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?"^�A�vJU�ONL�=	WNY-_�v¢?�>�@�FJv¦���N��G b �N� � §6z�åÂæ<|)l	C<QR>�M C<m	AH?";<C<[¦>�QR>�=	C<D�]H^�L�=	wxE<C<C�?HLNLNO�rZAH?"@N^�^�ONL�=	WNY6C�v«?HA�U
@�F�v1���N� ��c`d @�>�O�=	C<E	Ak��T<B<C<^�A�lRA"QR>�;�=�>�?H?"C	IXC<;�>�E<C<F�?"C	?"@�AHM¢l�>�Q<Q<_�vRo�?HA"@�A"[�T	L}LNO�ç\AHM qsv�BR>�Q<C	M _�v�C
LNO�BR>�O�>�@N_�^�>�AHM _�vtl�>�Q<Q<_�v�z�@ c A c G	T	LZBR>�D�MPA"B<Q	LN?"@NC�| c
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N���
¶�·�¸�¹<º<»	·���½��xB	L�^NQ<CtC<Q	I'L�B	Mi>�E<C	L�Q<Q<_�v�?"C	?"@�AHM�o�?HA"@�A"[

h LNM c Ù C<TtC<DHqJmR>�AHM _�v à C	?�=RL ¾ B<C	MPA"B<_ j ?"@�L�m<Q<C<;<C
M Q	L�a6AH?"@N^ LNO�ç\A";<@�L�^�o T<B<C�=RL�a6A"Q<C<[
l�>�Q<Q<_�v	o�?HA"@�A"[ q�D"=RL�^�?HA"@NC

bNc ��T<B	L�rZA"Q<Q<_`A
∼
b���cÂcÂc � � z�å�| V B<q�T<T<_¤?"@Nq�lRA"Q<@�L�^	G ��� b � �

M Q	L�a6AH?"@N^�> z�åÂå�|f?"T	L�B<@NC<^NQ<_`A-;�=	qJO�_'G
l�>�Q<Q<_�v	o�?HA"@NC z�åÂåÂå�|fL�@�lRA�=	_'G
z�Mi>�=	_`A V B<qJT<T<_�| z�åÂæ	| d AHOk?"@NBR>�Q<C<E<_'G

z�æ	|�>�?H?HL�B<@NC	MPA"Q<@�@�L�^�>�B	L�^
� c ¾ B	LN?"@N_`A

∼
b��N� z�å�|fI)>�;<q�=	W�@�A"@�qJQ<C<^�A"B	?"C<@�A"@�>�G � b ��� �

M Q	L�a6AH?"@N^�> z�åÂå�|f?HA"@NW�akC<^�L�@NQ<_�vKG
l�>�Q<Q<_�v	o�?HA"@NC z�åÂåÂå�|fL�@�lRA�=~IXC<B	M _'G

z�åÂæ	|f?HA"@NW�;<Q<C V o�?"@�>�@�A"[
T	LZ@�AHMi>�@NC<;�A
z�æ	|f?HA"@NW�T	LN?"@�>�^�L�;\G
z�æJå�|f?HA"@NW�T<B	L V BR>�MPM
CS;�LNM T	L�Q	A"Q<@�L�^
z�æJåÂå�|f?"@NB<q�;<@NqJBR>kMPL�=RA";<q�=	_'G
z�æJåÂåÂå�|f?"@NB<q�;<@NqJB<_ãT<B	L�C<DH^�LHlR?"@N^

� c À O�_�m<Q<_`A
∼
b�� z�å�|f?HA"@NW�?H?"_�=RL�;\G ���N� �

M Q	L�a6AH?"@N^�> z�åÂå�|f?HA"@NW�qJQ<C<^�A"B	?"C<@�A"@�>�G
l�>�Q<Q<_�v	o�?HA"@NC z�åÂåÂå�|fÑ��
	�	 Ë�Ì���ÐË�Ê¿å�
���	Ï"Ê�����Ð � G

z�åÂæ	| V L�B	LHlR?";<C	A)?"C	?"@�AHM _'G
z�æ	|fO�>�DH_ãT	L�;<q�TR>�@�A�=RA"[\G
z�æJå�|4;�LNM T<WNwx@�A"B<QR>�F�?HA"@NW	G

� c ª Q	L�a-AH?"@N^�>
∼
b���� z�å�|f?HA"@NW�C	?H?�=RA�lRL�^�>�@�A�=RA"[\G � b ��� �

l�>�Q<Q<Q<_�v	o�?HA"@NC z�åÂå�|f?HA"@NW�?HA"Q	?HL�B	L�^}Î�Ï��	Î���Ð�G
ONL�=	WNY6L�[ z�åÂåÂå�|f?HA"@NW�T<B	L�C<DH^�L�lR?"@N^�A"Q<Q<_�v
BR>�D�MPA"B<Q	LN?"@NC @�A�v�Q	L�=RL V C<[\G

¡�c ª Q	L�a-AH?"@N^�>
∼
b��N��� z�å�|fO�>�DH_ã;�=	C	A"Q<@�L�^	G ���N� �

l�>�Q<Q<_�v	o�?HA"@NC z�åÂå�|4C<Q<@�A V BR>�=	WNQ<_`A6?¿v�AHM _Áz�Ö��ðÔ��¿|�G
L�m	A"Q<W�ONL�=	WNYZL�[ z�åÂåÂå�|�MPA�l	C<E<C<Q	?";<C	A6O�>�DH_ãTR>�E<C	A"Q<@�L�^
BR>�D�MPA"B<Q	LN?"@NC

� c ª Q	L�a-AH?"@N^�>�l�>�Q<Q<_�v	o
∼

b�� z�å�|fO�C	O�=	C	L�@�A";J>�q�Q<C<^�A"B	?"C<@�A"@�>�G � b �N� �
?HA"@NC3�"MPA V ><�¯U z�åÂå�|fO�>�D�>ZC<D"l�>�@�A�=	W�?"@N^�>
BR>�D�MPA"B<Q	LN?"@NC

Ã c ª Q	L�a-AH?"@N^�>�l�>�Q<Q<_�v	o
∼
b���� z�å�|f?HA"@NC�O�C	O�=	C	L�@�A";\G ���N� �

?HA"@NC3�"?"qJT	A"B��¯U z�åÂå�| j Q<@�A"B<Q	A"@�U�Mi> V >�DHC<Q<_'G
BR>�D�MPA"B<Q	LN?"@NC z�åÂåÂå�|fO�C	L�=RL V C<m	AH?";<C	A6O�>�DH_

� c â >�DH_�o�?HA"@NC
∼
b��N��� cÂcÂcÂb�� z�å�| d AHO�U�?"C	?"@�AHM _'G

QR>kLN?"Q	L�^�A d AHO z�åÂå�|f?HL�E<CR>�=	WNQ<_`A
z�����åÂÊ¿Ê�Ï"Ð�G! RË�ÑHÏ"Ì��"� � |

� c ¬ ÈPàXefufÙ�d�À¥Úieiä¥e�hXjXß ¬ É'È7ufÙ�eiÚ�j'Û$È�ÜXjXj
Û lRAH?"WxBR>�?H?HMi>�@NB<C<^�>�w�@�?FkD�>�l�>Hm<CZ;�=�>�?"@�A"B<C<D�>�E<C<C�ONA"D4T	A"B	AH?HA"m	A"Q<C<FZ;�=�>�?"@�A"B	L�^�z$#�ÒRË�Ð�%�&fÑ�	ÂÍ	Î�Ê�Ï"Ð¿å��('�| c

¾ q�?"@NW}C	MPAHA"@�?�F�C	?¿v�L�l	Q	LNA6M Q	L�a-AH?"@N^�Ls]"=RAHMPA"Q<@�L�^
A = {a1, ..., aj , ..., an}

cfg ^�>�@NC<TR>kC	?�v�LHl	Q<_�v�l�>�Q�U
Q<_�v�l<=	F~;�=�>�?"@�A"B<C<D�>�E<C<C3C	?H?�=RA�l	qJw�@�?FKy�)+*6C	MPAHA"@�?F

m
TR>�BR>�MPA"@NB	L�^�o�;<B<C<@�A"B<C	A"^~C�C<D�MPA"B	A"Q<C	Ak]"=RA�U

MPA"Q<@�>
a ∈ A

LN?"Q	L�^�>�Q	LsQR>}^�A";<@�L�B	AkL�E	A"Q	L�;
x = (x1, ..., x1, ..., xm)

§-,�*-C	MPAHA"@�?FnO�C<QR>�B<Q	LNAkL�@NQ	L�Y6A�U
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��/. ° õ ±Nõ�²�³�Þ/´�µ
Q<C	A�z�FR|:QR>�l�M Q	L�a6AH?"@N^�LNM¤]"=RAHMPA"Q<@�L�^

A
z�^N;�=	wxmR>�Fn^NDH^�A"YZA"Q<Q<_`A�O�C<QR>�B<Q<_`A}L�@NQ	L�Y6A"Q<C<FK§ ]H@�LtMPL�a-A"@

O�_�@NW:LN?"Q	L�^�L�[)l<=	F-?"@NB<q�;<@NqJB<_�QR>�l6;�=�>�?"@�A"BR>�M C�| cPÚ A"YZA"Q<C	A�;�=�>�?"@�A"B<C<D�>�E<C<Ck?HLN?"@�L�C<@xC<Dil	^Nq�vXmR>�?"@�A"[\y
bNc ¬x=�>�?"@�A"B<_

X̂ = {X1, ..., Xι, ...Xλ}
Gð@ c A c G/BR>�D�O�C	A"Q<C	A�]"=RAHMPA"Q<@�L�^�M Q	L�a-AH?"@N^�>

A
QR>s;�=�>�?"@�A"B<_'y

Xι ⊆ A ∀ι = 1, λ
§

ηι = |Xι|
UiBR>�D�MPA"Bt;�=�>�?"@�A"BR>�z�MPL�r6Q	LN?"@NW�;�=�>�?"@�A"BR>

Xι
G
ι = 1, λ

| c
� cku @NB<q�;<@NqJBR>sQR>�ln;�=�>�?"@�A"BR>�M C�z�AH?�=	C�Q	AHLNO�v�LHl	C	MPL�| c�¾ q�?"@NW

Γ(X̂)
O�q�lRA"@�?"@NB<qJ;<@Nq�B	L�[�QR>�ln;�=�>�U

?"@�A"BR>�M C�B	A"Y6A"Q<C<F�;�=�>�?"@�A"B<C<D�>�E<C<C
X̂
G<@ c A c G�?"qJr6AH?"@N^Nq�A"@}L�B V BR>�I G = X̂,Γ(X̂)

c�¾ q�?"@NW
Γ(Xι)

O�q�lRA"@
?"B<qJ;<@Nq�BR>kQR>�l�]"=RAHMPA"Q<@�>�M C�;�=�>�?"@�A"BR>

Xι
z
∀Xι ∈ X̂

| c
u T<C	?HL�;�LN?"Q	L�^NQ<_�vsv�>�BR>�;<@�A"B<C<@NC<;�;J>Hm	AH?"@N^�>�T<B<C<^�A�lRA"Qt^�@�>�O�=	C<E	A-� c

¶�·�¸�¹<º<»	·�0�½ u T<C	?HL�;�v�>�BR>�;<@�A"B<C	?"@NC<;�;�>Hm	AH?"@N^�>
h LNM c Ù C<TS;J>�m	AH?"@N^�> À ONL�DHQR>Hm	A"Q<C	A À T<C	?�>�Q<C	A
� c ¬x=�>�?"@�A"B

Xι 1 ≤ ι ≤ λbNcÂbNc Ú >�?H?"@�L�F�Q<C	A}��C<Q<@NBR>�UÅ;�=�>�?"@�A"B��
Iintra(Xι)

â =	C<D�LN?"@NW�]"=RAHMPA"Q<@�L�^�;�=�>�?"@�A"BR>
bNc � c Ú >�D�MPA"B�;�=�>�?"@�A"BR>

|Xι|
à C	?�=RLk]"=RAHMPA"Q<@�L�^�^�;�=�>�?"@�A"B	A

XιbNc � c ¬'>Hm	AH?"@N^�L�I'L�B	M _¦;�=�>�?"@�A"BR> â =	C<D�LN?"@NW�;SD�>�l�>�Q<Q	L�[�I)L�B	MPA
z�YZ>�B\G	]"=<=	C<T	?HL�C�l�|

bNc � c Ú >�D�MPA"B�B	A V C	L�QR>Z;�=�>�?"@�A"BR> Ú >�D"=	C<m<C	A6MPA"aZl	q1#�2�Ë43"&XC5#�2kå��6&
;�LNL�B�l	C<QR>�@�o�TR>�BR>�MPA"@NB	L�^

bNc�¡�c ¬'>Hm	AH?"@N^�L��"?HLN?"@�>�^�><�X;�=�>�?"@�A"BR> ¬XL�Q	IXC V qJBR>�E<C<FS@NC<T	L�^�]"=RAHMPA"Q<@�L�^
bNc � c ¬'>Hm	AH?"@N^�L�?"@NB<q�;<@NqJB<_ã;�=�>�?"@�A"BR> â =	C<D�LN?"@NW�;SD�>�l�>�Q<Q	L�[�?"@NB<qJ;<@NqJB	A
��� c Ú A"YZA"Q<C	AX;�=�>�?"@�A"C<D�>�E<C<C

X̂ X̂ = {X1, ..., Xι, ..., Xλ}� cÂbNc À O�r6AHA���C<Q<@�A"B��¯UÅ;�=�>�?"@�A"B
Qintra(X̂)

j Q<@�A V BR>�E<C<F3��C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B
;J>�m	AH?"@N^�L TR>�BR>�MPA"@NB	L�^�z

Iintra(Xι)
G
ι = 1, λ

|
� c � c À O�r6AHA���C<Q<@�A"B��¯UÅ;�=�>�?"@�A"B

Qinter(X̂)
j Q<@�A V BR>�E<C<F3��C<Q<@�A"B��¯UÅ;�=�>�?"@�A"B

;J>�m	AH?"@N^�L TR>�BR>�MPA"@NB	L�^
z
Iinter(Xι1 , Xι1)

G
ι1, ι2

G
ι1 6= ι2

|
� c � c à C	?�=RLk;�=�>�?"@�A"B	L�^öz

λ
|

Qnum(X̂)
à C	?�=RLk;�=�>�?"@�A"B	L�^�;tB	A"YZA"Q<C<C

� c � c â =	C<D�LN?"@NW�;SBR>�D�MPA"B<qS;�=�>�?"@�A"BR>
Qbal(X̂)

O�>�=�>�Q	?XT	LkBR>�D�MPA"BR>�M«;�=�>�?"@�A"B	L�^	G
O�=	C<D�LN?"@NW�;SD�>�l�>�Q<Q	LNM qS^�A";<@�L�B<q

� c�¡�c ¬'>Hm	AH?"@N^�L�I'L�B	M�;�=�>�?"@�A"B	L�^
Qform(X̂)

j Q<@�A V BR>�E<C<FtTR>�BR>�MPA"@NB	L�^�I'L�B	M _
� c � c ¾ >�BR>�MPA"@NBtB	A V C	L�Q	L�^ Qreg(X̂)

j Q<@�A V BR>�E<C<FtBR>�D�MPA"B	L�^
;�=�>�?"@�A"B	L�^ B	A V C	L�Q	L�^�;�=�>�?"@�A"B	L�^

� c Ã c 7 q�Q<;<E<C	L�QR>�=�;�L�B<B	A�=	F�E<C<Q	L�[
Qcorr(X̂)

j Q<@�A V BR>�E<C<FtT	L�;J>�D�>�@�A�=	FtT	L
;�=�>�?"@�A"B<C<D�>�E<C<C ;J>�aZlRLNM qS;�=�>�?"@�A"B<q

z{Ë8'NÐ�ÏHÏ�2�Ï���Ê�G!2�Ë43	|4C�T	L�;J>�D�>�@�A�=	F
MPA"aZl	qs;�=�>�?"@�A"BR>�M C
z�%�å�ÎË8'NÐ�ÏHÏ�2�Ï���Ê�Î�G92kå���|:� b ÃJG b � �

� c � c ¬'>Hm	AH?"@N^�L�MPLHl	q�=	WNQ	LN?"@NC
Qmod(X̂)

¾ >�BR>�MPA"@NB�MPLHl	q�=	WNQ	LN?"@NC�?HA"@NC
���N��G b �N� �

����� c ¬'>Hm	AH?"@N^�L�?"@NB<q�;<@NqJB<_
Qstruc(X̂)

â =	C<D�LN?"@NW�;SD�>�l�>�Q<Q	L�[
QR>�lt;�=�>�?"@�A"BR>�M C ?"@NB<q�;<@NqJB	A

��Ö c ª Q	L V L�;<B<C<@�A"B<CR>�=	WNQ	LNA Q(X̂)
d A";<@�L�B\G	QR>�T<B<C	MPA"B\y�z

Q(X̂) =;J>�m	AH?"@N^�L
(Qintra(X̂), Qinter(X̂), Qbal(X̂) )

¼�½4%'·�:9;8<�=?>+@BA<¹	·
<�=8;DC9@
>Ry
¼�½ ¼�½}� j Q<@NBR><�¯UÅ;�=�>�?"@�A"BnBR>�?H?"@�L�F�Q<C	Atz�LNONLNO�rZA"Q<QR>�F�O�=	C<D�LN?"@NWtMPA"aZl	q�]"=RAHMPA"Q<@�>�M Cn^}^NQ<q�@NB<C~;�>�aZU

lRL V Lk;�=�>�?"@�A"BR>�|�y

Iintra(Xι)
z
ι = 1, λ

| c
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N�FE
GIHKJ!L�M"NO)+*7¬XL�=	C<m	AH?"@N^�A"Q<Q<_�[~T<BR>�BR>�MPA"@NB~;J>�;�C<Q<@�A V BR>�E<C<F�;�L�=	C<m	AH?"@N^�A"Q<Q<_�v�TR>�BR>�MPA"@NB	L�^SO�=	C<D�L�U

?"@NC3z�BR>�?H?"@�L�F�Q<C<[�|�^k;�=�>�?"@�A"B	A c
GIHKJ!L�M"NP,�* ¾ >�BR>�MPA"@NB�QR>�LN?"Q	L�^�AtM q�=	W�@NC	M Q	L�a6A"@N^�>1T	L�B�FJl	;�L�^N_�v�L�E	A"Q	L�;�O�=	C<D�LN?"@NC¢]"=RAHMPA"Q<@�L�^

� b � b G b �N� ��cfØ @�L�@�T	L�l<v�LHl�C�=<=	w:?"@NB<C<B<q�A"@�?�F�T<B<C	MPA"B	LNM c
Q�C<º9R-;?C}¼�½ h > Ú C	? c�b T<B	A�lR?"@�>�^�=RA"Q�T<B<C	MPA"Bkl<=	Fk��U{v-;�=�>�?"@�A"B	L�^	y

X1 = {1, 2, 3, 4}
G
X2 = {5, 6, 7}

G
X3 = {8, 9, 10, 11, 12}

c�j ?"T	L�=	WND�L�^�>�QR>xT	L�B�FJl	;�L�^�>�FkY6;J>�=�>
[1, 2, 3]

l<=	F6L�E	A"Q<;<CkO�=	C<D�LN?"@NCk]"=RAHMPA"Q<@�L�^	y
1
UðL�m	A"Q<W-O�=	C<DH;�L�z�T	L�v�L�akC�|�G

2
Uð?"B	A�l	Q<C<[�qJB	L�^�A"Q<W)O�=	C<D�LN?"@NC\G

3
U�L�m	A"Q<W)BR>�D"=	C<mR>�wx@�?�F�z�^X]H@�LNM�?�=	q�mR>�A

l	q V >ZQR> Ú C	? c`b L�@�?"qJ@�?"@N^Nq�A"@ c | ¾ L�B�FJl	;�L�^N_`A6L�E	A"Q<;<CSl	q V T<B<C<^�lRA"Q<_Ä^k@�>�O�=	C<E	A)� ciÚ A"DHq�=	W�@NC<B<q�wxr-C	A
L�E	A"Q<;<C¦��C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B�TR>�BR>�MPA"@NB	L�^�C	MPA"wx@�^NC�l�y

Iintra(X1) = (2, 3, 1)
G

I intra(X2) = (1, 1, 1)
G

Iintra(X3) = (4, 2, 4)
c

Ú C	? c`bNc É L�;J>�=	WNQ	LNAs��C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B�;J>Hm	AH?"@N^�L

¬x=�>�?"@�A"B
X1'
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4

¬x=�>�?"@�A"B
X2'

&
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%r r
r

5

6 7

¬x=�>�?"@�A"B
X3'

&
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%
r
rr r rHHH
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HHH
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9

10
11
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¶�·�¸�¹<º<»	·BS�½ ¾ L�B�FJl	;�L�^N_`A6O�=	C<D�LN?"@NC3z�C<Q<@NBR>�UÅ;�=�>�?"@�A"B\G�B	AHO�B	L
(i1, i2)

|
i1 i2 : 2 3 4 6 7 9 10 11 12b

2 1 2�
3 2�

1¡
2 3�

1�
1 1 2 3�

3 3 1b��
3 2bNb

1

¼�½T��½ à C	?�=RL`]"=RAHMPA"Q<@�L�^:^7;�=�>�?"@�A"B	A:z�BR>�D�MPA"BZ;�=�>�?"@�A"BR>�|�G�QR>�T<B<C	MPA"B\y
π− ≤ ηι = |Xι| ≤ π+ z

π−, π+
U�D�>�l�>�Q<Q<_`A V BR>�Q<C<E<_¦l<=	FSBR>�D�MPA"BR>Z;�=�>�?"@�A"BR>�|)z

∀Xι ∈ X̂
| c

¼�½T0�½f¬'>Hm	AH?"@N^�L}I'L�B	M _¦;�=�>�?"@�A"BR>�z�O�=	C<D�LN?"@NW�;SD�>�l�>�Q<Q	L�[�I)L�B	MPA�| c
¼�½US�½ ¬'>Hm	AH?"@N^�L�;J>�;¨L V BR>�Q<C<m	A"Q<C	A~QR>�BR>�D�MPA"B�B	A V C	L�QR>3;�=�>�?"@�A"BR>¨z�@ c A c G V BR>�Q<C<E<_ l<=	F�C<Q<@�A"B�U

^�>�=RL�^¦;JLNL�B�l	C<QR>�@ã]"=RAHMPA"Q<@�L�^¦;�=�>�?"@�A"BR>�| c Ú >�?H?HMPL�@NB<C	M ;�=�>�?"@�A"B
X = {x1, ..., xξ , ..., xφ}

G-L�E	A"Q�U
;<C�l<=	FÄ;�>�aZlRL V L¨]"=RAHMPA"Q<@�>�;�=�>�?"@�A"BR>

xξ Ë�Ð�Ï�z�æ�ÏHÑ"Ê���Ð�ÏHÎ¿Ê¿å�2�Ë�Ê�ÏNGWVRË�ÐË82�Ï"Ê�Ï"Ð�Î
i = 1,m

z�^�A";<@�L�B�|�y
xξ = (xξ

1, ..., x
ξ
i , ..., x

ξ
m)
c�À V BR>�Q<C<m	A"Q<C<F ∀i = 1, φ

z Ú C	? c ��|�y

| max
ξ=1,φ

xξ
i − min

ξ=1,φ
xξ

i | ≤ di, ∀i = 1,m.

¼�½TX�½s¬'>�m	AH?"@N^�L�?HLN?"@�>�^�>S;�=�>�?"@�A"BR>�z�QR>�T<B<C	MPA"B\G/?HLN?"@�>�^�O�B<C V >�l	_�|�y6LHl	C<Q3]"=RAHMPA"Q<@ b U V LS@NC<TR>�Gð@NB<C
]"=RAHMPA"Q<@�L�^s��U V Lk@NC<TR>�G�l	^�>Z]"=RAHMPA"Q<@�L�^s��U V Lk@NC<TR>�G	LHl	C<Q�]"=RAHMPA"Q<@���U V Lk@NC<TR> c

¼�½TY�½+¬'>�m	AH?"@N^�Lp?"@NB<q�;<@NqJB<_ ;�=�>�?"@�A"BR>
Xι

z
∀Xι ∈ X̂

|Z;�>�;¨O�=	C<D�LN?"@NW1;�D�>�l�>�Q<Q	L�[�?"@NB<qJ;<@Nq�B	A
δ(Γ(Xι),Γ

0(Xι))
G
Γ0(Xι)

UiD�>�l�>�Q<QR>�Ft?"@NB<qJ;<@Nq�BR>kQR>�l�]"=RAHMPA"Q<@�>�M C�;�=�>�?"@�A"BR> c

��½4%'·�:9;8<�=?>+@BC9;DZB;D[<º(\�A<¹	·]<�=4;?C<º<»<º<º z�@ c A c G�M Q	L�a-AH?"@N^�>�;�=�>�?"@�A"B	L�^�|�y
��½ ¼�½ � j Q<@NBR><�¯UÅ;�=�>�?"@�A"B¨;J>�m	AH?"@N^�>�l<=	FpB	A"YZA"Q<C<Fp;�=�>�?"@�A"B<C<D�>�E<C<C

Qintra(X̂)
F�^�=	F<A"@�?�F«C<Q<@�A V B<C�U

B	L�^�>�Q	L�[1v�>�BR>�;<@�A"B<C	?"@NC<;�L�[�z
Iintra(Xι)

|'QR>�LN?"Q	L�^�A���C<Q<@NBR><�¯UÅ;�=�>�?"@�A"BpTR>�BR>�MPA"@NB	L�^�^�?HA�vn;�=�>�?"@�A"B	L�^
B	A"YZA"Q<C<F�z

ι = 1, λ
| c

èPé�ê�ë ì�í:îðïPè�ë/éPéPñ�ò`½iì�ë/ïiò�óKó�ñ ô�ëPí�Ô+Ó õ Î Î2Ò"Ô³Ó




�
D^ ° õ ±Nõ�²�³�Þ/´�µ
GIHKJ!L�M"N_)+*�¬XL�=	C<m	AH?"@N^�A"Q<Q	LNA);�>Hm	AH?"@N^�L�QR>kLN?"Q	L�^�A'L�E	A"Q	L�;tl<=	Fs;�=�>�?"@�A"B	L�^	y

Qintra(X̂) =
1

λ

∑

ι=1,λ

Iintra(Xι).

À @�MPA"@NC	M�G�C<Q<@�A V BR>�E<C<F~MPL�a-A"@�O�_�@NWSLN?"Q	L�^�>�QR>sQR>}?"q�MPM C<B	L�^�>�Q<C<C�C�=	C~l	B<q V C�v~L�T	A"BR>�E<C<FJv�z�Mi>�;�?"C�U
M C<D�>�E<C<FKGRM C<Q<C	M C<D�>�E<C<FR| c
GIHKJ!L�M"N`,�*�¬'>Hm	AH?"@N^�L�B	A"Y6A"Q<C<FS;�>�;�L�E	A"Q<;J>�QR>kLN?"Q	L�^�A'M q�=	W�M Q	L�a-AH?"@N^�>�z�QR>ZT<B<C	MPA"B	A�| c
Q�C<º9R-;?Ca��½4BR>�?H?HMi>�@NB<C<^�>�A"@�?F�T<B<C	MPA"BS@NB	A�vs;�=�>�?"@�A"B	L�^�C<D Ú C	? c ��y

X1 = {1, 2, 3}
G
X2 = {4, 5, 6}

G
X3 = {7, 8, 9}

§ZB	A"YZA"Q<C	A~;�=�>�?"@�A"B<C<D�>�E<C<C\y
X̂ = {X1, X2, X3}

c >�QR>�=RL V C<m<Q	L¢L�E	A"Q	A"Q<_ O�=	C<D�LN?"@NW
z�T	L�B�F�l	;JL�^�>�F�Y6;J>�=�>�|

[1, 2, 3]
| c4¾ L�B�FJl	;�L�^N_`A6L�E	A"Q<;<C3z�O�=	C<D�LN?"@NW�|�T<B	A�lR?"@�>�^�=RA"Q<_¤^�@�>�O�=	C<E	A ¡�c

� j Q<@NBR><�¯UÅ;�=�>�?"@�A"BtTR>�BR>�MPA"@NB<_¨l<=	F�;�=�>�?"@�A"B	L�^k^-^NC�lRA:M q�=	W�@�M Q	L�a6AH?"@N^�C	MPA"wx@Z^NC�l�y
Iintra(X1) =

(1, 2, 0)
G

I intra(X2) = (2, 1, 0)
G

I intra(X3) = (2, 1, 0)
c

j Q<@�A V BR>�E<C<FnqJ;J>�D�>�Q<Q<_�v�L�E	A"Q	L�;n^�^NC�lRA�M q�=	WNC	M Q	L�a-AH?"@N^�MPL�a6A"@�T<B	L�^�L�l	C<@�?�Fnl	^Nq�M FnMPA"@�LHl�>�M C
� b � b G b �N� � y

z{>�|f?"q�MPM C<B	L�^�>�Q<C	A'T	Lk;JLNM T	L�Q	A"Q<@�>�M�^�A";<@�L�B	L�^	y
Qintra(X̂) = (5, 4, 0)

G
z�O�|4T	L�C	?";�MPA�l	CR>�Q�l<=	FsM q�=	W�@NC	M Q	L�a-AH?"@N^	y

Qintra(X̂) = (2, 1, 0)
c

Ú C	? c � cPÚ >�D�MPA"B�B	A V C	L�QR>�;�=�>�?"@�A"BR>

¬x=�>�?"@�A"B
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di1

Ú C	? c � cij Q<@NBR>�U�C�C<Q<@�A"B�UÅ;�=�>�?"@�A"B�;J>�m	AH?"@N^�>
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r r
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¬x=�>�?"@�A"B
X3'

&

$
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¶�·�¸�¹<º<»	·�X�½ ¾ L�B�FJl	;�L�^N_`A6O�=	C<D�LN?"@NC3z�C<Q<@NBR>�UÅ;�=�>�?"@�A"B\G�B	AHO�B	L
(i1, i2)

|
i1 i2 : 2 3 5 6 8 9b

2 2�
1�

2 1¡
1Ã

2 1�
1

��½T��½k� j Q<@�A"B��¯UÅ;�=�>�?"@�A"B�;�>Hm	AH?"@N^�L�l<=	F�B	A"YZA"Q<C<Ft;�=�>�?"@�A"B<C<D�>�E<C<C
Qinter(X̂)

F�^�=	F�A"@�?F�C<Q<@�A V B<C<B	L�U
^�>�Q<Q<_`M~T	L�;�>�D�>�@�A�=RAHM¢z

Iintra(Xι1 , Xι2)
|�QR>xLN?"Q	L�^�A�L�E	A"Q	L�;Zl<=	F)TR>�BZ;�=�>�?"@�A"B	L�^X^:B	A"Y6A"Q<C<Ctz

ι1 = 1, λ
G

ι2 = 1, λ
G
ι1 6= ι1

| c
GIHKJ!L�M"N_)+* j Q<@�A V BR>�E<C<Ft;�L�=	C<m	AH?"^�A"Q<Q<_�v���C<Q<@�A"B��¯UÅ;�=�>�?"@�A"B�T	L�;�>�D�>�@�A�=RA"[�l<=	FsTR>�Bt;�=�>�?"@�A"B	L�^	y

Qinter(X̂) =
1

λ(λ − 1)

∑

ι1=1,λ,ι2=1,λ,ι1 6=ι2

Iinter(Xι1 , Xι2).

j Q<@�A V BR>�E<C<FsMPL�a6A"@ZLN?"Q	L�^N_�^�>�@NW�?F�QR>'BR>�D"=	C<m<Q<_�v�L�T	A"BR>�E<C<FJv�z�?"q�MPM C<B	L�^�>�Q<C	ANGJMi>�;J?"C	M C<D�>�E<C<FKG	M C�U
Q<C	M C<D�>�E<C<FR| c yP×b��Ê�ÏNG�å���Ê�Ï�'NÐË�Ê¿å�
�cV<Ð��JÑHÏHÎ�Î`Ñ�Ë8�tÌ$Ï:ÌRË�Î�Ï�%d�
��Î�Í(2�2�Ë�Ð¿å�e�Ë�Ê¿å�
��Ë8�9%tÎ��
2�Ï

GIHKJ!L�M"N`,�*�¬'>Hm	AH?"@N^�L�B	A"Y6A"Q<C<FS;�>�;�L�E	A"Q<;J>�QR>kLN?"Q	L�^�A'M q�=	W�M Q	L�a-AH?"@N^�>�z�QR>ZT<B<C	MPA"B	A�| c
¾ B<C<^�A�lRAHMpT<B<C	MPA"B c

èPé�ê�ë ì�í:îðïPè�ë/éPéPñ�ò`½iì�ë/ïiò�óKó�ñ ô�ëPí�Ô+Óöõ�Î Î2Ò"Ô³Ó



÷«ø�÷ °�ù/´�µ�úKû ÷4ü µ ÷fý¢ø ²`ú,ø/ûð³ ü ´`þ<ú�ÿ�´�´ 
�
��
Q�C<º9R-;?Cd0�½ j ?"T	L�=	WND�L�^�>�Q<_¨l�>�Q<Q<_`AxC<DxT<B<C	MPA"BR>k��z Ú C	? c ��| cPd @�>�O�=	C<E	A:T<B	A�lR?"@�>�^�=RA"Q<_ãT	L�B�FJl	;�L�U

^N_`A'O�=	C<D�LN?"@NC�l<=	F���C<Q<@�A"B��¯UÅ;�=�>�?"@�A"B�T	L�;�>�D�>�@�A�=RA"[ c
¶�·�¸�¹<º<»	·1Y�½ ¾ L�B�FJl	;�L�^N_`A6O�=	C<D�LN?"@NC1z�C<Q<@�A"B�UÅ;�=�>�?"@�A"B\G�B	AHO�B	L

(i, j)
|

i j : 4 5 6 7 8 9b
3 3 3 3 3 3�
2 2 3 3 3 3�
3 3 3 3 3 2�

3 3 3¡
3 3 3�
2 3 2

¾ L�;J>�D�>�@�A�=	C�l<=	FSTR>�Bt;�=�>�?"@�A"B	L�^�^k^NC�lRA)M q�=	@NC	M Q	L�a-AH?"@N^	y

Iinter(X1, X2) = (0, 2, 7)
G

I inter(X1, X3) = (0, 1, 8)
G

I inter(X2, X3) = (0, 2, 7)
c

j Q<@�A V BR>�E<C<F�MPL�a-A"@�O�_�@NW�LN?"Q	L�^�>�QR>kQR>-l	^Nq�vsMPA"@�L�l�>�v3z�� b � b G b �N� � |�y
z{>�|f?"q�MPM C<B	L�^�>�Q<C	A'T	Lk;JLNM T	L�Q	A"Q<@�>�M�^�A";<@�L�B	L�^	y

Qinter(X̂) = (0, 5, 22)
§

z�O�|4T	L�C	?";�MPA�l	CR>�Q<_�M q�=	W�@NC	M Q	L�a-AH?"@N^	y
Qinter(X̂) = (0, 2, 7)

c
��½T0�½ à C	?�=RL3;�=�>�?"@�A"B	L�^3^1B	A"YZA"Q<C<C

Qnum(X̂)
G�QR>�T<B<C	MPA"B\y

Υ− ≤ λ(X̂) ≤ Υ+ z
Υ−,Υ+ U

D�>�l�>�Q<Q<_`A V BR>�Q<C<E<_ãl<=	Fsm<C	?�=�>k;�=�>�?"@�A"B	L�^�^kB	A"Y6A"Q<C<C c
��½US�½ â =	C<D�LN?"@NW�BR>�D�MPA"B	L�^�;�=�>�?"@�A"B	L�^�^kB	A"Y6A"Q<C<C�;SD�>�l�>�Q<Q<_`M V BR>�Q<C<ER>�M�G	@ c A c G	O�>�=�>�Q	?XT	LkMPL�r6Q	L�U

?"@NC�;�=�>�?"@�A"B	L�^	G
Qbal(X̂)

GRQR>�T<B<C	MPA"B\y
π− ≤ |Xι)| ≤ π+ z

π−, π+ U V BR>�Q<C<E<_¤l<=	F�BR>�D�MPA"BR>�;J>�aZlRL V L
;�=�>�?"@�A"BR> c�À m	A"^NC�l	Q	L<G	O�>�=�>�Q	?�z�C�=	C}l	C	?HO�>�=�>�Q	?�|�B	A"YZA"Q<C<F}MPL�a-A"@�BR>�?H?HMi>�@NB<C<^�>�@NW�?�Ft;�>�;Sm<C	?�=RLZ;�=�>�U
?"@�A"B	L�^	G Ù >�;�>�F�L�E	A"Q<;J>SMPL�a-A"@�O�_�@NWt^�A";<@�L�B<Q	L�[�C�=	C�^S^NC�lRA�M q�=	W�@NC	M Q	L�a-AH?"@N^�>�GPQR>�T<B<C	MPA"B\y'm<C	?�=RL
�¯v�L�B	L�Y6C�vK��;�=�>�?"@�A"B	L�^ãz�T<BR>�^NC�=	WNQ<_�[¨BR>�D�MPA"B�|�G�m<C	?�=RL���T	L�m<@NC�U{v�L�B	L�Y6C�v\��;�=�>�?"@�A"B	L�^¦z�T	L�m<@NC�T<BR>�U
^NC�=	WNQ<_�v«BR>�D�MPA"B�|�Gfm<C	?�=RLnLN?"@�>�=	WNQ<_�v«;�=�>�?"@�A"B	L�^ c¢¾ B<C<^�A�lRAHM¥^�A";<@�L�B<Q<_`A�L�E	A"Q<;<C c�À ONL�DHQR>Hm	A"Q<C<FKy
z{>�|

π0(X̂)
U/m<C	?�=RLS�¯v�L�B	L�Y6C�vK��;�=�>�?"@�A"B	L�^Z^

X̂
G�@ c A c GJBR>�D�MPA"Bs;�=�>�?"@�A"BR>

Xι
?HLNL�@N^�A"@�?"@N^Nq�A"@ V BR>�Q<C<ER>�M�G

z�O�|
π+l(X̂)

U)m<C	?�=RL�;�=�>�?"@�A"B	L�^
X̂
G V lRASBR>�D�MPA"B Xι

T<B	A"^N_�YZ>�A"@
π̂+ z�^�A"B�v�Q<FJF V BR>�Q<C<ER>�|kQR> l

]"=RA�U
MPA"Q<@�L�^	G¢z�^�|

π−l(X̂)
U�m<C	?�=RL�;�=�>�?"@�A"B	L�^}^

X̂
G V lRA-BR>�D�MPA"B�;�=�>�?"@�A"BR> Xι

MPA"Q<WNYZANGRm	AHM
π̂− z�Q<C<akQ<F�F

V BR>�Q<C<ER>�|�QR> l
]"=RAHMPA"Q<@�L�^ c4d A";<@�L�B<QR>�FtL�E	A"Q<;J>kC	MPAHA"@�^NC�l�y

Qbal(X̂) = (πl−(X̂), ..., π−1(X̂), π0(X̂), π1(X̂), ..., πl+(X̂)).
À @�MPA"@NC	M�G\O�=	C<DH;�>�F�T	Ls@NC<T<q�^�A"@�L�B<QR>�FnL�E	A"Q<;J>sl<=	F�?"BR>�^NQ	A"Q<C<F�BR>�Q<akC<B	L�^�L�;�O�_�=�>}T<B	A�l<=RL�a-A"QR>

^�� bNb � ��c�¾ B<C<^�A�lRAHM«T<B<C	MPA"B c
Q�C<º9R-;?CfS�½ j ?¿v�L�l	Q	LNA�M Q	L�a6AH?"@N^�L<y

A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17}
GPB	A"YZA�U

Q<C	A�;�=�>�?"@�A"B<C<D�>�E<C<C\yÂy
X̂
y

X1 = {1, 5, 7}
G

X2 = {2}
G

X3 = {3, 6, 10, 13, 17}
G

X4 = {11, 12}
G

X5 = {4, 12, 14, 15}
G

X6 = {8, 16}
c À V BR>�Q<C<m	A"Q<C<F�l<=	F�BR>�D�MPA"BR>1;�=�>�?"@�A"B	L�^	y

π̂1 = 2
G

π̂2 = 3
c

d A";<@�L�B<QR>�FtL�E	A"Q<;J>�O�>�=�>�Q	?�>ZB	A"YZA"Q<C<F$y
Qbal(X̂) = (π−1(X̂), π0(X̂), π1(X̂), ..., π2(X̂)) = (1, 3, 1, 1)

c
g >�Q<Q<_�[�T	L�l<v�LHlsO�=	C<D�L�;�;

Υ
U�?HO�>�=�>�Q	?"C<B	L�^�>�Q<Q	LNM q�BR>�D�O�C	A"Q<C<wz�B	A"YZA"Q<C	A

X̂
|�GN;JL V l�>)BR>�D�MPA"B�;J>�aZU

lRL V Lk;�=�>�?"@�A"BR> |Xι| ≈
n

Υ(X̂)

z
∀Xι ∈ X̂

| V lRA Υ(X̂)
z�å c Ï c G

λ
|�Uim<C	?�=RL�T	L�=	q�m	A"Q<Q<_�vt;�=�>�?"@�A"B	L�^ c

��½TX�½¦¬'>�m	AH?"@N^�L3O�>�=�>�Q	?�>nT	LnI'L�B	Mi>�M ;�=�>�?"@�A"B	L�^1^nB	A"YZA"Q<C<C¢;�=�>�?"@�A"B<C<D�>�E<C
Qform(X̂)

G4QR>�T<B<C�U
MPA"B\ytONL�=	WNY6C<Q	?"@N^�Ln;�=�>�?"@�A"B	L�^3^�B	A"Y6A"Q<C<C¢C	MPA"w�@nT	L�v�L�akqJw D�>�l�>�Q<Q<q�w I'L�B	M q¦z�?HI'A"BR>�G4]"=<=	C<T	?�| c
À m	A"^NC�l	Q	L<GRm<@�L�>�QR>�=RL V C<m<Q	L�MPL�akQ	L�BR>�?H?HMi>�@NB<C<^�>�@NWsMPA"B<q�l	C	?HO�>�=�>�Q	?�> c
��½TY�½ Þ >�BR>�;<@�A"B<C	?"@NC<;�>�O�>�=�>�Q	?�>nB	A"Y6A"Q<C<F�;�=�>�?"@�A"B<C<D�>�E<C<C�T	L~BR>�D�MPA"BR>�M¥B	A V C	L�Q	L�^n;�=�>�?"@�A"B	L�^

Qreg(X̂)
c Ú >�?H?HMPL�@NB<C	M ;�=�>�?"@�A"B

Xι = {xι,1, ..., xι,ξ , ..., xι,φι}
c¥À E	A"Q<;<C¦TR>�BR>�MPA"@NBR>1T	L3;�>�aZlRLNM q

]"=RAHMPA"Q<@Nqt;�=�>�?"@�A"BR>
xι,ξ i = 1,m

z�;�=�>�?"@�A"B<_'y
ι = 1, λ

|�y
xι,ξ = (xι,ξ

1 , ..., xι,ξ
i , ..., xι,ξ

m )
c�À V BR>�Q<C<m	A"Q<C<F

T	Lk;�>�aZlRLNM qSTR>�BR>�MPA"@NB<q
∀i = 1, φι

|Xz Ú C	? c ��|�y

| max
ξ=1,φι

xξ
i − min

ξ=1,φι

xξ
i | ≤ di, ∀i = 1,m, ∀ι = 1, λ.
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 ° õ ±Nõ�²�³�Þ/´�µ
��½�gN½ 7 q�Q<;<E<C	L�QR>�=¤;�L�B<B	A�=	F�E<C	L�Q<Q	L�[¤;�=�>�?"@�A"B<C<D�>�E<C<C¤QR>�T<BR>�^�=RA"QãQR>�Mi>�;�?"C	M C<D�>�E<C<w ��C<Q<@NBR><�¯U

;�=�>�?"@�A"B¨�"?HL V =�>�?"C	A���z{Ë8'NÐ�ÏHÏ�2�Ï���Ê¯|:C���C<Q<@�A"B��¯UÅ;�=�>�?"@�A"B3BR>�?H?HL V =�>�?HL�^�>�Q<C	A~z�%�å�Î¯Ë8'NÐ�ÏHÏ�2�Ï���Ê¯| Qcorr(X̂)� b ÃJG b � ��ciÛ lRAH?"W:BR>�?H?HMi>�@NB<C<^�>�A"@�?�FkBR>�D�O�C	A"Q<C	A�T	L�=	Q	LN?"@NWNw�?"^NF�DHQ	L V L V BR>�I->7?fMPA"@N;J>�M C�zh	 Ë�Ì$Ï�	�Ï�%W'NÐË8V<Ò�|�y
MPA"@N;�>`#jiI&S?HLNL�@N^�A"@�?"@N^Nq�A"@3B	AHO�B<q�MPA"aZl	q�T	LHv�L�akC	M C�^�A"B<Y6C<QR>�M C\GfMPA"@N;�>c#ÅUk&S?HLNL�@N^�A"@�?"@N^Nq�A"@3B	AHO�B<q
MPA"aZl	qtBR>�D"=	C<m<Q<_`M C�^�A"B<Y6C<QR>�M C c�À T<@NC	M C<DHC<B<q�A"@�?�F�IXqJQ<;<E<C	L�QR>�=

Qcorr(X̂)
;J>�;�?"q�MPMi>�l	^Nq�vS;�LNM/U

T	L�Q	A"Q<@�L�^	y7z�å�|�M C<Q<C	M C<D�>�E<C<Fsm<C	?�=�>'B	AHONA"Bs@NC<TR>�#ÅUk&�MPA"aZl	q�;�=�>�?"@�A"BR>�M C�z�M C<Q<C	M C<D�>�E<C<FsBR>�?H?HL V =�>�?HL�U
^�>�Q<C<FR|�G4z�Ì�|xMi>�;J?"C	M C<D�>�E<C<Fnm	MP?HL�>}B	AHONA"B�@NC<TR>1#jiI&Z^NQ<q�@NB<C�;�=�>�?"@�A"B	L�^3z�Mi>�;J?"C	M C<D�>�E<C<F�?HL V =�>�?HL�^�>�U
Q<C<FR|4����G b�¡ G b ÃJG b ��G ¡�b G bNbNb G b �N� ��ciÙ >�;<a6A�C	?H?�=RA�l	q�A"@�?�FZ^�A"B	?"C<F-MPL�lRA�=	CkQR>`^NDH^�A"YZA"Q<Q	LNM V BR>�I'A7���N��G��N��G ¡�b���c
��½Tl�½ ª L�l	q�=	WNQ	LN?"@NWZB	A"YZA"Q<C<F�;�=�>�?"@�A"B<C<D�>�E<C<C

Qmod(X̂)
L�T<B	A�lRA�=	F<A"@�?�Fs@�>�;~���N��G b ����G b �N�	G b ��� � z Ú C	? c

��| c¨¾ q�?"@NW
G = (A,E)

U)C	?�v�LHl	Q<_�[ V BR>�I�G V lRA A
U-M Q	L�a6AH?"@N^�L1^�A"B<Y-C<Q\G

E
U-M Q	L�a6AH?"@N^�L1B	AHONA"B\§

B	A"YZA"Q<C	AX;�=�>�?"@�A"B<C<D�>�E<C<C\y
X̂ = {X1, ..., Xι, ..., Xλ}

ci¾ q�?"@NW
Aι U�M Q	L�a-AH?"@N^�L�^�A"B<Y6C<QS^Z;�=�>�?"@�A"B	A Xιz

ι = 1, λ
| c�¾ q�?"@NW

Eι U�M Q	L�a-AH?"@N^�L}^NQ<qJ@NB	A"Q<Q<C�vsB	AHONA"B�^�;�=�>�?"@�A"B	A Xι
z
ι = 1, λ

|�G<@ c A c GR^�?HA'?HLNL�@N^�A"@�U
?"@N^NqJw�r6C	Ak^�A"B<Y6C<QR>sT<B<C<QR>�l<=RA"a6>�@

Aι ck¾ q�?"@NW Ẽι U7M Q	L�a6AH?"@N^�L�^NQ	A"Y6Q<C�v�B	AHONA"B�l<=	F~;�=�>�?"@�A"BR> Xιz
ι = 1, λ

|�G$@ c A c G$@�L�=	WN;�LtL�l	C<Q�;�L�Q	A"E�B	AHO�BR>}T<B<C<QR>�l<=RA"akC<@
Aι c6À T<B	A�lRA�=RA"Q<C<F�C�=<=	wx?"@NB<C<B<qJw�@�?F�QR>

Ú C	? c �Zl<=	FSB	A"Y6A"Q<C<FKG	?HL�lRA"B�aZ>�r6AHM�m	A"@N_�B	AX;�=�>�?"@�A"BR>�z�;�=�>�?"@�A"B
X3

| c
g =	Fs;J>�aZlRL V L�;�=�>�?"@�A"BR> Xι

C	?"T	L�=	WNDHqJ@�?�FtTR>�BR>�MPA"@NB<_'y
z{>�|

eι = |Eι|
|E|

znmÁm<C	?�=RLkB	AHONA"B�^�MPLHl	q�=RA
ι
|�G

z�O�|
aι = |Ẽι|+|Eι|

|E|

znm©B	AHO�BR>�?XLHl	Q<C	M¢;�L�Q<E	LNM¢^�MPLHl	q�=RA
ι
| c

À O�rk>�F�v�>�BR>�;<@�A"B<C	?"@NC<;�>}MPLHl	q�=	WNQ	LN?"@NC�B	A"YZA"Q<C<FS;�=�>�?"@�A"B<C<D�>�E<C<C�l<=	F V BR>�I)> G
C	MPAHA"@�^NC�l�y

Qmod(X̂) =
λ∑

ι=1

(eι − (aι)
2).

Û >�l�>�mR>x;�=�>�?"@�A"B<C<D�>�E<C<C�?�E	A�=	WNw�Mi>�;�?"C	M C<D�>�E<C<Ckv�>�BR>�;<@�A"B<C	?"@NC<;<C�MPL�l	q�=	WNQ	LN?"@NC�L�@NQ	LN?"C<@�?F-;6;�=�>�?H?"q
×xÓ UÅ@NB<q�l	Q<_�vtD�>�l�>Hm�����Ã ��ciÚ >�?H?HMPL�@NB<C	M�C�=<=	wx?"@NBR>�@NC<^NQ<_�[�T<B<C	MPA"B c
Q�C<º9R-;?CoX�½ Ú >�?H?HMPL�@NB<C	Mtv�>�BR>�;<@�A"B<C	?"@NC<;<CZMPLHl	q�=	WNQ	LN?"@NC-l<=	FXB	A"Y6A"Q<C<FXQR> Ú C	? c � c Û lRAH?"W

|E| = 26
G

TR>�BR>�MPA"@NB<_¤l<=	Fs;�=�>�?"@�A"B	L�^	y
z b |

|E1| = 6
G
|Ẽ1| = 4

G
e1 = 0.23

G
a1 = 0.38

§ðz{��|
|E2| = 4

G
|Ẽ2| = 4

G
e2 = 0.15

G
a2 = 0.3

§
z{��|

|E3| = 3
G
|Ẽ3| = 4

G
e3 = 0.115

G
a3 = 0.27

§ðz���|
|E4| = 4

G
|Ẽ4| = 2

G
e4 = 0.15

G
a4 = 0.23

c
Ú A"DHq�=	W�@NC<B<q�wxrZ>�F1v�>�BR>�;<@�A"B<C	?"@NC<;�>nMPLHl	q�=	WNQ	LN?"@NCpl<=	F�B	A"YZA"Q<C<F$y

Qmod(X̂) = (0.23 − 0.14) +
(0.15 − 0.09) + (0.115 − 0.073) + (0.15 − 0.053) = 0.09 + 0.06 + 0.42 + 0.097 = 0.667

c

Ú C	? c � ciª LHl	q�=	WNQ	LN?"@NW�^k;�=�>�?"@�A"B<C<D�>�E<C<C V BR>�I)>

X1�
�
�
�
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X2�� �r rrr��@@ X3

�� �

d Q<q�@NB	A"Q<Q<C	AXB	AHO�BR>
l<=	F

X3
y
E3

???

B
B
BM

@
@I
HHY ���d Q	A"Y6Q<C	A

B	AHO�BR>6l<=	F
X3

y
Ẽ3

r rr��@@
�

�
��

X4�
�
�
�r rr rHHHH

0�½:%)·�:9;4<�=4>+@5<�=4C9p"A9=4p"C(qr[	·�s_A<¹	·
<�=8;DC	·
R º¢z�QR>�T<B<C	MPA"B\G�lRA"B	A"^�L<G�C	A"BR>�B�v�C<FR|-z
Qstruc(X̂)

| cxÛ lRAH?"W
O�=	C<D�LN?"@NW�T	L�=	qJm	A"Q<Q	L�[¨?"@NB<qJ;<@NqJB<_

Γ(X̂)
^3B	A"Y6A"Q<C<C�;�=�>�?"@�A"B<C<D�>�E<C<C¦å���Ñ�	ÂÍ	Î�Ê�Ï"Ð¿å��('1Î��
	ÂÍ<Ê¿å�
��;�D�>�U

l�>�Q<Q	L�[n?"@NB<qJ;<@Nq�B	A
Γ0 C	?H?�=RA�l	q�A"@�?F$y Qstruc(X̂) = δ(Γ(X̂),Γ0)

c�g =	F�L�E	A"Q<;<C�l�>�Q<Q	L V LsT	L�;J>�D�>�@�A�=	F
MPL V qJ@�O�_�@NW�C	?"T	L�=	WND�L�^�>�Q<_+BR>�D"=	C<m<Q<_`A)Y-;�>�=	_Áz�;�L�=	C<m	AH?"@N^�A"Q<QR>�FKG�T	L�B�FJl	;JL�^�>�F$G�^�A";<@�L�B<QR>�FKG	^�^NC�lRA
M q�=	W�@NC	M Q	L�a-AH?"@N^�|6� b � � G b �N� ��c
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S�½ ª Q	L V L�;<B<C<@�A"B<CR>�WNQR>�F¦z�^�A";<@�L�B<QR>�FR|)L�E	A"Q<;J>�;J>�m	AH?"@N^�>�B	A"Y6A"Q<C<F3;�=�>�?"@�A"B<C<D�>�E<C<C1C<Q<@�A V B<C<B<q�A"@

qJ;J>�D�>�Q<Q<_`A-^N_�Y6Axv�>�BR>�;<@�A"B<C	?"@NC<;<C\G�QR>ZT<B<C	MPA"B\y

Q(X̂) = (Qinter(X̂), Qintra(X̂), π(X̂))
c

Ù >�;<C	MLNO�BR>�D�LNM�G�D�>�l�>�mR>�;�=�>�?"@�A"B<C<D�>�E<C<C�MPL�a-A"@�I)L�B	M q�=	C<B	L�^�>�@NW�?F«;J>�;¢M Q	L V L�;<B<C<@�A"B<CR>�=	WNQR>�F
L�T<@NC	M C<D�>�E<C	L�Q<QR>�F�D�>�l�>HmR>tz�MPL V qJ@�C	?";�>�@NW�?�F ¾ >�B	A"@�L�UÅ]�I)I'A";<@NC<^NQ<_`A'B	A"YZA"Q<C<FR|�G<QR>�T<B<C	MPA"B\y

min Qintra(X̂), max Qinter(X̂), s.t. Qbal(X̂) � π0, Qstruc = δ(Γ(X̂),Γ0) ≤ δ0.

d ?�=	qJmR>�A-C	?"T	L�=	WND�L�^�>�Q<C<FnL�E	A"Q	L�;�^}^NC�lRAZM q�=	W�@NC	M Q	L�a6AH?"@N^	GðM Q	L V L�;<B<C<@�A"B<CR>�=	WNQR>�FnD�>�l�>�mR>�;�=�>�U
?"@�A"B<C<D�>�E<C<CZMPL�a6A"@�I'L�B	M q�=	C<B	L�^�>�@NW�?�F'QR>�LN?"Q	L�^�A�B	A"Y6A"@�L�;);J>Hm	AH?"@N^�>-z�Y-;�>�=-^�^NC�lRAPmR>�?"@NC<m<Q	L�UÅqJT	L�B�FJlRL�m	A"Q<Q	L V L
M Q	L�a-AH?"@N^�>�|6z�T<B<Ct]H@�LNM ¾ >�B	A"@�L�UÅ]�I'I)A";<@NC<^NQ<_`A'B	A"YZA"Q<C<F}C<r6qJ@�?�FSQR>kLN?"Q	L�^�AXqJ;J>�D�>�Q<Q<_�vtB	A"YZA"@�L�;�|�y

min Qintra(X̂), max Qinter(X̂)

s.t. I intra(Xι) � I0, ∀ι = 1, λ, Qbal(X̂) � π0, Qstruc = δ(Γ(X̂),Γ0) ≤ δ0.
Û lRAH?"W	y

I0 ∀Xι
U4L�T	L�B<QR>�F�L�E	A"Q<;�>k^�^NC�lRA-M q�=	W�@NC	M Q	L�a-AH?"@N^�>�z�T	L�B	A"Y6A"@N;JANG Ú C	? c�¡ Ñ�|�G

π0 U4L�T	L�B<QR>�F
L�E	A"Q<;�>k^�^NC�lRA'M q�=	W�@NC	M Q	L�a-AH?"@N^�>�l<=	FSO�>�=�>�Q	?�>kT	LkBR>�D�MPA"B<qs;�=�>�?"@�A"B	L�^~z�T	LZB	A"Y6A"@N;JANG Ú C	? c�¡ %R| c

Ú C	? c6¡ C�=<=	w:?"@NB<C<B<q�A"@tC<Q<@�A V B<C<B	L�^�>�Q<Q	LNA�l	C	?";<B	A"@NQ	LNA���T<B	LN?"@NBR>�Q	?"@N^�L	�k;�>Hm	AH?"@N^�>sl<=	F~LNONLNO�rZA"Q�U
Q	L�[t^�A";<@�L�B<Q	L�[�L�E	A"Q<;<C�;�>Hm	AH?"@N^�>k^�^NC�lRA'M q�=	W�@NC	M Q	L�a6AH?"@N^�>�l<=	FsB	A"YZA"Q<C<FS;�=�>�?"@�A"B<C<D�>�E<C<C c

Ú C	? c�¡�cPj =<=	wx?"@NBR>�E<C<Ftl<=	FSB	A"Y6A"@�L�;t;�>Hm	AH?"@N^�>

z{Ë�|:��C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B
;J>Hm	AH?"@N^�L

Qintra(X̂)

�
�

�
�

�
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S
S

S
S

S
S

rd
j lRA�>�=	WNQ<_`A

@�L�m<;<C������

�
�
�
�
�
�
���

z�Ì�|X��C<Q<@�A"B��¯UÅ;�=�>�?"@�A"B
;J>Hm	AH?"@N^�L

Qinter(X̂)

�
�

�
�

�
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S
S

S
S

S
S

reh

z�Ñ�|:��C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B
;J>�m	AH?"@N^�L

Iintra(Xι),∀ι
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S
S

S
S

S
SI0t
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rd
j lRA�>�=	WNQR>�F
@�L�m<;J>

��) z�%R|�O�>�=�>�Q	?XT	L�BR>�D�MPA"B<q
;�=�>�?"@�A"BR>

Qbal(X̂)

re
j lRA�>�=	WNQR>�F
@�L�m<;J>

��3

�
�

�
�

�
�

S
S

S
S

S
S

rd

π0
tPPPP
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�
�

d ?�=	q�mR>�A3��BR>�D�M _�@N_�vK��D�>�l�>Hm�;�=�>�?"@�A"B<C<D�>�E<C<C+z$# Î��8t�Êj&SÑ�	ÂÍ	Î¿Ê�Ï"Ð¿å��('�|�G�Q	AHLNOHv�L�l	C	MPL3BR>�?H?HMi>�@NB<C<^�>�@NW
MPA"B<_£��BR>�D�M _�@�LN?"@NC��XB	A"YZA"Q<C<[3z�QR>�T<B<C	MPA"B\G	;�>�;�LNO�rk>�F�v�>�BR>�;<@�A"B<C	?"@NC<;�>�T	A"B	AH?HA"m	A"Q<C<Ft;�=�>�?"@�A"B	L�^�| c

� c ¬ É'È7ufÙ�eiÚ�j'Û$È�ÜXjvu©hXÈ+ÀXufh)Àxd�e�Æ\Ú�ÈI7XÈ
w *x)+*zy|{~}
L���HKJ�M��8}
�9M"N_�9}B�8L��9�8�
H|��M9�9M���}D{9���9�8�/���9�8��J!�n�8}
����H������
HKJ�H��8}

¾ B	A�l	^�>�B<C<@�A�=	WNQ	LNA�T	LN?"@NB	LNA"Q<C	A�M C<Q<C	Mi>�=	WNQ<_�vnT	L�;<B<_�^�>�wxr-C�v~lRA"B	A"^NW�A"^�l<=	F�C	?¿v�LHl	Q<_�v V BR>�I'L�^
Y6C<B	L�;�L�C	?"T	L�=	WNDHq�A"@�?�F�^�?¿v�AHMi>�vtB	A"YZA"Q<C<F�M Q	L V C�vS;�LNMPO�C<QR>�@�L�B<Q<_�v�D�>�l�>�m�z�Ï c ' c G\����Ã � | cfÈ = V L�B<C<@�M C�U
m	AH?";�>�F�?�=RL�akQ	LN?"@NW-l<=	F�@�>�;�L�[}D�>�l�>Hm<C�BR>�^NQR>

O(n log n)
z
n
U�m<C	?�=RL)^�A"B<Y-C<Q V BR>�I)>�| c È = V L�B<C<@�M _�QR>

LN?"Q	L�^�AkM C<Q<C	Mi>�=	WNQ	L V LST	L�;<B<_�^�>�wxrZA V L}lRA"B	A"^�>}C	?H?�=RA�lRL�^�>�=	C	?"WtC~T<B<C	MPA"Q<F�=	C	?"W�M Q	L V C	M C�C	?H?�=RA�lRL�U
^�>�@�A�=	F<M C~�ÇÃ��	G�Ã ¡ G bNb ��G b �N��G b�¡ �	G b � � G b � b G b ��ÃJG{� ��b���c�À ?"Q	L�^NQ<_`Ax?"@�>�l	C<C}@�>�;JL V L6>�= V L�B<C<@�Mi>6?�=RA�l	qJw�r6C	ANy

� ��}
�4M"N_)�* d _�m<C	?�=RA"Q<C	A)Mi>�@NB<C<E<_ÄBR>�?H?"@�L�F�Q<C<[�o�O�=	C<D�LN?"@NC�LNO�ç\A";<@�L�^
Z
c

� ��}
�4M"N`,6* ¾ LN?"@NB	LNA"Q<C	A-?HLNL�@N^�A"@�?"@N^Nq�wxr6A V L V BR>�I)> G
c

� ��}
�4M"Nf��* ¾ LN?"@NB	LNA"Q<C	A-M C<C	Mi>�=	WNQ	L V L�T	L�;<B<_�^�>�wxr6A V L�lRA"B	A"^�> T
l<=	F V BR>�I)> G

c
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�
H� ° õ ±Nõ�²�³�Þ/´�µ
� ��}
�4M"N w *S¬x=�>�?"@�A"B<C<D�>�E<C<F1^�A"B<Y-C<Q�lRA"B	A"^�>

T
z�QR>�T<B<C	MPA"B\Gi>�= V L�B<C<@�MÄq�l�>�=RA"Q<C	A�^�A"@N^�A"[\G >�= V L�U

B<C<@�M¢C	A"BR>�B�v�C<m	AH?";�L�[�;�=�>�?"@�A"B<C<D�>�E<C<C�| c
� ��}
�4M"N��"* À ?"@�>�Q	L�^ c
g >�=RAHA~BR>�?H?HMi>�@NB<C<^�>�A"@�?�F¤T<B<C	MPA"Q	A"Q<C	A�C	A"BR>�B�v�C<m	AH?";�L�[�;�=�>�?"@�A"B<C<D�>�E<C<CÄQR>1?"@�>�l	C<CÄ� c À E	A"Q<;<C

?�=RL�akQ	LN?"@NC�BR>�?H?HMi>�@NB<C<^�>�AHMPL V Ls>�= V L�B<C<@�Mi>kT<B<C<^�A�lRA"Q<_¤^�@�>�O�=	C<E	AZÃ c

¶�·�¸�¹<º<»	·5gN½ u =RL�akQ	LN?"@NW	yi;�=�>�?"@�A"B<C<D�>�E<C<F�QR>ZLN?"Q	L�^�A)M C<Q<C	Mi>�=	WNQ	L V L�T	L�;<B<_�^�>�w�rZA V LklRA"B	A"^�>
u @�>�l	C<F À T<C	?�>�Q<C	A À E	A"Q<;�>
u @�>�l	C<F bNc d _�m<C	?�=RA"Q<C	A-Mi>�@NB<C<E<_ãBR>�?H?"@�L�F�Q<C<[

Z O(n2)u @�>�l	C<F�� c ¾ LN?"@NB	LNA"Q<C	A)?HLNL�@N^�A"@�?"@N^NqJw�rZA V L V BR>�I)> G O(n2)u @�>�l	C<F�� c ¾ LN?"@NB	LNA"Q<C	A)M C<Q<C	Mi>�=	WNQ	L V L�T	L�;<B<_�^�>�w�rZA V LZlRA"B	A"^�> O(n log n)u @�>�l	C<Ft� c ¬x=�>�?"@�A"B<C<D�>�E<C<Ft^�A"B<Y-C<QtlRA"B	A"^�>
O(n log n)u @�>�l	C<F ¡�c À ?"@�>�Q	L�^

O(1)

u @�>�l	C<C¢��Gi�	G ¡ ?HLNL�@N^�A"@�?"@N^Nq�wx@n?"C<@Nq�>�E<C<C\G�;JL V l�>�^~;J>�m	AH?"@N^�ASC	?¿v�L�l	Q<_�v�l�>�Q<Q<_�v1C	?"T	L�=	WNDHq�A"@�?F
V BR>�I c O(n log n)

c
Q�C<º9R-;?C�Y�½ Ú >�?H?HMi>�@NB<C<^�>�A"@�?�F�M Q	L�a-AH?"@N^�LtLNO�ç\A";<@�L�^

A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}
ckª >�@�U

B<C<ER>6O�=	C<D�LN?"@NCsT<B	A�lR?"@�>�^�=RA"QR>Z^6@�>�O�=	C<E	AX�}z�?"C	M ^�L�=5#
?
&7L�DHQR>HmR>�A"@�L�m	A"Q<WkONL�=	WNYZLNA7DHQR>�m	A"Q<C	A�| c�Æ BR>�I

G = (A,E)
C<D�LNO�BR>�a-A"Q�QR> Ú C	? c ��G4T	L�;<B<_�^�>�wxrZAHASlRA"B	A"^�L

T = (A,E ′)
U)QR> Ú C	? c Ãpz�^N;�=	wxmR>�F

B	A"YZA"Q<C	A';�=�>�?"@�A"B<C<D�>�E<C<C�| c
¾ B	A�lR?"@�>�^�=	F<A"@�?F�E	A�=RAH?HLNLNO�BR>�DHQ<_`M�C	?"T	L�=	WND�L�^�>�@NW�MPL�l	C	IXC<;J>�E<C<w V BR>�I-> G = (A,E)

QR>SLN?"Q	L�^�A
q�l�>�=RA"Q<C	A�B	AHONA"B-T	L`q�?�=RL�^NC<wZy\^�AH?�B	AHO�BR>�#

>
& T	L�B	L V > c �xMPA"Q<WNYZA"Q<C	AiT	L�B	L V >`T<B<C<^�L�l	C<@x;)qJMPA"Q<WNYZA"Q<C<w

MPL�r6Q	LN?"@NCpM Q	L�a-AH?"@N^�>�B	AHONA"B
E
c�Ù >�;�L�[�T<B	L�E	AH?H?sMPL�a6A"@�O�_�@NW�T	L�=RA"D�A"Q�T<B<C3LNO�BR>�ONL�@N;JAsC	?¿v�L�l	Q<_�v

l�>�Q<Q<_�v c�¾ B	L�C�=<=	w:?"@NB<C<B<q�AHM¢qJ;J>�D�>�Q<Q<_�[�T<B	L�E	AH?H?XQR>ZT<B<C	MPA"B	A:l�>�Q<Q<_�vSC<D'T<B<C	MPA"BR>���y
z�å�|4T	L�B	L V 2.6

y V BR>�I G = (A,E)
z Ú C	? c ��|�§

z�åÂå�|4T	L�B	L V 1.4
y V BR>�I G1 = (A,E1)

z Ú C	? c ��|�§
z�åÂåÂå�|4T	L�B	L V 0.5

y V BR>�I G2 = (A,E2) = T = (A,E ′)
z Ú C	? c ÃJG�T	L�;<B<_�^�>�wxrZAHAXlRA"B	A"^�L�|�§

z�åÂæ	|4T	L�B	L V 0.3
y V BR>�I G3 = (A,E3)

z Ú C	? c ��| c
¾ B<C	MPA"Q	A"Q<C	A'qJ;J>�D�>�Q<Q	L�[�T<B	L�E	A�l	q�B<_ÄT	L�DH^�L�=	F�A"@�QR>�[<@NC3��q�lRLNO�Q<q�wk�X?"@NB<qJ;<@Nq�B<q c

¶�·�¸�¹<º<»	·�l�½ â =	C<D�LN?"@NC�l<=	F}T<B<C	MPA"BR>�z�B	AHO�B	L
(i1, i2)

|
i1 i2 : 2 3 4 5 6 7 8 9 10 11 12b

0.3 1.4 1.45 ? ? ? ? ? ? ? ?�
0.3 ? ? 2.6 0.2 1.8 ? ? ? ?�

0.4 ? ? 1.65 0.25 ? ? ? ?�
0.4 ? ? 0.45 1.9 ? ? ?¡

? ? ? 0.35 1.5 ? ?�
0.1 ? ? ? 1.4 ?Ã

0.41 ? ? 0.4 ?�
0.9 ? 2.1 ?�

0.15 ? 0.5b��
? 2.0bNb

2.5
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Ú C	? c � cPÆ BR>�I
G = (A,E)
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r12 Ú C	? c Ã c�¾ L�;<B<_�^�>�w�rZAHA:lRA"B	A"^�L
T = (A,E′)
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Ú C	? c � cPÆ BR>�I
G1 = (A,E1)
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r12 Ú C	? c � cPÆ BR>�I
G3 = (A,E3)
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Ù A"T	A"B<WkBR>�?H?HMPL�@NB<C	M«>�l�>�T<@NC<^NQ	L�[�^�A"B	?"C<wÄ;�=�>�?"@�A"B<C<D�>�E<C<CtQR>-LN?"Q	L�^�AXM C<Q<C	Mi>�=	WNQ	L V LkT	L�;<B<_�^�>�w�U

rZA V LslRA"B	A"^�> c}j ?¿v�LHl	Q<_`A�l�>�Q<Q<_`A�^N;�=	wxmR>�wx@�?�=RA�l	q�wxrZAHANy�z{>�|:M Q	L�a6AH?"@N^�L~LNO�ç\A";<@�L�^�o�>�=	W�@�A"B<QR>�@NC<^
A = {A1, ..., Ai, ..., An}

G/z�O�|`M Q	L�a-AH?"@N^�LsTR>�BR>�MPA"@NB	L�^�o�;<B<C<@�A"B<C	A"^
C = {C1, ..., Cj , ..., Cm}

G z�^�|�Mi>�@�U
B<C<ER>~L�E	A"Q	L�;

X = {xij}
G
i = 1, n, j = 1,m

G
xij

Ux;JL�=	C<m	AH?"@N^�A"Q<QR>�F¢L�E	A"Q<;J>
Ai

T	L�;<B<C<@�A"B<C<w
Cj
c

È = V L�B<C<@�M«^N;�=	wxmR>�A"@�?"@�>�l	C<C\y
� ��}
�4M"N�)�* d _�m<C	?�=RA"Q<C	A}Mi>�@NB<C<E<_£O�=	C<D�LN?"@NC

Z = {zik}
G
i = 1, n, k = 1, n

G V lRA zik

U�L�E	A"Q<;J>
O�=	C<D�LN?"@NC¤z�BR>�?H?"@�L�F�Q<C	A�|kMPA"aZl	q

Ai
C

Ak

z�C	?"T	L�=	WNDHq�A"@�?�F Ø ^N;�=	C�lRL�^�>nMPA"@NB<C<;J>�| c¢À m	A"^NC�l	Q	L<G
zii =

0,∀i = 1, n
c

� ��}
�4M"N�,6* ¾ B	AHLNO�BR>�D�L�^�>�Q<C	A}Mi>�@NB<C<E<_
Z
^�Mi>�@NB<C<E	A�?ZT	L�B�FJl	;�L�^N_`M C�DHQR>Hm	A"Q<C<F<M C

Y = {yik}
c

¾ q�?"@NW�C	MPA"w�@�?FtMi>�;�?"C	Mi>�=	WNQ	LNA-C�M C<Q<C	Mi>�=	WNQ	LNA'DHQR>�m	A"Q<C<Ft]"=RAHMPA"Q<@�L�^�Mi>�@NB<C<E<_
Z
y

zmin = min∀i=1,n,i=1,k
{zik}

G
zmax = max∀i=1,n,i=1,k

{zik}
c

Ù L V l�>sT	L�=	qJmR>�A"@�?�F~C<Q<@�A"B<^�>�= [zmin, zmax]
C

d = zmax − zmin c-j ?"T	L�=	WNDHq�A"@�?�F~lRL�T	L�=	Q<C<@�A�=	WNQ<_�[
TR>�BR>�MPA"@NB

δ
z�@ c A c G

3, 4, 5, 6
| cf¾ q�?"@NW

δ = 5
c�Ø =RAHMPA"Q<@N_ÄQ	L�^�L�[�Mi>�@NB<C<E<_¤MPL�akQ	L�^N_�m<C	?�=	C<@NW�@�>�;\y

yik =





0,
åTt

0.0 ≤ zik ≤ d/δ,
1,
åTt

d/δ < zik ≤ 2d/δ,
2,
åTt

2d/δ < zik ≤ 3d/δ,
3,
åTt

3d/δ < zik ≤ 4/δ,
4,
åTt

4d/δ < zik ≤ d.

� ��}
�4M�N��"* ¾ LN?"@NB	LNA"Q<C	A6?"^NF�DHQ	L V L V BR>�I)>Sz�C<@�A"BR>�@NC<^NQ<_�[�T<B	L�E	AH?H?�|�y
¾ q�?"@NW

∆ = 1, 2, ...
U�E	A�=	_�[tTR>�BR>�MPA"@NB~>�= V L�B<C<@�M _Áz�C<Q�lRA";J?'E<C<;�=�>�| c

��}]���"*x)�* j ?¿v�L�l	Q	LNA)DHQR>�m	A"Q<C	A'C<Q�lRA";J?�>
∆ = 1

c
��}]���"*�, ¾ B	AHLNO�BR>�D�L�^�>�Q<C	A)T	L�B�F�l	;JL�^�L�[�Mi>�@NB<C<E<_

Y
^ â q�=RA"^Nq}Mi>�@NB<C<E<q

B = {bik}
y

bik =

{
1,
åTt

yik < ∆,
0,
åTt

yik ≥ ∆.

��}]���"*��* ¾ LN?"@NB	LNA"Q<C	A V BR>�I-> G∆ = (A,Γ∆)
G V lRA Γ∆ U4M Q	L�a-AH?"@N^�L}B	AHONA"B\G	B	AHO�B	L

(Ai, Ak)
?"qJrZA�U

?"@N^Nq�A"@�GRAH?�=	C
bik = 1

c
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�® ° õ ±Nõ�²�³�Þ/´�µ
��}]���"* w * È QR>�=	C<D)?"^NF�DHQ	LN?"@NC V BR>�I)> G∆ = (A,Γ∆)

cie ?�=	C V BR>�I?"^NFJD�A"Q\G	@�L��'Õ|�7Õ���}]���"*h� c
��}]���"*$�"*

∆ = ∆ + 1
Cc�)Õ|�7Õ���}
����*�,

��}]���"*h�+* ¾ LN?"@NB	LNA"Q<C	A�M C<Q<C	Mi>�=	WNQ	L V LxT	L�;<B<_�^�>�w�rZA V L�lRA"B	A"^�>�l<=	F V BR>�I-> G∆ = (A,Γ∆)
y

T∆ =
(A, Ê∆)

c¨Û lRAH?"W3MPL V qJ@�C	?"T	L�=	WND�L�^�>�@NW�?�F�C<DH^�AH?"@NQ<_`A~>�= V L�B<C<@�M _'G�QR>�T<B<C	MPA"B\y�>�= V L�B<C<@�M â L�B	L�^N;J>�G
>�= V L�B<C<@�M ¾ B<C	Mi>�GZ>�= V L�B<C<@�M ¬:B<q�?";J>�=�>+�ÇÃJG��N��G���ÃJG�� ¡ G b � b G�� � � ��c u =RL�akQ	LN?"@NW¦]H@NC�v�>�= V L�B<C<@�MPL�^	y
O(p log n)

z�C�=	C�MPA"Q	AHA���� � � � |Xz
p
Uim<C	?�=RL�B	AHONA"B\G

n
Uim<C	?�=RLk^�A"B<Y-C<Q�| c

�!�� �¡ �"*�¢4*�¬x=�>�?"@�A"B<C<D�>�E<C<F¦M Q	L�a6AH?"@N^�>�LNO�ç\A";<@�L�^
A
QR>�LN?"Q	L�^�A�T	L�;<B<_�^�>�w�rZA V L3lRA"B	A"^�> T∆ =

(A, Ê∆)
?�qJm	A"@�LNM�>�= V L�B<C<@�M C<m	AH?";<C�v1TR>�BR>�MPA"@NB	L�^	y�^�;�>�aZlRLNM�;�=�>�?"@�A"B	A�m<C	?�=RL�]"=RAHMPA"Q<@�L�^

α
q�lRL�U

^�=RA"@N^�L�B�F�A"@}q�?�=RL�^NC<wZy
α′ ≤ α ≤ α′′ G�QR>�T<B<C	MPA"B\y α′ = 4

G
α′′ = 6

c
� ��}
�4M"N w *4Ô�Ê��
V c
d @�>�O�=	C<E	A-�6qJ;J>�D�>�Q<_¤L�E	A"Q<;<C�?�=RL�akQ	LN?"@NC�?"@�>�l	C<[�>�= V L�B<C<@�Mi> c�À O�rZ>�FSL�E	A"Q<;�>k?�=RL�akQ	LN?"@NWs>�= V L�U

B<C<@�Mi>}BR>�^NQR>
O(n2)

c'd LNO�rZAHM�?�=	qJmR>�A6D�>�l�>HmR>
k
U�?HO�>�=�>�Q	?"C<B	L�^�>�Q<Q	L V L�BR>�D�O�C	A"Q<C<F�lRA"B	A"^�>}FJ^�=	F<A"@�?F

×xÓ UÅ@NB<q�l	Q	L�[1z
k
U�BR>�D�MPA"Bt;�=�>�?"@�A"BR>�^kB	A"Y6A"Q<C<Ct;�=�>�?"@�A"B<C<D�>�E<C<C�|)��� b���c

¶�·�¸�¹<º<»	·�£�½ u =RL�akQ	LN?"@NW	y�>�l�>�T<@NC<^NQ<_�[�>�= V L�B<C<@�M¢QR>kLN?"Q	L�^�AXT	L�;<B<_�^�>�wxr6A V L�lRA"B	A"^�>
u @�>�l	C<FRo�Yk> V À T<C	?�>�Q<C	A À E	A"Q<;J>
u @�>�l	C<F b d _�m<C	?�=RA"Q<C	A)Mi>�@NB<C<E<_¤BR>�?H?"@�L�F�Q<C<[

Z O(n2)u @�>�l	C<F�� ¾ A"B	LNO�BR>�D�L�^�>�Q<C	A6MPA"@NB<C<E<_
Z
^kT	L�B�FJl	;�L�^N_�w¥Mi>�@NB<C<E<q

Y O(n2)u @�>�l	C<F�� ¾ LN?"@NB	LNA"Q<C	A-?"^NFJDHQ	L V L V BR>�I)>6QR>�l�]"=RAHMPA"Q<@�>�M C A O(n2)ä > V � cÂb Û >�l�>�Q<C	A)QR>HmR>�=�>kE<C<;�=�>
O(1)ä > V � c � ¾ B	AHLNO�BR>�D�L�^�>�Q<C	A6MPA"@NB<C<E<_

Y
^ â q�=RA"^NqsMi>�@NB<C<E<q

B O(n2)ä > V � c � ¾ LN?"@NB	LNA"Q<C	A V BR>�I)> G
G<?HLNL�@N^�A"@�?"@N^NqJw�rZA V L�Mi>�@NB<C<E	A B O(n2)ä > V � c � È QR>�=	C<D)?"^NF�DHQ	LN?"@NC V BR>�I)> G O(n)ä > V � c�¡ ¬XL�B<B	A";<E<C<FtTR>�BR>�MPA"@NBR>�E<C<;�=�>

O(1)ä > V � c � ¾ LN?"@NB	LNA"Q<C	A-M C<Q<C	Mi>�=	WNQ	L V L�T	L�;<B<_�^�>�wxr6A V L�lRA"B	A"^�> T
l<=	F V BR>�I)> G O(p log n)ä > V � c Ã ¬x=�>�?"@�A"B<C<D�>�E<C<F�^�A"B<Y-C<QSlRA"B	A"^�>

T
z�L V BR>�Q<C<m	A"Q<Q<_`A)BR>�D�MPA"Bt;�=�>�?"@�A"BR>�| O(n)u @�>�l	C<FS� c À ?"@�>�Q	L�^

O(1)

w *�,�*�y|{~}8L���HKJ!M6�8}
�9M"N��~}B�4L��~�8�
H¤�8�-�
H¥{!H��9M"N��4{9M~�

Ú >�?H?HMPL�@NB<C	M V BR>�I G = (A,E)
^`;�>Hm	AH?"@N^�AfC	?¿v�L�l	Q<_�v)l�>�Q<Q<_�v cðd ;�=	C<;JAxz�T	L�=	Q<_�[ V BR>�I-o�T	L�l V BR>�I-|

;�>�aZl�>�F1^�A"B<Y6C<QR>~?"^NF�D�>�QR>�?HL�^�?HAHM CpLN?"@�>�=	WNQ<_`M C«^�A"B<Y-C<QR>�M C c�ª L�a-A"@�BR>�?H?HMi>�@NB<C<^�>�@NW�?�F¢;<^�>�DHC�U
;�=	C<;�>�G�QR>�T<B<C	MPA"B\G�;J>�;�;�=	C<;J>3ONA"D�L�l	Q	L V L�B	AHO�BR> c ¬x=	C<;<C+z�C�=	C¢;<^�>�DHC�UÅ;�=	C<;<C�|�I'L�B	M C<qJw�@3L�m	A"Q<W
��QR>�?"_�rZA"Q<Q<_�[���z¿�"?"C�=	WNQ<_�[���|-;�=�>�?"@�A"Bp?�@�L�m<;<C�DHB	A"Q<C<F�^ND�>�C	MPLN?"^NF�DHCp]"=RAHMPA"Q<@�L�^ c�Û >�l�>HmR>�T	L�C	?";J>
Mi>�;J?"C	Mi>�=	WNQ	L�[�;�=	C<;<Ck^ V BR>�I'AfF�^�=	F�A"@�?FZC<DH^�AH?"@NQ	L�[�×�Ó UÅ@NB<q�l	Q	L�[kT<B	LNO�=RAHMPL�[t����ÃJG b���b���cPÙ >�;<C	M�LNO�BR>�U
D�LNM~T	A"B	AHONL�B<Q<_`A`MPA"@�L�l	_pC�=	Ck]H^NB<C	?"@NC<;<CkC	?"T	L�=	WNDHq�wx@�?�FZl<=	F6]H@�L�[ZD�>�l�>Hm<C cP¾ B	L�E	AH?H?�;�=�>�?"@�A"B<C<D�>�E<C<C
QR>kLN?"Q	L�^�A';�=	C<;<C�L�B V >�Q<C<DHq�A"@�?F�;�>�;tT	LN?�=RA�lRL�^�>�@�A�=	WNQ	LN?"@NWsD�>�l�>HmtT	L�C	?";�>k;�=	C<;�����Ã � y
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(Aj1 , Aj2)
C�]"=RAHMPA"Q<@NqkMi>�@NB<C<E<_¨O�=	C<D�LN?"@NC

Z = ||zj1,j2 ||
c
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÷«ø�÷ °�ù/´�µ�úKû ÷4ü µ ÷fý¢ø ²`ú,ø/ûð³ ü ´`þ<ú�ÿ�´�´ 
�
?E
g >�=RAHAZD�>�MPA"Q<F<AHM¨Y6;J>�=	q

[−1,+1]
l<=	F�B	AHO�BR>�QR>�;JL�=	C<m	AH?"@N^�A"Q<Q<q�w£Y6;J>�=	qtl<=	F�^�AH?HL�^	yxL�@NB<C<ER>�@�A�=	W�U

QR>�F~;�L�=	C<m	AH?"@N^�A"Q<QR>�F�Y-;�>�=�>
[−w−, ..., 0)

^�MPAH?"@�L�#
−1
&)C~T	L�=RL�akC<@�A�=	WNQR>�F�;�L�=	C<m	AH?"@N^�A"Q<QR>�FnY6;J>�=�>

(0, ..., w+]
^�MPAH?"@�La#

+1
& c~ª Q	L�a-AH?"@N^�L�TR>�B1]"=RAHMPA"Q<@�L�^�BR>�D"lRA�=	F<A"@�?�FpQR>tl	^�>�Q	A"T	A"B	AH?HA";J>�wxr-C�v�T	LHl<U

M Q	L�a-AH?"@N^�>
G = G− ⋃

G+ z
|G− ⋂

G+| = 0
| V lRA ∀g− ∈ G− C

∀g+ ∈ G+ c`Ú A"YZA"Q<C	A-;�=�>�?"@�A"B<C<D�>�E<C<C
C	MPAHA"@�^NC�l�y

X̂ = {X1, ..., Xι, ..., Xλ}
cij ?"T	L�=	WNDHqJw�@�?Fsl	^�A'IXqJQ<;<E<C<C\y

z�å�|�LNO�r6AHA��"?HL V =�>�?HL�^�>�Q<C	A��«z�?"q�MPM C<B	L�^�>�Q<C	A~^�AH?HL�^�^�?HA�v���C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B¦TR>�B¦?�T	L�DHC<@NC<^NQ<_`M C
^�AH?�>�M C�B	AHONA"B�|

Qagr(X̂)
z�Mi>�;�?"C	M C<D�>�E<C<FR|�§

z�åÂå�|7LNO�r6AHAs��BR>�?H?HL V =�>�?HL�^�>�Q<C	A���z�?"qJMPM C<B	L�^�>�Q<C	AZ^�AH?HL�^���C<Q<@NBR><�¯UÅ;�=�>�?"@�A"BnTR>�B~?)Q	A V >�@NC<^NQ<_`M Cn^�A�U
?�>�M CtB	AHONA"B�|

Qdisagr(X̂)
z�M C<Q<C	M C<D�>�E<C<FKG�T	LkMPLHl	q�=	wX| c

ª LHlRA�=	W�C	MPAHA"@�^NC�l�z Ú C	? c`b ��|�y

h >�[<@NCtB	A"YZA"Q<C	AX;�=�>�?"@�A"B<C<D�>�E<C<C
X̂
@�>�;JLNANGRm<@�L<yÄz�å�|

Qagr(X̂) → max
C1z�åÂå�|

|Qdisagr(X̂)| → min
c

Ú C	? c7b � c # ¾ B	LN?"@NBR>�Q	?"@N^�L8&);J>�m	AH?"@N^�>kB	A"YZA"Q<C<F

(0, 0)s

?

- Qagr(X̂)

Qdisagr(X̂)

re j lRA�>�=	WNQR>�F
@�L�m<;J>@@HHj

½Â½Â½
- rHHj r- r

HHj
½Â½Â½

À V BR>�Q<C<m	A"Q<C	A
q ≥ |Qdisagr(X̂)|

Ù BR>�A";<@�L�B<C<F�^�A";<@�L�B<Q	L�[�IXqJQ<;<E<C<C;�>Hm	AH?"@N^�>�z�C<@�A"BR>�E<C<C�>�= V L�B<C<@�Mi>�|
(Qdisagr(X̂), Qagr(X̂))

g =	F�^�A"B	?"C<[sD�>�l�>�m<CS;�L�B<B	A�=	F�E<C	L�Q<Q	L�[t;�=�>�?"@�A"B<C<D�>�E<C<C�O�_�=	CsT<B	A�l<=RL�a6A"Q<_ã]H^NB<C	?"@NC<;<CSC}T<B<C	O�=	C�U
a6A"Q<Q<_`An>�= V L�B<C<@�M _ z�^N;�=	wxmR>�F�T	L�=	Q	LNM CR>�=	WNQ<_`A~T<B<C	O�=	C<a-A"Q<Q<_`A�?¿v�AHM _ Ón�¬:Ô<|�� b�¡ G b ÃJG b � ��c�j D"U
^�AH?"@NQ<_�[�C	A"BR>�B�v�C<m	AH?";<C<[z{> V =RLNMPA"BR>�@NC<^NQ<_�[�|s>�= V L�B<C<@�MÁMPL�a6A"@1T<B<C	MPA"Q<F�@NW�?F�D"lRAH?"W3;J>�; � V B<C�l	C��
zh'NÐ�ÏHÏ�%6©	|-]H^NB<C	?"@NC<;J>«z�@ c A c GiT	L�Yk> V L�^�LNAsq�=	qJm<YZA"Q<C	A�B	A"YZA"Q<C<F�D�>�l�>Hm<CpQR>�LN?"Q	L�^�As^N_`ONL�B«?�=RA�l	qJw�rZA"[
TR>�B<_�LNO�ç\A";<@�L�^kl<=	FtLNO�ç\A�l	C<Q	A"Q<C<FR| c�¾ B<C<^�A�lRAHM«T<B<C	MPA"B�@�>�;JL�[�?¿v�AHM«B	A"Y6A"Q<C<F�z Ú C	? c7b ��|�y

� ��}
�4M"N®)+* d _�m<C	?�=RA"Q<C	A«Mi>�@NB<C<E<_ O�=	C<D�LN?"@NC z�BR>�?H?"@�L�F�Q<C<[�|�TR>�B+]"=RAHMPA"Q<@�L�^
∀(A(j1), A(j2))

G
A(j1) ∈ A

G
A(j2) ∈ A

G
j1 6= j2

c
� ��}
�4M"N¯,�* ¾ B	AHLNO�BR>�D�L�^�>�Q<C	A}Mi>�@NB<C<E<_TR>�B�O�=	C<D�LN?"@NC3]"=RAHMPA"Q<@�L�^�^tT	L�DHC<@NC<^NQ<_`A�CnQ	A V >�@NC<^NQ<_`A

^�AH?�> c
� ��}
�4M"N°�"* Û >�l�>�Q<C	AST	A"B<^�L�QR>HmR>�=	WNQ	L V L�B	A"Y6A"Q<C<F�;�=�>�?"@�A"B<C<D�>�E<C<C

X̂0 ;J>�;p;�LNM T	L�DHC<E<C<C¢C	?¿v�LHl<U
Q<_�v~]"=RAHMPA"Q<@�L�^	G\^�A";<@�L�B<QR>�F�E	A�=RA"^�>�FnIXqJQ<;<E<C<F�C	MPAHA"@S^NC�l�y

f
0

= (Qdisagr(X̂0), Qagr(X̂0)) = (0, 0)z�D�>�l�>�Q	L�C	?¿v�LHl	Q	LNA-DHQR>Hm	A"Q<C	A-IXqJQ<;<E<C<C\G�QR>HmR>�=	WNQ<_�[�C<Q�lRA";�?XU
γ = 0

| c
� ��}
�4M"N w * ¾ L�C	?";�TR>�B<_+]"=RAHMPA"Q<@�L�^	G\LNONAH?"T	A"m<C<^�>�wxr6C<[�QR>�C�=	q�m<YZAHA6q�=	qJm<Y6A"Q<C	A6E	A�=RA"^�L�[nIXqJQ<;�U

E<C<C
f
z�@ c A c G�T	L�C	?"; ¾ >�B	A"@�L�UÅ]�I'I'A";<@NC<^NQ<_�v~@�L�m	A";�| ckj Q<@�A V BR>�E<C<Fn?HLNL�@N^�A"@�?"^Nq�wxr6C�v�]"=RAHMPA"Q<@�L�^3z�TR>�U

B<_�|-^~Q	A";<C<[p;�=�>�?"@�A"BpC�=	Cp^N;�=	wxm	A"Q<C	As]"=RAHMPA"Q<@�>~^~;�=�>�?"@�A"B¢?}^N@�L�B<_`M+]"=RAHMPA"Q<@�LNM TR>�B<_ c3h L�^�L�;
B	A"YZA"Q<C	ANy

X̂q z
q
U-C<Q�lRA";J?~C<@�A"BR>�E<C<C�| c�h L�^�LNA�^N_�m<C	?�=RA"Q<C	A~DHQR>Hm	A"Q<C<F�E	A�=RA"^�L�[¦IXqJQ<;<E<C<C\y

f
γ

=
(Qdisagr(X̂γ), Qagr(X̂γ))

c
� ��}
�4M"N��"* e ?�=	C�^�?HAX]"=RAHMPA"Q<@N_ÄLNO�BR>�ONL�@�>�Q<_'G�@�L��'Õ¦�7Õ u @�>�l	C<F�Ã c
� ��}
�4M"NP�+*O��^�A�=	C<m	A"Q<C	AsC<Q�lRA";J?�>

γ = γ + 1
T	L�;�>�^N_�T	L�=	Q<F�A"@�?F

|Qdisagr(X̂)| ≤ q
C²±ª³�´!³

u @�>�l	C<Ft�	G<C<QR>Hm	AW�'Õ²�7Õ u @�>�l	C<F~Ã c
� ��}
�4M"Nµ¢8* À ?"@�>�Q	L�^ c
d @�>�O�=	C<E	A b �6q�;�>�D�>�Q<_¤L�E	A"Q<;<C�?�=RL�akQ	LN?"@NC�?"@�>�l	C<[�>�= V L�B<C<@�Mi> c
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��?^ ° õ ±Nõ�²�³�Þ/´�µ
¶�·8¸9¹�º ¼4��½ À E	A"Q<;<C�?�=RL�akQ	LN?"@NC~?"@�>�l	C<[~> V =RLNMPA"BR>�@NC<^NQ	L V Ls>�= V L�B<C<@�Mi>

u @�>�l	C<F À T<C	?�>�Q<C	A À E	A"Q<;J>
u @�>�l	C<F bNc d _�m<C	?�=RA"Q<C	A)Mi>�@NB<C<E<_¤BR>�?H?"@�L�F�Q<C<[pz�O�=	C<D�LN?"@NC�|

Z O(n2)u @�>�l	C<F�� c d _�m<C	?�=RA"Q<C	A'T	L�DHC<@NC<_�Q<_�vRo�Q	A V >�@NC<^NQ<_�v~^�AH?HL�^�B	AHONA"B O(n2)u @�>�l	C<F�� c Û >�l�>�Q<C	A)QR>HmR>�=	WNQ	L V L�B	A"Y6A"Q<C<F O(1)u @�>�l	C<Ft� c ¾ L�C	?";�QR>�C�=	q�m<YZA"[tTR>�B<_ã]"=RAHMPA"Q<@�L�^�l<=	F}q�=	qJm<Y6A"Q<C<FSB	A"YZA"Q<C<F
O(n2)z�q�=	q�m<YZA"Q<C	AXT	L ¾ >�B	A"@�L�|

u @�>�l	C<F ¡�c È QR>�=	C<D'q�?�=RL�^NC<F�L�;JL�Q<mR>�Q<C<FtBR>�ONL�@N_¤>�= V L�B<C<@�Mi>�G O(n)^N_�m<C	?�=RA"Q<C	A-Q	L�^�L V LkDHQR>Hm	A"Q<C<F�E	A�=RA"^�L�[�IXqJQ<;<E<C<C O(n)u @�>�l	C<F�� c T	A"B	A�v�L�l�^N_�m<C	?�=	C<@�A�=	WNQ	L V L}T<B	L�E	AH?H?�> O(1)u @�>�l	C<F�Ã c À ?"@�>�Q	L�^
O(1)

d @�>�O�=	C<E	A b �'qJ;J>�D�>�Q<_ãLN?"Q	L�^NQ<_`AxQR>�T<BR>�^�=RA"Q<C<FsC	?H?�=RA�lRL�^�>�Q<C<[S^6LNO�=�>�?"@NCs;JL�B<B	A�=	FJE<C	L�Q<Q	L�[�;�=�>�U
?"@�A"B<C<D�>�E<C<C c

u l	B<q V L�[�?"@�L�B	L�Q<_'G4MPL�akQ	LnC	?"T	L�=	WND�L�^�>�@NW�l<=	FpL�E	A"Q<;<C«E	A�=RA"^�L�[¢I'q�Q<;<E<C<C«M q�=	W�@NC	M Q	L�a-AH?"@N^�> c
Û >�MPA"Q<C	MÁY6;J>�=	qpl<=	F�B	AHONA"B

[−1,+1]
z�C�=	C�l	^�A�;�L�=	C<m	AH?"@N^�A"Q<Q<_�v¦Y-;�>�=	_'G�qJ;J>�D�>�Q<_�v�^N_�YZA�|�y«z{>�|

QR>�L�@NB<C<ER>�@�A�=	WNQ<q�w Q	A V >�@NC<^NQ<qJw Y6;J>�=	q
[−k−, ...,−1]

^�MPAH?"@�La#
−1
&G�z�O�|'QR>ST	L�DHC<@NC<^NQ<qJw�T	L�B�FJl	;�L�U

^NqJw©r6;J>�=	q
[+1, ..., k+]

^�MPAH?"@�L5#
+1
& c�Û >�MPA"@NC	M�G\^N_�m<C	?�=RA"Q<C	A�Q	L�^N_�v�^�AH?HL�^�T	Lsq�;�>�D�>�Q<Q<_`MãT	L�B�FJl<U

;JL�^N_`M£Y-;�>�=�>�M£^N_�T	L�=	Q<F�A"@�?F�lRLN?"@�>�@�L�m<Q	L�T<B	LN?"@�L c�g ^�A�E	A�=RA"^N_`A�IXqJQ<;<E<C<C¢l<=	F�B	A"Y6A"Q<C<F
X̂ =

{X1, ..., Xλ}
L�T<B	A�lRA�=	F�wx@�?�F¦@�>�;\y¨z�å�|}LNO�rk>�F¨L�E	A"Q<;J>�;�>Hm	AH?"@N^�>ã�"?HL V =�>�?HL�^�>�Q<C<[���QR>�LN?"Q	L�^�A�M q�=	W�U

@NC	M Q	L�a-AH?"@N^¥z�?"qJMPM C<B	L�^�>�Q<C	A3T	L�;�LNM T	L�Q	A"Q<@�>�M l<=	F¦^�?HA�v¥��C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B�TR>�BÄ?�T	L�DHC<@NC<^NQ<_`M C
^�AH?�>�M C�|

Qagr(X̂)
z�Mi>�;�?"C	M C<D�>�E<C<FR|�§�z�åÂå�|sLNO�rk>�F¦L�E	A"Q<;J>«;J>Hm	AH?"@N^�>���BR>�?H?HL V =�>�?HL�^�>�Q<C<[��3QR>pLN?"Q	L�^�A

M q�=	W�@NC	M Q	L�a-AH?"@N^�z�?"q�MPM C<B	L�^�>�Q<C	A`T	L:;�LNM T	L�Q	A"Q<@�>�M3l<=	F6^�?HA�vt��C<Q<@NBR><�¯UÅ;�=�>�?"@�A"B}TR>�B�?�Q	A V >�@NC<^NQ<_`M C
^�AH?�>�M C�|

Qdisagr(X̂)
z�M C<Q<C	M C<D�>�E<C<FR| c-d B	A"DHq�=	W�@�>�@�AkT	L�=	qJmR>�A"@�?�F�D�>�l�>�mR>};�L�B<B	A�=	F�E<C	L�Q<Q	L�[�;�=�>�?"@�A�U

B<C<D�>�E<C<C�QR>kLN?"Q	L�^�A'M q�=	W�@NC	M Q	L�a6AH?"@N^nz Ú C	? c`b ��|�y

h >�[<@NCtB	A"YZA"Q<C	AX;�=�>�?"@�A"B<C<D�>�E<C<C
X̂
@�>�;JLNANGRm<@�L

Qagr(X̂) → max
C

|Qdisagr(X̂)| → min
c

¶�·�¸�¹<º<»	·S¼40�½�¬XL�B<B	A�=	F�E<C	L�Q<QR>�Ft;�=�>�?"@�A"B<C<D�>�E<C<F
h LNM c QR>�T<BR>�^�=RA"Q<C	A'C	?H?�=RA�lRL�^�>�Q<C<[ j ?"@�L�m<Q<C<;
bNc À ?"Q	L�^NQR>�FtI'L�B	M q�=	C<B	L�^N;J>kD�>�l�>�m<C\GR?�=RL�akQ	LN?"@NW ����G b�¡ G b ÃJG b ��G � � G bNbNb��
� c À O�D�L�B<_ ����G b ��G bNbNb��
� c u BR>�^NQ	A"Q<C	A)MPA"@�L�lRL�^ � ¡ � �
� c ¾ B<C	O�=	C<a-A"Q<Q<_`AZ>�= V L�B<C<@�M _Áz�^N;�=	wxmR>�FtÓn�»¬XÔ<| � b�¡ G b ÃJG b ��G��N� �
¡�c d DH^�A"Y6A"Q<Q<_`AX^�A"B	?"C<C�D�>�l�>Hm<C ���N��G��N��G ¡�b��
� c ¬XL�B<B	A�=	F�E<C	L�Q<QR>�Ft;�=�>�?"@�A"B<C<D�>�E<C<F�?XIXC<;J?"C<B	L�^�>�Q<Q<_`M ���N� �

BR>�D�MPA"B	LNMp;�=�>�?"@�A"B	L�^
Ã c ª >�;J?"C	M C<D�>�E	M F3�"?HL V =�>�?HL�^�>�Q<C<[��-T	LN?"B	A�lR?"@N^�LNM � b �N� �

T	L�=	q�L�T<B	A�lRA�=RA"Q<Q	L V L�z�ÎÏ�2kå%<ÏF¼9�<åÂÊ�Ï�|�T<B	L V BR>�MPM C<B	L�^�>�Q<C<F
� c ª C<Q<C	M C<D�>�E<C<F���BR>�?H?HL V =�>�?HL�^�>�Q<C<[��-QR>Z^NDH^�A"Y6A"Q<Q	LNM V BR>�I'A � ¡ Ã �
� c Æ =RLNO�>�=	WNQR>�F�;�L�B<B	A�=	F�E<C	L�Q<QR>�F�;�=�>�?"@�A"B<C<D�>�E<C<F ��� �
b���c ¬XL�B<B	A�=	F�E<C	L�Q<QR>�Ft;�=�>�?"@�A"B<C<D�>�E<C<F�?:mR>�?"@NC<m<Q	L�[�C<Q	I'L�B	Mi>�E<C	A"[ � ¡N���
bNbNc ¬XL�B<B	A�=	F�E<C	L�Q<QR>�Ft;�=�>�?"@�A"B<C<D�>�E<C<F�?:Y6qJMPLNM�QR>k^�v�LHlRA � b � ���
b � c ¬XL�B<B	A�=	F�E<C	L�Q<QR>�Ft;�=�>�?"@�A"B<C<D�>�E<C<F�?XL V BR>�Q<C<m	A"Q<C	AHM�T	LkL�Y-C	O�;�>�M ����Ã �
b � c Ú LNO�>�?"@NQR>�F�;�L�B<B	A�=	F�E<C	L�Q<QR>�F�;�=�>�?"@�A"B<C<D�>�E<C<F ����G bNb����
b � c ¬XL�B<B	A�=	F�E<C	L�Q<QR>�Ft;�=�>�?"@�A"B<C<D�>�E<C<F�^�?HA V MPA"Q<@�>�E<C<C�C<D�LNO�BR>�a6A"Q<C<[ � b�� � �
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Ú C	? c`b � ciÚ A"Y6A"@N;�>�;�>Hm	AH?"@N^�>kQR>�LN?"Q	L�^�A'M q�=	W�@NC	M Q	L�a6AH?"@N^

z{Ë�|'��BR>�?H?HL V =�>�?HL�^�>�Q<C<F\�
|Qdisagr(X̂)|

�
�

�
��

@
@

@
@@

rd
j lRA�>�=	WNQ<_`A)@�L�m<;<C
������

����������*

z�Ì�|'�"?HL V =�>�?HL�^�>�Q<C<F\�
Qagr(X̂)

�
�

�
��

@
@

@
@@

reh

w *$�"*zy|{9}
L���HKJ!M��
}8�~M"N��9}1�4L��9�
�
HvLDH���H��8�½`L��8�4¾8��H�L����
d T	LN?�=RA�l	Q	AHAslRAH?�F�@NC�=RA"@NC	A�>�;<@NC<^NQ	L~C	?H?�=RA�l	qJwx@�?�FpCpT<B<C	MPA"Q<F�w�@�?F«MPA"@�LHl	_�;�=�>�?"@�A"B<C<D�>�E<C<C�QR>
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B1 ⊂

A
c
� ��}
�4M"Nf��* d _`ONL�B3��^NC	?FJm<C�v\�XqJD"=RL�^�z�qJD"=	_ã?'LHl	Q	L�[�?"^NF�DHWNwÄUx�¯=	C	?"@R��z���Í<ÊÀ	Âå�Ï"Ð¯|¿|'z�@NC<T���|Xz

O(n)
| c

Ú A"DHq�=	W�@�>�@	y
B3 ⊂ {A\B1}

c
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�4M"N w * d _`ONL�BSl	B<q V C�v}qJD"=RL�^�z�@NC<T���|:z O(n)

| c�Ú A"DHq�=	W�@�>�@	y
B2 ⊂ A

G
B2 = {A\{B1

⋃
B3}

c
� ��}
�4M"NÂ�"*¦¬x=�>�?"@�A"B<C<D�>�E<C<F¢]"=RAHMPA"Q<@�L�^�M Q	L�a6AH?"@N^�>

B1
z�L�E	A"Q<;J>1?�=RL�akQ	LN?"@NC�U

O(|B1|
2)

z�T<B<C�U
MPA"B<Q	L

O((n/3)2)
| c:Ù >�;<C	M�LNO�BR>�D�LNM¨T	L�=	qJmR>�A"@�?�F�T<B	A�l	^�>�B<@�A�=	WNQ	LNAkB	A"YZA"Q<C	A6;�=�>�?"@�A"B<C<D�>�E<C<C\y

X̂1 =
{X1

1 , ..., X1
l , ..., X1

q1
}
ciÙ A"T	A"B<W}?"@NB	L�C<@�?�F�Mi>�;<B	L�U�?HA"@NW	y

G1 = (X̂1, E1)
G V lRA X̂1 U�?HA"@NW�q�D"=RL�^	G�;JL�@�L�BR>�F

?HLNL�@N^�A"@�?"@N^Nq�A"@ST	L�=	qJm	A"Q<Q	LNM qtB	A"YZA"Q<C<w¥;�=�>�?"@�A"B<C<D�>�E<C<C«z�@ c A c G$M Q	L�a6AH?"@N^�Ls;�=�>�?"@�A"B	L�^�|
E1 UfT	LN?"@NB	L�U

A"Q<Q	LNA'M Q	L�a-AH?"@N^�L�B	AHONA"B c z Û >�MPA"@NC	M�G<T	L�=	qJm	A"Q<Q<_`AX;�=�>�?"@�A"B<_ÄMPL�akQ	L�C	?"T	L�=	WND�L�^�>�@NW�;J>�;SE	A"Q<@NB	L�C�l	_
l<=	FtMPA"@�L�l�>k;�=�>�?"@�A"B<C<D�>�E<C<Cp� � UÃ2�Ï�Ë8�	Î��XCST<B<C	MPA"Q<C<@NW�]H@�L�MPA"@�L�l�| c

� ��}
�4M"NÄ�+*k¬x=�>�?"@�A"B<C<D�>�E<C<Fnq�D"=RL�^S@NC<TR>���z�M Q	L�a-AH?"@N^�L
B2

z�AH?�=	C�@NB	AHO�q�A"@�?�FR| ck¾ L�=	q�m	A"Q<Q	LNA�B	A�U
YZA"Q<C	ANy

X̂2 = {X2
1 , ..., X2

l , ..., X2
q2
}
cÄÙ A"T	A"B<WpMPL�akQ	L1T	LN?"@NB	L�C<@NWã�"Mi>�;<B	L�U�?HA"@NWR��y

G2 = (X̂2, E2)
G

V lRA X̂2 U�?HA"@NWkqJD"=RL�^	G�;�L�@�L�B<_`A'?HLNL�@N^�A"@�?"@N^NqJw�@�T	L�=	q�m	A"Q<Q	LNM q}B	A"Y6A"Q<C<w�;�=�>�?"@�A"B<C<D�>�E<C<C1z�M Q	L�a-AH?"@N^�L
;�=�>�?"@�A"B	L�^�|

E2 UiT	LN?"@NB	LNA"Q<Q	LNA-M Q	L�a-AH?"@N^�L�B	AHONA"B c
� ��}
�4M"N°¢4* u L�T	LN?"@�>�^�=RA"Q<C	A�l	^Nq�v V BR>�I'L�^ G1 = (X̂1, E1)

C
G2 = (X̂2, E2)

c6Ø @�L�@ST<B	L�E	AH?H?�MPL�U
a6A"@~O�_�@NW~LN?"Q	L�^�>�Q�QR>�>�QR>�=	C<D�A}B	AHONA"B1C	?¿v�LHl	Q	L�[«?HA"@NC1C�o�C�=	C�QR>SC	?"T	L�=	WND�L�^�>�Q<C<C�lRL�T	L�=	Q<C<@�A�=	WNQ	L�[
C<Q	I'L�B	Mi>�E<C<C�z�QR>�T<B<C	MPA"B\GK;�LNL�B�l	C<QR>�@N_qJD"=RL�^�| ¾ L�=	q�mR>�A"@�?F�C<Q<@�A V B<C<B	L�^�>�Q<Q	LNA�B	A"YZA"Q<C	A-;�=�>�?"@�A"B<C�U
D�>�E<C<C

X̂12 = {X12
1 , ..., X12

l , ..., X12
q12

}
c
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�4M"NaÅ"* ¾ L�lR?HLNA�l	C<Q	A"Q<C	AZ��^NC	?F�m<C�vK�7^�A"B<Y-C<Q�z���Í<ÊÀ	Âå�Ï"Ð�Î¯|7z
B3
| ;�B	A"YZA"Q<C<w¦;�=�>�?"@�A"B<C<D�>�E<C<C

X̂12 c
d B	A"DHq�=	W�@�>�@�A'T	L�=	qJmR>�A"@�?�FtC<Q<@�A V B<C<B	L�^�>�Q<Q	LNA-B	A"Y6A"Q<C	A';�=�>�?"@�A"B<C<D�>�E<C<C X̂123 c
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�9M
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�9M~HªJ"}
¾4�8���ÇL�M9L���Hj����LD��N6�8MfL|�v�9�8�/�8Èh{~É+Ê�H��8�8Ëf}8�~��H��~�9�4Ë
j MPAHA"@�?�F�L�T<C	?�>�Q<C	As?"C	?"@�AHM _�?"^NF�DHC1?}M Q	L V L�U{=	q�m	A"^�L�[¢>�Q<@�A"Q<Q	L�[ãz Ú C	? c � � |�y�z{>�|)?"C	?"@�AHMi>�?"^NF�DHC

?�M Q	L V L�U{=	q�m	A"^�L�[p>�Q<@�A"Q<Q	L�[¨z�BR>�?"T	L�=RL�a-A"Q<C	ANG4LNO�ç\AHMãB	AH?"qJB	?HL�^�|�G`z�O�|xm<C	?�=RLt=	qJm	A"[1>�Q<@�A"Q<Q<_'y
µ
G�z�^�|

M Q	L�a-AH?"@N^�LkqJD"=RL�^6?"^NF�DHCnz�T	L�=	WND�L�^�>�@�A�=RA"[�|
A = {A1, ..., Ai, ..., An}

z�C�C�v�BR>�?"T	L�=RL�a-A"Q<C	A�|�G/z V |iLNO�ç\AHM
T	A"B	A�l�>�^�>�AHM _�v�l�>�Q<Q<_�v~l<=	F~;J>�aZlRL V L�q�D"=�> Ai

z�@ c A c G�@NB	AHO�q�AHM _�[�B	AH?"q�B	?NG\l<=	F�qJT<B	L�rZA"Q<C<F�T<B	A�l	T	L�U
=�> V >�A"@�?�FKGRm<@�L�q�D"=	_¦T<B<C	MPA"B<Q	L�LHl	C<QR>�;�L�^N_�| c�Û >�l�>�mR>ZD�>�;�=	w�mR>�A"@�?F�^�?�=RA�l	qJw�rZAHM�y

h >�[<@NC}BR>�?"T<C	?�>�Q<C	Ax?"^NF�DHC�z�lRLN?"@Nq�TR>�|4?7q�m	A"@�LNM�?�=RA�l	qJw�rZA V L<y¢z�å�|�M C<Q<C	M C<D�>�E<C<FsLNO�rZA V L-^NB	AHMPA"Q<C
?"^NF�DHC\G3z�åÂå�|�LNONAH?"T	A"m	A"Q<C	A'QR>�C�=	qJm<Y6A V Lk;�>Hm	AH?"@N^�>�?"^NF�DHC3z�T	LN?"B	A�lR?"@N^�LNM¢QR>�C	MPA"Q<WNYZA"[tC<Q<@�A"B	I'A"B	A"Q<E<C<C
MPA"aZl	qS?HLN?HA�l	Q<C	M C�?HLNA�l	C<Q	A"Q<C<F<M C\G�T	LZq V =	q<|�y

max
i∈A

min
i1,i2∈A

Dangular(Ai1 , Ai2),

V lRA Dangular(Ai1 , Ai2)
q V =RL�^�LNAkBR>�D"lRA�=RA"Q<C	A�z�TR>�BR>�MPA"@NB\Gð?HLNL�@N^�A"@�?"@N^Nq�wxr-C<[�q V =	q�MPA"aZl	q�=	qJmR>�M C�;

qJD"=�>�M�| c
�x;J>�D�>�Q<QR>�F�MPA"BR>�O�=	C<D�LN?"@NC�L�T<B	A�lRA�=	F<A"@�?F�@�>�;1� b�¡ � ��c�j MPA"wx@�?�F�]"=RAHMPA"Q<@N_

x = (x1, ..., xι, ..., xm)C
y = (y1, ..., yι, ..., ym)

z�@ c A c G/l�>�Q<_Á^�A";<@�L�B<_©;JLNL�B�l	C<QR>�@�TR>�BR>�MPA"@NB	L�^�| c � V =RL�^�>�F3O�=	C<D�LN?"@NW�l<=	F x
C

y
C	MPAHA"@�^NC�l�y

Dangular(x, y) =

∑m

i=ι
xιyι

[
∑m

i=ι
x2

ι

∑m

ι=1
y2

ι ]1/2

c�ª A"BR>SO�=	C<D�LN?"@NC�?HLNL�@N^�A"@�?"@N^Nq�A"@�q V =	q�MPA"aZl	q
^�A";<@�L�BR>�M C¦]"=RAHMPA"Q<@�L�^

x
C

y
z�@ c A c G`=	q�mR>�M C\G7QR>�T<BR>�^�=RA"Q<Q<_`M Cã;�]"=RAHMPA"Q<@�>�M£C<D~>�Q<@�A"Q<Q<_�| u v�AHMi>

B	A"YZA"Q<C<F�z�]H^NB<C	?"@NC<;J>�|`C	MPAHA"@�^NC�l�y
� ��}
�4M"N_)�*n�Kå��	Ï�Ë�Ðb��Ð�%<Ï"Ð¿å��('��8tPÑ��
2�2)Í(�<å�Ñ�Ë�Ê¿å�
�`�9�"%<ÏHÎ�Ì"©sÊ¿Ò	Ï"åÂÐ�Ë8�(']	�Ï�z Ú C	? c � � G	q�D�A�= b U b UÅ[�| c
� ��}
�4M"Nc,�* Ú >�D�O�C	A"Q<C	A)T	L�=	q�m	A"Q<Q	L V L�?"T<C	?";J>ZqJD"=RL�^ZQR> µ

BR>�^NQ<_�v}T	LZBR>�D�MPA"B<q V B<qJT<T�z�T	LN?�=RA�l	Q<F�F
V B<qJT<TR>kMPL�a6A"@}?HL�lRA"B�aZ>�@NW}MPA"Q<WNYZAX]"=RAHMPA"Q<@�L�^�|�C�T	A"B	A"Q<qJMPA"BR>�E<C<FtqJD"=RL�^�?�=RA�l	qJw�r6C	M«LNO�BR>�D�LNM�y

V B<qJT<TR> 1
y
{(1, 1), (1, 2), ..., (1, k)}

G
V B<qJT<TR> 2

y
{(2, 1), (2, 2), ..., (2, k)}

G
cÂcÂc
V B<qJT<TR> µ

y
{(µ, 1), (µ, 2), ..., (µ, k)}

c
Û lRAH?"W

k = dn
µ
e
c
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�4M"N_�"* ¾ LN?"@NB	LNA"Q<C	A-BR>�?"T<C	?�>�Q<C<F�T	L�T<BR>�^NC�=�>�M�y u =RL�@

j
z
j = 1, k

|�y
j
UÅ[�]"=RAHMPA"Q<@�C<D);�>�aZlRL�[

V B<qJT<T<_©z
ζ = 1, 2...µ

|�GR@ c ANG<]"=RAHMPA"Q<@
{ζ, j)}

z Ú C	? c � b | c
� ��}
�4M"N w * u @�L�T c

Ú C	? c � ��c4u C	?"@�AHMi>k?)M Q	L V L�U{=	q�m	A"^�L�[~>�Q<@�A"Q<Q	L�[

ª Q	L V L�U=	q�m	A"^�>�F
>�Q<@�A"Q<QR>
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�
��	

�
��� ?

A
AAU

@
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HHHHHHHs s s��D�A�=
1

½Â½Â½ �xD�A�=
i

½Â½Â½ �xD�A�=
n

@@R ? ? ? ��	Æ B<qJT<T<C<B	L�^N;J>�q�D"=RL�^�z�;�=�>�?"@�A"B<C<D�>�E<C<F	|

��	 ? ? ? @@R

@@ ��Æ B<qJT<T<_ãq�D"=RL�^

�� ��s cÂcÂc s �� ��s cÂcÂc s �� ��s cÂcÂc s ½Â½Â½ �� ��s cÂcÂc s

Ú C	? c � bNc4u v�AHMi>ZBR>�?"T<C	?�>�Q<C<FtBR>�ONL�@N_

u =RL�@
1

u =RL�@
2

½Â½Â½ u =RL�@
k

0
t

-

(1, 1)

(2, 1)c`c�c
(µ, 1)

(1, 2)

(2, 2)c�c�c
(µ, 2)

(1, k)

(2, k)c�c�c
(µ, k)

¾ A"B<C	LHl
T1� -

¾ A"B<C	LHl
T2�

½Â½Â½

Ã c	Û$È ¬ ÉvÌàXeihXjXe
u @�>�@NWNFãO�>�DHC<B<q�A"@�?FãQR>¦��C<Q<a-A"Q	A"B<Q	LNM`��^ND V =	FJlRA�>�^N@�L�BR>pQR>�;�LNMPO�C<QR>�@�L�B<Q<qJw ;�=�>�?"@�A"B<C<D�>�E<C<w c

¾ B	A�lR?"@�>�^�=RA"Qs>�QR>�=	C<D7=	C<@�A"BR>�@Nq�B<_'y�z{>�|/T	LX;JLNMPO�C<QR>�@�L�B<Q<_`M3MPL�lRA�=	F<M�o�MPA"@�LHl�>�M�G�z�O�|ðT	LX;�=�>�?"@�A"B<C<D�>�U
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QR>~?HA"@NC«?"^NF�DHCÄz�;�=�>�?"@�A"B<C<D�>�E<C<FpqJD"=RL�^n?HA"@NC\GiT�=�>�Q<C<B	L�^�>�Q<C	ASlRLN?"@NqJTR>�^�?"C	?"@�AHMPAt?sM Q	L V L�U{=	q�m	A"^�L�[
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?"^NF�DHC3z�T<B	LNA";<@NC<B	L�^�>�Q<C	ANG$Mi>�B<Y6B<q�@NC<D�>�E<C<FKG<qJT<BR>�^�=RA"Q<C	A'CtMPL�Q<C<@�L�B<C<Q V | c
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