w.r.t. z, X = R, and

+oo
D= [ ") (plalga) o < o, (6.1)

where o2 )
z(p, x
z1(x) = sup | ——=

1(2) = sup | =5

,

and the functions p(z) and ¢(z) are such that the following inequalities
Pz, < z|Fna) <p(z), Plon > z[Fu1) <p(z)

are valid forallz € X and n=1,2,...

Theorem 8. If B1 and B2 are satisfied, then the following inequality is valid for any stopping
time T with bounded mean

E (max sup |zm (¢ ) < BD+/E (6.2)

m<T ped

where D is given by (6.1).
Proof. The following notation is used:

ZI x < ), ZE (2 < 2)|Fi—1),Gm(x) = Fp(z) — Fr(2).
k=1 k=1
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Since it is clear that almost surely

lim Fp,(z) =0, lim Fp,(z)=0, lim E,(z)=m, lim G,(z)=0,

T—r—00 T——00 T—>+00 T—>+00

we get the following chain of equalities

() = /R (. 0)iFn(e) = [ 2(p,a)dPno) + /R 2, 2)dCo (x) =

R

S / MWGm(x)de/ MGm(:ﬂ)d:ﬁ.
o R R

| #(02)dGun(@) = 2(.2)Gn(2) -
R 4y

The property
[ #(ea)dFnla) =0
R

is used here implied by the fact that the process z,,(¢) is a martingale. Hence

0z(p, x
sup |2m(9)] < /R sup | 221£:2)

m(x)|dx. .
sup sup | =L (G (0 (63)

Since obviously Gy, (z) is a martingale w.r.t. the flow F,,, the Davis inequality ([24]) implies
that

m<T

B (max|Gm<x>|) < B(p(@)q() " VET), (6.4)

where B is a universal constant.
Inequalities (6.3) and (6.4) entail the statement (6.2).

REFERENCES

1. Malyutov M.B., Tsitovich I.I. Asymptotically Optimal Sequential Testing Hypotheses. In Proc. of the
International Conf. on Distributed Computer Communication Networks. Theory and Applications. Tel-
Aviv, 1997, pp. 134-141.

2. Tsitovich, I.I. Sequential design of experiments and discrimination between several competing hypothe-
ses.In Models and Methods of the Information Systems. M.: Nauka, 1990, pp. 36-48 (in Russian).

3. Lai T.L. Sequential Change-Point Detection in Quality Control and Dynamical Systems. Jour. Roy.
Statist. Soc., 1995, vol. B. 57, pp. 613-658.

4. Malyutov M.B. Lower bounds for the mean length of sequentially designed experiments Soviet Math. (Izv.
VUZ.), 1983, vol. 27, pp. 21-47.

5. Chernoff H., Sequential design of experiments. Ann. Math. Statist., 1959, vol. 30, pp. 755-770.
6. Chernoff H. Sequential Analysis and Optimal Design. Philadelphia: STAM, 1997.

7. Blot J., Meeter P. Sequential experimental design procedures. J. Amer. Statist. Assoc., 1973, vol. 68,
pp. 586-593.

8. Box G.E.P., Hill W.J. Discrimination among mechanistic models. Technometrics, 1967, vol. 9, pp. 57-71.

9. Keener R. Second Order Efficiency in the Sequential Design of Experiments. Ann. Statist., 1984, vol. 12,
pp- 510-532.

10. Tsitovich I.I. On sequential design of experiments for hypotheses testing. Theory Probab. and Appl.,
1984, vol. 29, pp. 778-781.

11. Tsitovich I.I. Sequential hypotheses testing. D.Sci. thesis, Moscow: Institute for Information Transmis-
sion Problems, 1993, (in Russian).

NHOOPMAIIMOHHEBIE ITPOIECCBEI TOM 10 Ne3 2010



12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

SECOND ORDER OPTIMAL SEQUENTIAL MODEL CHOICE 291

Lalley S.P., Lorden G. A control problem arising in the sequential design of experiments. Ann. Probab.,
1986, vol. 14, pp. 136-172.

Albert A.E. Sequential design of experiments for infinitely many states of nature. Ann. Math. Statist.,
1959, vol. 30, pp. 774-799.

Kiefer J., Sacks J. Asymptotically Optimal Sequential Inference and Design. Ann. Math. Statist., 1963,
vol. 34, pp. 705-750.

Dragalin V.P., Novikov A.A. Adaptive Sequential Tests for Composite Hypotheses. In Statistics and
Control of Random Processes. Frontier in Pure and Applied Math. M: TVP Publishers, 1995, vol. 4, pp.
12-23.

Pavlov I.V. Sequential procedure of testing composite hypotheses with application to the Kiefer-Weiss
problem. Theory Probab. Appl., 1990, vol. 35, pp. 280—-292.

Malyutov M.B., Tsitovich I.I. Asymptotically Optimal Sequential Testing Hypotheses. Problems of In-
formation Transmission, 2000, vol. 36, no. 4, pp. 98-112.

Lorden G. Procedures for reaching to a change in distribution. Ann. Math. Statist., 1971, vol. 42, pp.
1897-1908.

Wald A. Sequential Analysis. N.-Y.: Wiley, 1947.

Barron A.R., Sheu C.-H. Approximation of Density Functions by Sequences of Exponential Families.
Ann. Statist., 1991, vol. 19, pp. 1347-1369.

Centsov. N.N. Statistical Decision Rules and Optimal Inference. Providence: R.I. Amer. Math. Soc.
Transl., 1982, vol. 53.

Malyutov M.B., Tsitovich L.I. Sequential Search for Significant Variables of Unknown Function. Problems
of Information Transmission, 1997, vol. 33, pp. 88-107.

Csiszar 1. I-divergence geometry of probability distributions and minimization problems. Ann. Probab.,
1975, vol. 3, pp. 146-158.

Shiryaev A.N. Probability. Berlin: Springer-Verlag, 1982.

NHOOPMAIIMOHHBIE ITPOIIECCEI TOM 10 Ne 3 2010



