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Abstract—We suggest a model that describes a mutual dynamics of tectonic plates. It is a sort
of stick-slip dynamics modeled by a Markov random process. The process defines the dynamics
on a micro-level. A macro-level is obtained by a scaling limit which leads to a system of integro-
differential equations which determines a kind of mean field systems. The conditions when the
Gutenberg-Richter empirical law holds are presented at the mean field level. Those conditions
are rather universal and independent of the features of the resistant forces.

1. INTRODUCTION

The tectonic plate construction of the earth lithosphere including the plate motions is generally
accepted and recently well described (for example, see [1, 4]). Moreover, the tectonic plates of
other planets of the solar system, such as Mars and Venus, are a subject of investigations as well
[3]. Tectonic plate motion as a cause of earthquakes is also a widely held view. However, the
mechanism of the earthquake emergence in a course of the plate motions is subject of intensive
investigations in Geosciences as well as in Mathematics and Physics (see [5-9]).

Of the different models dealing with the emergence of earthquake the most popular is related
to stick-slip motion. It suggests (see, for example, Brace and Byerlee [10]) that earthquakes must
be the result of a stick-slip frictional instability rather than caused by fracture appearance and
propagation. It considers the earthquake as the result of a sudden slip along a pre-existing fault
on plate surface and the “stick” as the interseismic period of strain accumulation. Benioff-Wadati
subduction zones and large well studied active fault zones such as San Andreas, seem to exhibit
sudden slip events followed by “silent” slip and renewal of the contact points creating a stick
behavior.

Concerned with this model some authors related this mechanism to laboratory experiments
consistent with the Ruina-Dietrich “rate and state-variable friction law” [11], [12]. Another model
was proposed in [5] (Burridge-Knopoff model), where experimental and theoretical results are
discussed. The model in [5] is a one-dimensional chain of massive blocks tied by springs and situated
on a rough unmoving surface. The heading block is pulled with a constant speed, followed by the
succession of the remnant blocks subjected to the same stick-slip behavior.

Proposed model. Here we suggest a stochastic model for the stick-slip dynamics. The model
describes a stochastic dynamics on the micro-level. It is represented as a stochastic dynamics of a
set of contact points on surfaces. A combination of three types of change forms the dynamics of
the plate: 1) a deterministic motion causing the deformation of the contact points and an increase
of strain; 2) an appearance of new contacts that changes the dynamics; 3) break-up of the existent
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contacts which causes a jump-wise change of the dynamics velocity. Some of the physical phenom-
ena are here described by a number of parameters. One of the parameters is the rate of contact
destructions. We show that these parameters are related to the Gutenberg—Richter law (see [18]).
For the elastic resistance a linear dependence of the force on a value of the contact deformation is
here assumed. A relatively similar model defined and numerically analyzed is discussed in [14].

The micro-level model defined by a Markov piece-wise deterministic random process is a base for
a macro-level model represented by a system of integro-differential equations. This rather universal
model describing the friction between different matter plates is here applied to describe tectonic
plate motions. The mean field method used in this paper was also applied in [17].

The paper is organized as follows: In Section 2 we informally describe our model. Sections 3
and 4 contain the rigorous definitions and the basic results including the condition where the
Gutenberg-Richter law is satisfied. This condition requires an inverse deformation asymptotic law
for the breaks of the contact points. Section 5 contains some rigorous descriptions.

2. PRELIMINARY DESCRIPTIONS

This section shortly describes the proposed model and gives some explanations about the ob-
tained results. The model of plate dynamics is based on a well known idea of a stick-slip behaviour
sliding over each other surfaces with friction. We describe our model on a micro- and macro-levels.
The micro-level is defined by a Markov stochastic process, the macro-level is obtained by a scaling
of this process. The scaled system is already not stochastic and presented by a intero-differential
system of equations.

Micro-level. Assume a plate dynamics on a solid unmoving substrate with A as an area of possible
contacts between the plate and the substrate. The plate is subjected to the action of a constant
force F' (a mowving force). The moving force causes a motion of the plate in the direction of F'. The
contacting surfaces are not smooth. There are sets of asperities on the surfaces. In fact, there exist
two sets of the asperities, one on the plate and another on the substrate. The asperities of both
plate and solid substrate can be contacted, what creates a resistance force due to deformations
of the contacting asperities. The contacts are the main obstacles creating the resistance of the
plate motion. In further explanations we consider only a set A which is the set of the asperities
on the plate. We assume a fixed density of the asperities which does not change in the course of
the dynamics. This assumption is indirectly presented by a constant ¢, (see (4.4)). The resistance
to the plate dynamics is created by some of the plate asperities which come to contact with some
asperities of the substrate. The asperity in contact is called contacting point or contact element.
The set of the contacting points we denote by €2 and its elements by w. The set {2 is a subset of A.
The set of contacting points changes in the course of the dynamics.

The plate dynamics is modelled by a piecewise deterministic Markov process in which a state
space is composed by values of deformations of the contacting points during the dynamics. The
values of the resistance forces depend on the values of the deformations. In the case of elastic
behavior of the asperities, the resistance force is proportional to the deformation value. We want to
emphasize that not only purely elastic cases (see Section 3) are being considered. The deformations
increase in the course of the dynamics while the number of the contacting point does not change.
We also assume that the law of the plate motion and therefore of the deformation changes are
defined by Aristotle’s equations (or Aristotelian mechanics). The choice of the dynamical equations
is justified by an assumption that the plate is immersed in a partially viscous environment due to
the physico-mechanical conditions to which the rocks are subjected at great depths, which creates
an additional resistance force suppressing the acceleration of the plate motion. Therefore despite
the large mass of the plate we neglect its acceleration what also has been reinstated from the
measures of the plate deformation through time.
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This described part of the dynamics reflects only a deterministic aspect of the corresponding
Markov process. We shall return to the discussion of our choice of use the Aristotelian mechanics
further.

In the course of the plate dynamics any contact asperity can be destroyed. It causes an abrupt
momentaneous decrease in the number of the contact points. Consequently the resistance force
created by this contact element disappears abruptly and the velocity of the plate is enlarged by
a jump. We consider the abrupt increase of the velocity as a possible cause of a quake shock. A
rate ¢, (x) of the contact point destruction may depend on the value of the corresponding asperity
deformation z. A very important case which we study is when c,(z) = £ for some constant ¢ > 0
and large x. The meaning of the shape of this function is rather strange: the greater the deformation
the smaller the probability of failure (see (4.15)).

Another jump-wise behaviour of the Markov process happens when a new contact element comes
into being which means that an asperity of the plate meets an asperity of the substrate. The rate
(or intensity) of the emergence of new contact point in our model depends on the plate velocity.
It is clear that the intensity is equal to O if the plate is not moving. We adopt the case when
the emergence intensity is proportional to the velocity c,v(t) (see Section 4). In the moment of
emergence the new contact does not create any resistance force. In the course of the dynamics, the
deformation of the new contacting point increases. A path of the Markov process at the birth of
the new contact point is continuous, but the derivative of the path is discontinuous (see Fig. 1).
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Figurel. A typical path of the velocity v(¢) is a piece-wise continuous function between two nearest deaths
of the contacts. The velocity has jumps at moments of the death of particle. The derivative of the velocity
increases abruptly at the moment of the birth of a particle (blue circle).

About the Aristotelian mechanics applied here we remark that in the considered case the most
essential difference between Newtonian and Aristotelian dynamics arises at the jump moment of
the plate velocity. No jump will occur under Newtonian dynamics. Instead, the velocity will have
a large acceleration on a small time interval.
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The Markov process depicted above describes the tectonic plate motion on a microlevel in which
the asperities are minimal elements involved in the dynamics. Recall that states of the Markov
process are sets of the deformation values of the contacting points.

Macro-level. Our main analysis (including Gutenberg—Richter law derivation) is done in the case
of a macro-level where a big number of the asperities are considered. In fact we take limits to infinity
of the asperity number by doing some scaling of the model parameters (see details in Section 4). In
the scaled version (on the macro-level) we have a deterministic dynamics instead of the stochastic
process. Now we consider a density of the contacting points over the deformations as a state of
the scaled system. Let p(z,t) be the density at the moment ¢. Roughly speaking p(z,t) is a scaled
“number” of the contacting points having their deformations equal to x at time t. We obtain a
system of “integro-differential” equations for the deterministic dynamics of p(z,t). The system is
presented in (4.1) and (4.2). We shall stress again that p(z,t) is the distribution of the contacting
asperities over their deformations and it is not a distribution over the physical contacting surface.

The system (4.1), (4.2) is not linear. A general solution of the stationary system equations (4.3)
is in (4.4). We are interested in what must be a form of the destruction (death) intensity ¢, (x), when
the stationary solution p(x) satisfies the Gutenberg-Richter law. The differential equation (4.14) on
the function ¢, (x) gives the answer. All solutions of (4.14) are in (4.15), and among them the only
physically meaningful is in (4.16) which has its shape c,(x) = £, where ¢ > 0. The explanation of
such strange shape of ¢, (x) presumably can be as follows. The asperity which has already a large
deformation can withstand a greater deformation. We call this result inverse deformation law (see
Proposition 41).

We investigate in Section 4.2 one of non-stationary cases, namely when ¢, (z) = ¢ is a constant.

3. THE MODEL DESCRIPTION. FINITE VOLUME.

We consider a plate moving on a solid unmoving substrate with contact area A. The plate is
subjected to the action of a constant force F' in some fixed direction (a moving force). The moving
force causes a motion of the plate in the direction of F'. Asperities of both plate and solid substrate
can be contacted, what creates a resistance force due to deformation of the contacting asperities.
The set of contact points we denote by € and its elements by w. The set € is a finite subset of A.

Deterministic part

In the course of the plate motion, any contacting asperity is being deformed until its failure.
Here we will introduce a plastic component in the deformation mechanism.

Any contact point w € () creates a resistant force depending on magnitude of the asperity
deformation. In a general setting the resistant force is an expression » min{z,, %}, where « is a
constant from [0,1]. When o = 1 then the resistance is purely elastic, and s is Hooke’s constant.
The sum of all resistance forces over all contact points gives the total resistance force. Therefore
the resultant force acting on the plate is

G= [F— %Zmin{xw,xg}] : (3.1)

weN +

where [A]4+ = max{A,0}. This means that the resistance force cannot be greater than the moving
force.

The force G causes a deterministic motion of the plate. We assume that the plate is a monolithic
hard object any point of which is moving with the same velocity v. The next our assumption implies
that the dynamics of the plate under the force action follows the so called Aristotle mechanics. It
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means that the velocity v of the motion is proportional to the acting force,
v =G, (3.2)

in contrast to Newton mechanics where the acceleration is proportional to the acting force. Here
v is constant. This assumption is due to the fact that the moving plate is immersed in a viscous
medium and therefore inertia, despite the large mass of the plate, has little influence on the nature
of the motion.

If during a time interval [t1,¢2] the set © is not changed (a new contact does not appear and
any existing contact does not disappear) then we have a deterministic dynamics on [¢1, t2] evolving
according to the equation

dzy,(t) B B (@)
S v(t) = 'y[F — Z 2 (t)L_ (3.3)
w'eN
with an initial velocity value v(¢1), (see (3.1) and (3.2)). Here we denote 29 = min{x,, z$}.

In the case of the elastic resistance forces (o = 1) , if

v(ty) = W[F — Z ngx(tl)}+ = 'y<F — Z l’w/(tl)) >0 (3.4)

w'e) w'eN)
then a solution of (3.3) on [t1, 2] is
v(t) = vty e HUE0) (3.5)

for t € [t1,t2], where |Q] is a number of the points (the contacts) in the set € (see rigorous
evaluations in the section 5.2).

This dynamics determines the motion of the plate when the set of contact points is fixed.

Stochastic part

The deterministic dynamics is interrupted by random events of two kinds: either some contact
from ) disappears or a new contact appears. In both cases the number of the contacts is changed
from n = |Q| to either n — 1 or n + 1. Next we describe the dynamics of the appearance and
disappearance (birth and death) of the contact points. These dynamics are random and of Markov
type.

Assume that there were no any random events on the interval [t1,¢s], and at t2 a new contact
appears. Its deformation is equal to 0 at the moment 5. Let Ag = {x,,} be a set of all contact point
deformations. The contact set €2 is changed to a set ' at the moment t5, and the new deformation
set is Ay = Aq U {0} = {0,z, : w e Q}.

It is assumed that the birth of new contact points at to depends on the velocity v(ts) = y[F —
%Y eq ijo;) (t2)]+ of the plate. This dependence is determined by a birth rate ¢y(v(¢)) > 0. The
function ¢ should reflect physical properties of the plate such as a fractal dimension of the asperities
and many others. It is clear that new contacts do not appear if the velocity v is zero, hence ¢,(0) = 0.
A natural choice of ¢ is ¢(v) = ¢, linear dependence on the velocity, where ¢, > 0.

Because the new contact deformation is 0 then

S W)=Y Dt
w'eN w'eY
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Thus the velocity v(t) is continuous at ¢ = to. However the velocity derivative dg(tt) ‘ 1=y, AL t2 18

discontinuous; see Figure 1 of a typical path of the velocity. The left derivative at to is greater than
the right one at the same time 9. In the case of elastic resistance forces:

do(t
}tlTItrzl Z(t) = —ysenu(ty)e" 2=t
do(t) _ _
li _ 1 yaen(ta—t1)
> tlﬁg rral yx(n + 1)v(ty)e ,

where n = [Q].

The disappearance (death) of a contact w from €2 is determined by the rate ¢, = ¢, (z), it may
depend on the deformation x,,. If at the moment t5 the contact w disappears then the velocity has
discontinuity at to. The velocity increases abruptly by the value yxzc(ua). We shall assume that the
velocity is continuous from the right at to, that is

li t) = v(ta).
lim o (t) = vl(t)

Complete view

We describe now a complete evolution of the plate velocity by the dynamic described above. The
time is split into the intervals [0, oo] = (J[ts, ti+1] such that during every interval [t;,¢;+1] the plate
is moving deterministically according to (3.3) and (3.5) substituting ¢; by ¢;. The set of the points
R = {t;} is the moments of random events: either a new contact appears or one of the existing
contacts disappears. The set of the random moments R is splitted by the set R of the appearing
contacts and the set R, of the disappearing contacts, R = Ry U R,,.

Any disappearance of the contact releases an energy which switches to an energy of seismic
waves in the plates. The amount of released energy depends on the deformation value x,, of the
disappeared contact. We assume that the seismic wave energy is proportional to the primitive of
the resistance force (the potential). For large deformation z it is proportional to z'T<. If x, is large
then the oscillation amplitude may be large which can be observed as an earthquake.

A typical random path of the velocity is presented on Figure 1, which is typical for the stick-slip
process.

4. SCALING LIMIT. INFINITE VOLUME

In this section we propose an analytical approach which allows to study some properties of the
defined model. The idea is to consider a very large number of the asperities. It means that we
consider a limit of the size of the contact area A going to infinity. In the limit we obtain infinite
number of asperities and then a distribution of the asperity deformations is described by a density
function p(z,t), p(z,t)dr has a meaning of a number of the asperities having their deformation in
the interval (z,z + dx) at the moment ¢. To obtain a reasonable model in this limit we have to
change the values of the parameters determining the plate motion model. Some of the parameters
must depend on the size of the contact surface A. Namely, the birth intensity ¢ = éA and the
acting force F/ = F'A, are proportional to the size A. The death parameter we take without changes
¢, = ¢y. Further we omit the sign ’.

A system of equations describing a behavior of the density p(x,t) and the velocity v(t) derived
from balance considerations is

8,0(83;15) + v(t)apéi’t) = ¢pu(t)do(x) — culx)p(z,t), (4.1)
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and
+o0o
v(t) =7 <F - %/ () (x)p(x,t)dw) , (4.2)
—00 +
where 2(®)(z) = min{xz, 2°}. Here we define the function p(z,t) on all line 2 € R such that it is
equal to 0 when z < 0.
In the two next subsections we study some properties of the solutions of (4.1), (4.2).

4.1. Stationary state and the Gutenberg—Richter law

In this subsection we study some properties of (4.1) in a stationary regime, when p(z,t) does
not depend on time ¢. The equation (4.1) is then

v%(x) = cud(z) — cy(x)p(z), (4.3)

dx
(cf (4.32)). Because of the stationarity the velocity v of the plate does not depend on time ¢ being
constant in (4.3). The solution of (4.3) connects p(x) and v as the following

_ 1 rx
& exp{—; fo cu(y)dy}, when z > 0,
plw) = {0, when z < 0. (4.4)

The density at x = 0 is p(0) = &. For v = 0 the stationary regime is trivial, ¢, (z)p(x) = 0.
When an asperity subjected to a deformation size x disrupts then it releases the energy

e(z) = patt (4.5)

for large x, where p is a constant of proportionality.

The Gutenberg—Richter law. The Gutenber—Richter law is observed, in practice, on a restricted
area of energy values [e1, ea]. Therefore we study the intensity destruction (death) function ¢, (x)
1

on the corresponding deformation interval [z, x2], where ; = ;" if we put =1 on (4.5). It is
assumed that z; > 1. Let n(e)de be a distribution of a number of the destructions along the energy
e axis, and let m(z)dz be a distribution of number of the destructions arising from the asperities
destroyed at a size x of their deformations. The Gutenberg-Richter law claims that

1
n(e)de oc —de, (4.6)

e

where w > 1. Observations show that w lies in the range 1.7 — 2.1 (see [18]). The relation (4.6)
is equivalent to the popular Gutenberg—Richter relation in terms of magnitude M (see [2], [18]):
logn(M) = a + bM, where parameter b is related to w by the equation b = 3(w — 1)/2.

Changing variables defined by (4.5) we obtain

x%dx. (4.7)

n(e(z))de(z) x n(e(z))x*dr « .

The distribution m(x)dz can be expressed by the density p(z) of the deformations and the intensity
cu(z) of the destruction as
m(z)dx < ¢y (z)p(r)de. (4.8)

Remark next that
m(x)dz = n(e(x))x*dx. (4.9)
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It follows now from (4.7) that

2%de = ———_da. (4.10)

cu(2)p(z)dr o e (z) pw(lta)

The left hand side of this relation is the frequency (density) of the demolished contacts achieved
with deformation values at dzx.

The equation (4.10) shows a mutual behavior of ¢,(z) and p(x) for large z:

1

) (4.11)

p(x) o

where p = w(l + «) — a. The next analysis uses the function ¢,(x) on the interval [0,z3]. The
function ¢, (z) on x € [0, z1] is assumed arbitrary continuous. The relation

Cp exp {11} /Ow cu(y)dy} x :Cpci(x) (4.12)

for x € [x1, x2] follows from (4.4). That is

EbeXp{—i/oxcu(y)dy} S (4.13)

Py ()

for some proportionality constant A > 0. Taking logarithm and derivative of (4.13) we obtain the
differential equation

1 P, cu(z)
— == 4.14

vcu(x) x + cu () (4.14)
on the interval [x1,z3], where ¢ (z) means the derivative of ¢,(x). We assume an initial value
cu(x1) > 0 is given.

The rate of the disruptions corresponding to Gutenberg—Richter law

Assume that the Gutenberg—Richter law is satisfied on [x1,x2). Under this assumption the general
solution of (4.14) is
(p—1v

cu() = = + BzP’ (4.15)

where B > 0.
The fact that (4.15) is the solution of (4.14) can be verified directly.

The relation (4.15) shows that the disrupting asperity rate on [z, x2] is decreasing: greater the
asperity deformation x less a probability to be disrupted. On other hand this correspondence means:
greater the asperity deformation slower the density p(x) decreasing. In the case B > 0 the density
p(x) can not be done as small as possible since lim,_,o p(x) > 0 (see (4.11) and (4.15). Such p has
no physical sense, thus we consider the case B = 0.

Proposition 41 (The inverse deformation law). If Gutenberg—Richter law is satisfied then a phys-
ically meaningful case is when B = 0 and the disruption rate ¢, is decreasing hyperbolically

(p—1)v

(4.16)

cu(z) =
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Assume that ¢, (x) is defined on [0, 00) such that (4.16) holds on [z}, z2] the following equations
define v and p(z):

“+oo
v="F — 2@V p(x)dz ) 4.17
(o [ ) (4.17)
p(x) =¢c exp{—i/o cu(y)dy}, for z > 0. (4.18)

If solutions of (4.17) and (4.18) are such that v > 0 then

Ch €Xp {—% foz cu(y)dy} if ¢ < 21,
p(x) = { Chexp {-1 " culy)dy} (%)pil it 21 <@ < 29, (4.19)

~1
Cp eXp {_% fom Cu(y)dy} (é)p exp {—% f;ﬁz cu(y)dy} ifxo <z

and

Recall that p = w(1 + a) — a.

4.1.1. Examples

Ezample 1. Assume that ;1 = 1 and the constants F, v, s, ¢, f(«) and xy are such that

1 1 1
1-— . 4.2
1+0z+p—a[ T ]>>0 (4.20)

5:7<F—%cb

We consider the following rate of the contact destruction

0, if x <1,
cu(x) = @, if 1<z <axo (4.21)
0, if x> xo.

Then the solutions of (4.17) and (4.18) are v = v and

Cp ifz < 1,
px) =4 a (L) 1<z <, (4.22)
0 if zo < .

Example 2. Assume that x1 = 1 and a = 1. Let the constants F, =, 2, ¢ and x2 be such that
there exists a constant a > 0 such that

—a

P> ELi2(1—(1+a)e*'d)+ ¢ _(1-x7)]. (4.23)

p—1
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Let
ay(F—7), ifz<l
cu() = ¢ BT i1 < <y, (4.24)
0, if g <=

then the solutions of (4.17) and (4.18) are

v=(F-7)
e, ifx <1,

p(z) =< e @ (%)pil, if 1 <z < xo,
0, if zo9 < .

For the considered case p = 2w — 1.
There existence of the constant a follows from a limit

e—a

p—1

lim i(1 —(I+a)e ™)+

a—00 @2

(1- m;_p) = 0. (4.25)

4.2. 4.2.1. Non-stationarity

Finding a solution of (4.1) and (4.2) in general case is rather a difficult problem. We describe a
non-stationary behavior of the system in a particular case when the disruption intensity, ¢, (x) = ¢,
does not depend on the deformation value z and the resistance is elastic. This model was studied
in [15] on the micro-level. Here we obtain the same results on the macro-level.

We reduce the study of (4.1) and (4.2) to a dynamical system which can be completely investi-
gated. For formal considerations see in Section 5.

4.2.2. A dynamical system
Define
N(t) :/p(:c,t)d:c and M(t) :/xp(x,t)da:.

Then v(t) = v(F — KM(t))Jr (see (4.2)).
We assume and check later that p(xz) — 0 and zp(x) — 0, when z — occ.
Integrating (4.1) over & we obtain

C”Zlft(t) — apu(t) — GuaN(2). (4.26)

Multiplying (4.1) by « and integrating, we obtain

d]\gt(t) + v(t) /xapéxa;t) dx = —¢, M(t), (4.27)

because of [ zd(z)dz = 0. Evaluating the integral in the left-hand side of (4.27) by parts we obtain
the following system of equations on the plane (N, M):

{ dN/dt = cyv — e, N (4.28)

dM/dt = vN — ¢, M
describing a dynamical system in the plane.
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In the quarter-plane (M,N), M > 0, N > 0, there exists a unique point (Mpy, Ny) which

is a fixed point of (4.28). It means that (My, Ny) is a solution of (4.28) at the assumption that

dM M . . . .
el T 0. This solution is

A [VI+47a 1] (4.29)

K 2vka
¢ F
No=—— [\/1—1—47@— 1} ,
Cy 2a
where _
a=yrFL (4.30)
QL= .

The fixed point (Mo, No) is stable, that is the dynamic (4.28) is such that a point (M (t), N(¢))
is attracted to (Mo, No) if (M(t), N(t)) is in a neighborhood of (Mj, Ny). There are two different
ways how a path (M (t), N(t)) is moving to (Mo, Np). The type of the ways depends on a value of
a. This behavior is investigated by a linearization of the non-linear equations (4.28) (see Section
5.3). At the fixed point, the density p(z,t) does not depend on time and is equal to

p(x) = & exp {—Z;x} , (4.31)

being a solution of the stationary version

Ip(x)
ox

= Gyuod(x) — cup(x) (4.32)

of (4.1). The velocity vy at the fixed point is a solution of the cubic equation
C
v=~vF— 7/@_—31}3,
b
which has an unique positive solution between v =0 and v = {/ Tgb (see (4.2)).

Remark that in the stationary regime p is exponentially decreasing (see (4.31)). Therefore
Gutenberg—Richter law is not satisfied for a constant intensity ¢, of the disruptions.

5. MATHEMATICAL TOOLS

In this section we present some mathematical justifications of the facts described in the previous
sections.

5.1. Markov process

The model description, see Section 3, shows that the stochastic dynamics of the plate is a Markov
process which we define hereby.

Remark that the model does not care about the positions of the points w in the area A, but it
essentially depends on the displacements z,, of any contact point w (see (3.1) and (3.3)). Thus a
state of the moving plate is described by a set

X = {Zy}wen C Ry =[0,00) (5.1)

of all displacements of the contacts (2.
It is clear then that we consider an one-dimensional model.
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Further we will omit the index w. Let X be a set of all finite configurations X = {x C Ry, |x| <
oo}, where |x| means a number of points in x.

As was said in the section 3 the random events in the dynamics are separated by a period of the
deterministic motion during which configuration x moves into the positive direction as a rigid rod.
The deterministic motion is described by the relations (3.1)—(3.5). Recall that in the elastic case

u(t) = v(0)e 7, (5.2)

where n = |x]| (see (3.5)). The formula (5.2) defines the plate dynamics when there are no random
events on the interval [0,¢]. It means that the number the contact points (which is equal to the
element number in the set x) is not changed on this interval and equal to n.

Further, a point z € x of any configuration x we will call also particle.

The stochastic Markov dynamic

There exist two kinds of the perturbations of the smooth deterministic dynamics: by a birth of
a new particle or by a death of an existent particle.

The born particles are always localized at 0 € Ry at the moment of their appearance. Thus
it does not create immediately a resistant force. The birth intensity we denoted by ¢ = ¢p(v(t)).
The intensity ¢, = ¢, (z(t)) of the death of any particle may depend on the size x(t) of the particle
deformation.

Remark that the velocity v(¢) in the stationary state is always positive except the case ¢, (z) = 0.

1
Any displacement x € X cannot exceed the value (g) a,

The dynamics of the process is described by the following infinitesimal operator formalism. First,
we describe a set of Markov process states.

The configuration set (the set of states) we define as

po gﬂ {{n} « [o, ﬂn} (5.3)

(0}

Every state (n,x1, ..., x,) means that there are n contact points (the particles) and x = (x1, ..., )
describes the deformations of the contacts.

= {(n,xl,...,xn) :neN, x=(r1,...,z,) €

Infinitesimal generator. Let H = {f = (f,)} be a set of continuous functions on X, i.e. every
fa o {n} x [0, g]n — R is continuous. We shall omit the index n if it does not lead to misun-
derstanding and write f(n,z1,...,2,) instead f,(n,x1,...,2,). The infinitesimal operator L of the
Markov process defined on H is

Lf(n,x) :UZ gj
i=1 "

+ Cb(’U)[f(TL + 17$1> ~--7$n70) - f(n,l'l, 71371)]

+ Zcu(a:j)[f(n — L2, %, ., xn) — f(n, 21, ..., 20)],
j=1

(5.4)

where Z; means that the variable x; is not presented in the list of variables, and we recall that
v(n,x1,...,xn) = Y[F — 3¢y i~ 2;]+. The first term on the right of (5.4) corresponds to the deter-
ministic plate motion between the random events. The second term reflects the birth event and the
third term reflects the death event.
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The Markov process defined by the operator L is a piece-wise deterministic process (see [16]).

The scaling limit of this Markov process is a deterministic process from the section 4 describing
by the system (4.1), (4.2) that follows from the general theory (see [19])

5.2. Solution (3.5) of equation (3.3)

Finding the solution of (3.3) on the interval [t1, 2] introduce X (t) = > cq %w. It follows from
the elastic version of (3.3) that

dX (1)

5 = (F - xX(0), (5.5)

nu(t) =
where n = || is the number of the contacts. The general solution (5.5) is
F —nyx(t—t1)
X(t)y=—+Ce™ v (5.6)
P

where C must be defined from X (t1), that is C = X (t1) — £. However if only the velocity v(t;) is
known then C' = —%;). Now (3.5) follows from (5.6).

5.8. A dynamical system

The stationary point (4.29) can be of two types: stable focus or stable node. Essential role in
the following plays the combination of the parameters

— Cp
=ykF = 5.7
a TR 72’ ( )

u

which we call an order parameter.

Theorem 5.1. There exists in R2 an unique solution (Mo, No) of the equations dM/dt = dN/dt =

0 ((4.28)):
F F
My="0 =5 [\/1 Y dya— 1} (5.8)
G F
No=—o [\/1 Fda — 1}

The linearized at (My, No) equations (4.28) are

dM/dt = — (¢, + 3No)(M — Mp) + (F — 3My)(N — Np) (5.9)
dN/dt = —%Eb(M - M()) - EM<N - N())

The determinant of the matriz

—Cyp —Cy

M= (—(Eu + %Ng) F — %M())

is positive. Therefore the trace (the sum of the eigenvalues) of M is negative.

If the order parameter a < 20 then the eigenvalues are complex and the point (My, Ny) is the
stable focus, if a > 20 the both eigenvalues are negative then the point (Mo, No) is the stable node.
The constant a is defined by (5.7) (see Figure 2 and 3).
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Figure 2. The integral curves of the field (4.28), a < 20.
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Figure 3. The integral curves of the field (4.28), the case a > 20.
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