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A = {a1, ..., aj , ..., an}
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aj ∈ A
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G = (A,E)
m�K=C
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X̃ = {X1, ..., Xι, ..., Xλ}

I»B [ C [ I»D=6:G�U
5AE<C�9FE<C�P�9<O��&CY;�BQX�6

A
9=6�?@786A;�B�C�DFL��

Xι ⊆ A ∀ι = 1, λ
I
ηι = |Xι|
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Xι

I
ι ∈ 1, λ
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Bc(X̃) = max
ι=1,λ

ηι − min
ι=1,λ

ηι.
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;�BQ��K=C�9FB�OAX�9=6k5�6:GNC0G�6�K86YdFE+5�6�786:9<;�9<OA��?@786A;�B�C�DFEFG�6:HFEFES;�5�6�786:9<;�EFD<OAXQ?�OA��T<O�;�BQDF��?FBQ��D<C0?@786A;�B�C�D<OAX
9=6�OQ;�9<OAX�C"BQEFT<OAX�XAn�ONK<>���E@n�W�7=CYPRC�9FB�OAX [R_ 6:9F9FL���Pa6:B�C�DFE=6�7�PRO��&C�Bk5AL�BQi�D=6A;Y;YPROABQD<C�9~?@6:?�TFD<OYK=O:7FU
��C�9FE<C";�B:6:B�C��+p uQu I u z@I u�v | [ � B:6:BQiQ>�5�6:GYEFDF��C�B�;
>�9=60TFD<C�K<X�6:DFEFB�C�7<iQ9<OA��TF��5:7<EF?@6:HFEFESp u q�| [

w [8} � `"}�\*`4å+]áæ�b � å Þ*ç�è�ç ` � `4å�é � æ � à�ê4æ*à �
} ;�9<OAXQ9FL1C4BQEFTFLë5�6�786:9<;�9FL*n�;�BQDF��?FBQ��D�TFDFEFX�C�K=C�9FL¾X�BA6A5:7<EFH<C&w [
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b 9@K=C�?�;�L 5�6�786:9<;N6SD=6A;Y;YPa6:BQDFEFX�6:g�B�;�>�KF7<>fD<C�j0C�9FEF>f?@786A;�B�C�DFEFG�6:HFEFE
X̃ = {X1, ..., Xι, ..., Xλ}

[
����;�BQi

pbal(Xι)
5A��K=C�BeOQ5A�&EF�ÝT=6:D=6APRC�BQD�?@786A;�B�C�D=6

Xι

�
ι = 1, λ

�l��9=6:TFDFE<PRC�D�I�dFE<;�7=OoW�7=CYPRC�9FB�OAX<I
OQ5A��EF�kX�CY;�W�7=CYPRC�9FB�OAX�� [.b 9@K=C�?�;�LÝ5�6�786:9<;N6"KF7<>�D<C�j0C�9FEF��?@786A;�B�C�DFEFG�6:HFEFE

X̃
PRO���9<O0OATFD<C�K=C�7<EFBQi�9=6

OQ;�9<OAX�C�K<XQ��n�PRC�B�OYK=OAX<�
���������+Ë:3 b 9@K=C�?�;"5�6�786:9<;N6�OATFD<C�K=C�7<>FC�B�;�>�BA6:?��

B(X̃) = max
ι=1,λ

pbal(Xι) − min
ι=1,λ

pbal(Xι)
[

� 7=C�K<��C�B�OAB�PRC�BQEFBQi<I�dFB�O�OAH<C�9FEFX�6:9FE<C
pbal(Xι)

PRO���9<O�TFD<OAX�ONK<EFBQik9=6�OQ;�9<OAX�C&D=6:G�7<EFdF9FL*n�j�?�6�7»�*?�O:U
7<EFd<CY;�BQX�C�9F9=6:>VIRT<OAD�>�K<?�OAX�6:>VIRj&?@6�786�9=6�OQ;�9<OAX�C�P���7<i�BQE<P�9<O��&CY;�BQX�6·p u w@I u x�| [ � 7=C�K<��C�B~D=6A;Y;YPROABQD<C�BQi
K=OAT<O:7<9FEFB�C�7<iQ9FL1C�T=6:D=6APRC�BQDFL¾W�7=CYPRC�9FB�OAX<�
ZQ[R\ CY;4W�7=CYPRC�9FB:6~��X�C�DFj&EF9FLh�

w(aj) ∀aj ∈ A
��B [ C [ I

w(aj ≥ 0
� [

w [�\ CY;";�XQ>@GYE~PRC��0K<��W�7=CYPRC�9FBA6AP�Ef��B [ C [ I8D<CY5AD=6�Û�K<��mYElPRC��0K<��X�C�DFj�EF9=6AP�E8�
v(aj1 , aj2) ∀aj1 , aj2 ∈

A, (aj1 , aj2) ∈ E
��B [ C [ I

v(aj1 , aj2) ≥ 0
� [

x [ � BQDF��?FBQ��D=6�?@786A;�B�C�D=60T<O0W�7=CYPRC�9FBA6APeOATFD<C�K=C�7<>FC�B�;�>�?@6:?�;�T<C�HFE=6�7<iQ9=6:>�OAH<C�9F?�6�X�XQE@K=C4P���7<i�BQE@U
P�9<O��&CY;�BQX�6�p u w@I u x�|Ü�

e(Xι), ι = 1, λ
I
e(Xι) = (θ1, ..., θγ , ..., θγ)

I�m�K=C
θγ

D=6:X�C�9�dFE<;�7<��W�7=CYPRC�9FB�OAX�BQEFT=6
γ
�
γ = 1, γ

�*X�?@786A;�B�C�D<C
Xι

IFP�9<O��&CY;�BQX�O�BQEFT<OAX�W�7=CYPRC�9FB�OAX<�
{1, ..., γ, ..., γ}

I ∑γ
γ=1 θγ = |Xι|

[
��DFE<PRC�D�9=6�OQ;�9<OAX�C�W�7=CYPRC�9FB�OAX�x�UÚnlBQEFT<OAX~TFDFEFX�C�K=C�9�9=6��aE<; [ w���D<C�j�C�9FE<C�?@786A;�B�C�DFEFG�6:HFEFE

X̃ =
{X1, X2, X3, X4, X5, X6, X7}

� [
_ OAT<O:7<9FEFB�C�7<iQ9<O�D=6A;Y;YPa6:BQDFEFX�6AC�B�;
>f;�T<C�HFE=6�7<iQ9FL��
	ÜTF��;�B�OA���kW�7=CYPRC�9FB�;�9<OQPRC�D<OQP

γ + 1
[�\ X�C�K=C�U

9FE<ChB:6:?�OAmNO&W�7=CYPRC�9FBA6�T<OAGYX�O:7<>FC�B&D=6A;Y;YPa6:BQDFEFX�6:BQi�E�;�D=6:XQ9FEFX�6:BQi�?@786A;�B�C�DFL-9=6"OQ;�9<OAX�ChXQL�D=6:XQ9<C�9F9<OAmNO
D=6:GNPRC�D=6~��B [ C [ I<T<O0dFE<;�7<�kW�7=CYPRC�9FB�OAX����
_ 7<>�OAH<C�9F?FE�?@786A;�B�C�D=6�X�XQE@K=C�P���7<i�BQE<P�9<ON��CY;�BQX�6�K=OQ5�6:XA7<>@C�B�;
>�?�OQP�T<OA9<C�9FB<�

θγ+1

IFKF7<>�?@786A;�B�C�D=6
Pa6:?�;�E<Pa6�7<iQ9<OAmNOoD=6:GNPRC�D=6

θγ+1 = 0
I*EF9=6Nd<C

θγ+1 = |X|max − |Xι|
I*m�K=C

|X|max U&Pa6:?�;�E<Pa6�7<iQ9FL��
D=6:GNPRC�D~?@786A;�B�C�D=6 [
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æ 6:?FE<P·OQ5AD=6:GNOQP�I<dFE<;�7=O0W�7=CYPRC�9FB�OAX�X0?�6:�0K=OA��OAH<C�9F?�C�X�XQE@K=C4P���7<i�BQE<P�9<O��&CY;�BQX�6�KF7<>�;�BQDF��?FBQ��DFL

?@786A;�B�C�D=6ST<O:7<��d=6AC�B�;�>fD=6:XQ9FL1P [ Þ.7<EFGNOQ;�BQi+PRC��0K<�eOAH<C�9F?@6AP�E-;�BQDF��?FBQ��DeK<XQ��ne?@786A;�B�C�D<OAX-��T<OSBQE@U
T=6AP¾W�7=CYPRC�9FB�OAX���D=6A;Y;YPa6:BQDFEFX�6AC�B�;
>S?@6:?STF��BQiS��dFE<;�7=O~j06:mNOAX<I(D=6A;Y;�B�O�>�9FE<C�T<O�D<C�K86:?FBQEFD<OAX�6:9FEFg��&OAB
ONK<9<OA��OAH<C�9F?FEá?eK<DF��mNOA�¾p u w@I u x�|0��WYB�O���TFD<OA��C�9F9<OQC�OATFD<C�K=C�7=C�9FE<C�5:7<EFGNOQ;�BQEáOAH<C�9<OA?�X�XQE@K=C�P���7<iAU
BQE<P�9<O��&CY;�BQX�� [ � 7=C�K<��C�B�OAB�PRC�BQEFBQi<I�dFB�OkOQ5AL�dF9<OkBQEFTFLûW�7=CYPRC�9FB�OAX���T<OAD�>�K=OAd<C�9FLýT<O�	ÜX�6:��9<OQ;�BQE�����X
TFDFE<PRC�D<C~U0d<C�BQL�D<C�BQEFT=6��

1 � 2 � 3 � 4
[¾æ 6:?�OQCl��T<OAD�>�K=OAd<C�9FE<C�PRO��&C�BoD=6A;Y;YPa6:BQDFEFX�6:BQi�;�>Ý?@6:?

;�7=O���9<OQ;�BQi�?�OQPRP���9FEF?�6:HFE<OA9F9<OAmNO���G�786@��B�OAdF?@6&K=OQ;�BQ��T=6��
1
��I@��GNC�7�D<C�BQD=6:9<;�7<>@HFEFES�

2
��I@��GNC�7�?�OA9<C�dF9<O:U

mNO�T<O:7<iQGNOAX�6:B�C�7<>+�
3
��I�	ÜTF��;�B�OA���4W�7=CYPRC�9FB��

4
� [a\ D<C�GY��7<i�B:6:B�C&T<O:7<��d=6AC�B�;�>�j�?�6�78609=6�OQ;�9<OAX�C4D<C�j�C�BQ?FE

��BQEFT=6�d=6A;�BQEFdF9<O���T<OAD�>�K=OAd<C�9F9<OAmNO�P�9<O��&CY;�BQX�6��"p u w@I u x�| [
b 9@K=C�?�;�Lë5�6�786:9<;N6@I<OQ;�9<OAX�6:9F9FL1C&9=60PRC�B�OYK=C Z I@TFD<C�K=;�BA6:XA7=C�9FL$X�B:6A5:7<EFH<C&x [
����������ø�Ì c K=CY;�i�EF9@K=C�?�;�Lë5�6�786:9<;N6�OATFD<C�K=C�7<>@ghB�;
>�B:6:?��

B̂(X̃) = max
ι=1,λ

|pbal(Xι) − p0(X0)|
I

m
K=C
p0
U�;�T<C�HFE=6�7<iQ9<O�G�6�K86:9F9FL���OAT<OADF9FL��kT=6:D=6APRC�BQD���9=6:TFDFE<PRC�D�IF;�D<C�K<9FEF�8�RKF7<>�;�T<C�HFE=6�7<iQ9<OAmNO�OAT<OAD@U

9<OAmNO�?@786A;�B�C�D=6
X0

��D=6:GNPRC�D�I=X�CY;QIFX�CY;4;�XQ>@GNC���I=OAH<C�9F?�6�;�BQDF��?FBQ��DFL�T<O�BQEFT=6AP·W�7=CYPRC�9FB�OAX�� [
b 9@K=C�?�;�Lë5�6�786:9<;N6@I<OQ;�9<OAX�6:9F9FL1C&9=60PRC�B�OYK=C&w@I@TFD<C�K=;�BA6:XA7=C�9FL$X�B:6A5:7<EFH<C&x [

Å�ÆAÇAÈFÉFÊ<Æ���Ì b 9@K=C�?�;�LÄ5�6�786:9<;N6�KF7<>�D<C�j0C�9FEF>�?@786A;�B�C�DFEFG�6:HFEFE
X̃` OQP [ æ EFT�EF9@K=C�?�;N6 } TFD<C�K=C�7=C�9FE<C�EF9@K=C�?�;N6

� [ �~C�B�ONK Z �
ZQ[ßZQ[ �4O0D=6:GNPRC�DF�

Bc(X̃) = max
ι=1,λ

|Xι| − min
ι=1,λ

|Xι|?@786A;�B�C�D=6
ZQ[ w [ �4O0X�CY;��

Bw(X̃) = max
ι=1,λ

∑
aj∈Xι

w(aj) − min
ι=1,λ

∑
aj∈Xι

w(aj)W�7=CYPRC�9FB�OAX
ZQ[ x [ �4O0X�CY;��

Bv(X̃) = max
ι=1,λ

∑
aj1

,aj2
∈Xι

v(aj1 , aj2) − min
ι=1,λ

∑
aj1

,aj2
∈Xι

v(aj1 , aj2);�XQ>@GNC��
ZQ[ u<[ �4O0BQEFT=6AP

Bs(X̃) = max
ι=1,λ

e(Xι) − min
ι=1,λ

e(Xι)W�7=CYPRC�9FB�OAX
��� [ �~C�B�ONK�w@�
w [ßZQ[ �4O0D=6:GNPRC�DF�

B̂c(X̃) = max
ι=1,λ

| |Xι| − p|X0| |
I

?@786A;�B�C�D=6 m�K=C
p|X0|

UaD=6:GNPRC�D~OAT<OADF9<OAmNO�?@786A;�B�C�D=6
w [ w [ �4O0X�CY;��

B̂w(X̃) = max
ι=1,λ

|
∑

aj∈Xι
w(aj) − pw0 |,W�7=CYPRC�9FB�OAX m�K=C

pw0

U�OQ5A��EF��X�CY;�OAT<OADF9<OAmNO�?@786A;�B�C�D=6
w [ x [ �4O0X�CY;��

B̂v(X̃) = max
ι=1,λ

|
∑

aj1
,aj2

∈Xι
v(aj1 , aj2) − pv0 |,;�XQ>@GNC�� m�K=C

pv0

U.OQ5A��EF��X�CY;�;�XQ>@GNC���X�OAT<OADF9<OQP·?@786A;�B�C�D<C
w [ u<[ �4O0BQEFT=6AP

B̂s(X̃) = max
ι=1,λ

| e(Xι) − ep0 |,W�7=CYPRC�9FB�OAX m�K=C
ep0

U�OAH<C�9F?�6�;�BQDF��?FBQ��DFL¾OAT<OADF9<OAmNO�?@786A;�B�C�D=6

u<[�} � æ�b � b c ç�ÿ b"}�`4`4åS] � }._&] è b Þ*ç�è�ç ` � `"}�þýê è�ç � æ�] � b c ç�ÿ b4b
c 6�K86YdFE�5�6�786:9<;�9<OA��?@786A;�B�C�DFEFG�6:HFEFE�9=6:TFD=6:XA7=C�9FL�9=6&T<OQ;�BQD<OQC�9FE<C�D<C�j�C�9FEF��?@786A;�B�C�DFEFG�6:HFEFE�IFX0?�O:U

B�OADFL*n�OQ5QCY;�T<C�dFEFX�6AC�B�;
>SP�EF9FE<Pa6�7<iQ9<OQC�GY9=6Yd<C�9FE<Cl��E@7<E�P�EF9FE<Pa6�7<iQ9FL1C�GY9=6Nd<C�9FEF>=�4��?�6:G�6:9F9FL*n�XQL�j0C
EF9@K=C�?�;YOAX�5�6�786:9<;N6 [�} d<C�XQE@K<9<OFIadFB�O~T<OQ;�BA6:9<OAXQ?�6�G�6�K86Ndo5�6�786:9<;�9<OA�·?@786A;�B�C�D@U�EFG�6:HFEFEePRO��&C�B�XQ?@7<ghU
d=6:BQi�K=OAT<O:7<9FEFB�C�7<iQ9<O�;�7=C�K<��gh�0CYCQ���Ú6��R9<C�?�OAB�OADFL1C�OAmYD=6:9FEFd<C�9FEF>���9=6:TFDFE<PRC�D�IF�4EF?�;�EFD<OAX�6:9F9<OQC�dFE<;�7=O
T<O:7<��d=6ACYP�L*n�?@786A;�B�C�D<OAX<I@OAmYD=6:9FEFd<C�9FE<C�9=64D=6:GNPRC�D�?@786A;�B�C�D<OAX�E�K<D [ � Ù ��5���H<C�7=C�XQL1C��4��9F?FHFEFE���9=6:TFDFE@UPRC�D�I�P�EF9FE<P�EFG�6:HFEF>oOQ5A��C�mNO�X�CY;N6�XQG�6:E<PROQ;�XQ>@GNC��·PRC��0K<��?@786A;�B�C�D=6AP�E�IRPa6:?�;�E<P�EFG�6:HFEF>oOQ5A��C�mNO�X�CY;N6
;�XQ>@GNC��-XQ9F��BQDFE�?@786A;�B�C�D<OAX�� [û\ OATFBQE<P�EFG�6:HFE<OA9F9FL*nÝPROYK=C�7<>�n-5�6�786:9<;�9<OA��?@786A;�B�C�DFEFG�6:HFEFE¾TFD<C�KF7=O:U
��C�9F9FL1ChEF9@K=C�?�;�LÝ5�6�786:9<;N6&PROAmY��B&5AL�BQi�E<;�T<O:7<iQGY��ghB�;
>�?@6:?�H<C�7=C�XQL1C��4��9F?FHFEFE�E8Û�E@7<EkOAmYD=6:9FEFd<C�9FEF>JI
9=6:TFDFE<PRC�D��
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����� Á ò ÷Rò ³ ¹lØ(� ´
� Æ��JÆ��<Æ0Ë:3

min Bc(X̃) s.t. Bw(X̃) ≤ w0, Bs(X̃) � e0
I"m�K=C

w0
U�OAmYD=6:9FEFd<C�9FE<C�KF7<>�D=6:GY9FEFHFL

X�CY;YOAX�?@786A;�B�C�D<OAX<I
e0
U�OAmYD=6:9FEFd<C�9FE<C"9=60D=6:G�7<EFdFE<C";�BQDF��?FBQ��D�?@786A;�B�C�D<OAX [

� Æ��JÆ��<Æ�ø�3
min Bw(X̃) s.t. Bc(X̃) ≤ c0, Bs(X̃) � e0

I~m�K=C
c0
U.OAmYD=6:9FEFd<C�9FE<C&9=6�D=6:GY9FEFHF�

D=6:GNPRC�D=6~��PROA�&9<OQ;�BQE8��?@786A;�B�C�D<OAX<I
e0
OAmYD=6:9FEFd<C�9FE<C"9=60D=6:G�7<EFdFE<C�;�BQDF��?FBQ��D�?@786A;�B�C�D<OAX [

� Æ��JÆ��<Æ���3
min Bw(X̃) s.t. Bc(X̃) ≤ c0, |X̃| ≤ λ0

Ifm�K=C
c0
UhOAmYD=6:9FEFd<C�9FE<C�9=6kD=6:GY9FEFHF�

D=6:GNPRC�D=60��PROA��9<OQ;�BQE8�V?@786A;�B�C�D<OAX<I
λ0
U�OAmYD=6:9FEFd<C�9FE<C^9=61dFE<;�7=O1?@786A;�B�C�D<OAX�X�D<C�j0C�9FEFE"?@786A;�B�C�DFEFG�6:HFEFE [

��OAmY��B�D=6A;Y;YPa6:BQDFEFX�6:BQi�;
>�E�P�9<OAmNOA?FDFEFB�C�DFE=6�7<iQ9FL1C�PROYK=C�7<E�I89=6:TFDFE<PRC�D��
� Æ��JÆ��<Æ���3

min B̃c(X̃), min B̃v(X̃) s.t. Bw(X̃) ≤ w0, B̃s(X̃) � ẽ0
I�m�K=C

w0
U�OAmYD=6:9FEFd<C�9FE<C

KF7<>eD=6:GY9FEFHFLãX�CY;YOAX�?@786A;�B�C�D<OAX<I
ẽ0
U�OAmYD=6:9FEFd<C�9FE<C~9=6�;�BQDF��?FBQ��DF�·?@786A;�B�C�D=6�9=6�OQ;�9<OAX�C�GY9=6Nd<C�9FEF>

;�BQDF��?FBQ��DFLëOAT<OADF9<OAmNO�?@786A;�B�C�D=6 [
� Æ��JÆ��<Æ ��3

min B̃c(X̃), min B̃w(X̃), min B̃v(X̃) s.t. B̃s(X̃) � ẽ0, |X̃ | ≤ λ0
I·m�K=C

ẽ0

U1OAmYD=6:9FEFd<C�9FE<C�9=6k;�BQDF��?FBQ��DF�~?@786A;�B�C�D=6�9=6�OQ;�9<OAX�C0GY9=6Yd<C�9FEF>�;�BQDF��?FBQ��DFLýOAT<OADF9<OAmNOk?@786A;�B�C�D=6@I
λ0
U

OAmYD=6:9FEFd<C�9FE<C&9=6�dFE<;�7=O�?@786A;�B�C�D<OAX�X�D<C�j�C�9FEFE�?@786A;�B�C�DFEFG�6:HFEFE [
� Æ��JÆ��<Æ"!�3

minBw(X̃), min B̃v(X̃) s.t. Bc(X̃) ≤ c0, B̃s(X̃) � ẽ0
I�m
K=C

c0
U�OAmYD=6:9FEFd<C�9FE<C

9=6�D=6:GY9FEFHF��D=6:GNPRC�D=6���PROA�&9<OQ;�BQE8�*?@786A;�B�C�D<OAX<I
ẽ0
UaOAmYD=6:9FEFd<C�9FE<C49=60;�BQDF��?FBQ��DF��?@786A;�B�C�D=609=6�OQ;�9<OAX�C

GY9=6Nd<C�9FEF>~;�BQDF��?FBQ��DFL¾OAT<OADF9<OAmNO�?@786A;�B�C�D=6 [
ê 6:?ÝTFD=6:XQE@7=OFI4D=6A;Y;YPa6:BQDFEFX�6ACYP�L1CS?�OQPR5AEF9=6:B�OADF9FL1CoOATFBQE<P�EFG�6:HFE<OA9F9FL1CSG�6�K86YdFE¾>@XA7<>@g�B�;�>�Í$#�U

BQDF��K<9FL1P�E [�_ 7<>�E@nkD<C�j�C�9FEF>�PROAmY��B�TFDFE<PRC�9F>@BQi�;�>~T<C�D<CY5QOADF9FL1C"PRC�B�OYK<LÄE@7<E�WYXQDFE<;�BQEF?FE [

z [ �4� b � ] � å
%'&)(*&,+.-�/0-2143�1457698414:26�;*3�5<:�/>=?;�/4-23�@A6CBED2FA3�G�14D2HID�@J84K4145LGM8ONP/06QGM6�14@J-�G�8

��6A;Y;YPa6:BQDFEFX�6AC�B�;�>�TFDFE<PRC�D�IVTFD<C�K=;�BA6:XA7=C�9F9FL���9=6��RE<; [ wl�Ús�?@786A;�B�C�D<OAX<I»x�BQEFT=6�W�7=CYPRC�9FB�OAX�E�K=O:U
T<O:7<9FEFB�C�7<iQ9FL��R	ÜTF��;�B�OA����W�7=CYPRC�9FB�� [Ä\ B:6A5:7<EFH<C u ;YONK=C�D��06:B�;�>�OATFE<;N6:9FEF>á;�BQDF��?FBQ��Df?@786A;�B�C�D<OAXoE
;YOQOABQX�C�B�;�BQXQ��gh��E<C�OAH<C�9F?FEoXlXQE@K=CkP���7<i�BQE<P�9<ON�&CY;�BQX [oæ 6A5:7<EFH=6�z�;YONK=C�D���EFB���TFD<OA�0C�9F9FL1C�OAH<C�9F?FE
5:7<EFGNOQ;�BQE�PRC��0K<�kOAH<C�9F?@6APf;�BQDF��?FBQ��D�?@786A;�B�C�D<OAX<�

δ(e(Xι1 ), e(Xι2 ))
I

ι1, ι2 ∈ {1, ..., 8}
[

Å�ÆAÇAÈFÉFÊ<Æ"��Ì � BQDF��?FBQ��DFL¾?@786A;�B�C�D<OAX���TFDFE<PRC�D�9=6��aE<; [ w��
ê 786A;�B�C�D

Xι
æ EFT�W�7=CYPRC�9FB:6@�

θ1 θ2 θ3 θ4

} H<C�9F?�60X�XQE@K=C
�S	�K=OAT<O:7<9FEFB�C�7<iQ9FL����t� P���7<i�BQE<P�9<ON��CY;�BQX�6

e(Xι)

X1 1 1 3 2 (1, 1, 3, 2)
X2 1 1 3 2 (1, 1, 3, 2)
X3 1 1 4 1 (1, 1, 4, 1)
X4 1 1 3 2 (1, 1, 3, 2)
X5 1 1 2 3 (1, 1, 2, 3)
X6 2 1 4 0 (2, 1, 4, 0)
X7 1 2 4 0 (1, 2, 4, 0)
X8 1 1 3 2 (1, 1, 3, 2)

Å�Æ:ÇAÈFÉFÊ<ÆO��Ì^Þ�7<EFGNOQ;�BQi�;�BQDF��?FBQ��D�?@786A;�B�C�D<OAXl��TFDFE<PRC�D�9=6��RE<; [ w����
δ(e(Xι1), e(Xι2 ))ê 786A;�B�C�D

Xι1

ê 786A;�B�C�D
Xι2

�
X1 X2 X3 X4 X5 X6 X7

X1 0 0 1 0 1 4 3
X2 0 0 1 0 1 4 3
X3 1 1 0 1 2 3 2
X4 0 0 1 0 1 4 3
X5 1 1 1 1 0 5 4
X6 4 4 3 4 5 0 1
X7 3 3 2 3 4 1 0
X8 0 0 1 0 1 4 3
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°e±�²�³1²�´ ó ´�°^µ·¶*³1² ó(¸(¹�º»�1¼ ².½ ���¾��� ´.¿ ¹ ¶ ó(À üAÁ °(¿ ¹ ³ �aüQ�*º»��Á�¹�º»À�� �����
_ 7<>�D<C�j0C�9FEF>�?@786A;�B�C�DFEFG�6:HFEFE�IVTFD<C�K=;�BA6:XA7=C�9F9<OAmNOk9=6��aE<; [ w@I8T<O:7<��d=6:g�B�;�>l;�7=C�K<��g���E<C�EF9@K=C�?�;�L

5�6�786:9<;N6~��PRC�B�OYK Z ���

Bc(X̃) = 7 − 4 = 3
I

Bs(X̃) = e(X6) − e(X5) = (2, 1, 4, 0) − (1, 1, 2, 3) = δ(e(X6), e(X5)) = 5
[

_ 6�7=CYCQIF?@786A;�B�C�D
X1

D=6A;Y;YPa6:BQDFEFX�6AC�B�;�>�?�6:?�OAT<OADF9FL���;�;YOQOABQX�C�B�;�BQXQ��g���E<P�E~OAT<OADF9FL1P�E�T=6:D=6APRC�BAU
D=6AP�E [.\ D<C�GY��7<i�BA6:B�CQI=T<O:7<��d=6:g�B�;�>�;�7=C�K<��gh��E<C4EF9@K=C�?�;�Lë5�6�786:9<;N6���PRC�B�OYK�w����

B̂c(X̃) = |X6| − |X1| = 2
I

B̂s(X̃) = δ(e(X6), e(X1)) = δ((2, 1, 4, 0), (1, 1, 3, 2)) = 4
[

%'&UTV&W+.-�/0-2143�14576X8414:26�;*3�5Y:�/>=?3�6�@J6�F�D2HIDAKZBE8>GM6CBV-
Þ*CY;�TFD<OAX�OYK<9FL1C�;YC�9<;YOADF9FL1C�;YC�BQE�PROAmY��B�D=6A;Y;YPa6:BQDFEFX�6:BQi�;�>�?@6:?�P�9<OAmNO:U���D<OAXQ9<C�XQL1C�;�E<;�B�CYP�Lä���aE<; [

u �~p Z z@I v w�|Ü�-� Z ��;YC�9<;YOADFL�I��Úw���?@786A;�B�C�DFL�I��Úx���mNO:7=OAXQ9<OA�Ý��GNC�7Ý?@786A;�B�C�D=6@I�E-B [ K [ ��D<OQC�?FBQEFD<OAX�6:9FE<C
6:D�n�EFB�C�?FBQ��DFLfBA6:?FE@n�;�E<;�B�CYP�PRON�&C�B�5AL�BQi"OQ;�9<OAX�6:9<O�9=6�?@786A;�B�C�DFEFG�6:HFEFEk;*��d<C�B�OQP�W�7=CYPRC�9FB�OAX�D=6:GY9FL*n
BQEFT<OAX [
c K=CY;�i�D=6A;Y;YPa6:BQDFEFX�6AC�B�;
>0TFDFE<PRC�D�I�TFD<C�K=;�BA6:XA7=C�9F9FL���9=61�RE<; [ x��Úx1BQEFT=6�W�7=CYPRC�9FB�OAX<�(OQ5AL�dF9FL1C���G�7<L

X�XQE@K=C�?�OA9<C�dF9FL*n�T<O:7<iQGNOAX�6:B�C�7=C���E@7<Ek;YC�9<;YOAD<OAX<I���G�7<L*U�D<C�BQD=6:9<;�7<>@B�OADFL�IFmNO:7=OAXQ9FL1C���G�7<Lá?@786A;�B�C�D=6����
A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15}

[
æ EFTFL W�7=CYPRC�9FB�OAX�E�E@n�X�CY;N6���?@6:G�6:9FLMX~B:6A5:7<EFH<C v I(X�CY;N6�;�XQ>@GYE�W�7=CYPRC�9FB�OAX·��;�E<PRPRC�BQDFEFdF9<OQC�5AE@U

9=6:DF9<OQCSOABQ9<OAj�C�9FE<C�����?@6:G�6:9FL XeBA6A5:7<EFH<C+q [ �(6A;Y;YPa6:BQDFEFX�6AC�B�;
>ëD<C�j0C�9FE<C�?@786A;�B�C�DFEFG�6:HFEFEëEFG u UÚn
?@786A;�B�C�D<OAX<�

X̃ ′ = {X ′
1, X

′
2, X

′
3, X

′
4}
m�K=C

X ′
1 = {8, 9, 13, 14}

[
X ′

2 = {1, 3, 4}
I

X ′
3 = {2, 5, 6, 10}

I
X ′

4 = {7, 11, 12, 15}
[^\ B:6A5:7<EFH<C�s1TFD<C�K=;�B:6:XA7=C�9=6�5:7<EFGNOQ;�BQi4PRC��0K<�";�BQDF��?FBQ��D=6AP�E�?@786A;�B�C�D<OAX [ � BQDF��?@U

BQ��D=6e?@786A;�B�C�D<OAX�T<OeBQEFT=6APâW�7=CYPRC�9FB�OAX-TFD<C�K=;�B:6:XA7=C�9=6á?�6:?$OAH<C�9F?�6á9=6fOQ;�9<OAX�CSP���7<i�BQE<P�9<O��&CY;�BQX�6
e(Xι) = (αθ1

, αθ2
, αθ3

, αθ4
)
[

b B�OAmNOAXQL1C4T=6:D=6APRC�BQDFLë?@786A;�B�C�D<OAX�TFDFEFX�C�K=C�9FL¾X�B:6A5:7<EFH<C&Ð [
} ?�OA9Fd=6:B�C�7<iQ9<OFI@;�7=C�K<��gh��E<C�EF9@K=C�?�;�L�5�6�786:9<;N6�T<O�PRC�B�OYK<� Z T<O:7<��d<C�9FLë��D<C�j0C�9FE<C1?@786A;�B�C�DFEFG�6:HFEFE

X̃ ′ = {X ′
1, X

′
2, X

′
3, X

′
4}
���

Bc(X̃ ′) = 1
I
Bw(X̃ ′) = 6.7

I
Bv(X̃ ′) = 13.9

I
Bs(X̃ ′) = 4

[
_ 6�7=CYCQI(;�7=C�K<��g��&E<C�OAT<OADF9FL1C�T=6:D=6APRC�BQDFLã��KF7<>SOAT<OADF9<OAmNO�?@786A;�B�C�D=6���E<;�T<O:7<iQGY��g�B�;�>V�

p|X0| = 4
I

pw0 = 12.0
I
pv0 = 15.0

[
} H<C�9F?�6l;�BQDF��?FBQ��DFL OAT<OADF9<OAmNOl?@786A;�B�C�D=6�D=6:XQ9=6@�

ep0 = (1, 1, 2, 0)
[o\ D<C�GY��7<i�BA6:B�CQI�T<O:7<��d=6:ghB�;
>

GY9=6Nd<C�9FEF>�EF9@K=C�?�;YOAX�5�6�786:9<;N60T<O�PRC�B�ONK<��w@�
B̂c(X̃ ′) = 1

I
B̂w(X̃ ′) = 4.7

I
B̂v(X̃ ′) = 7.3

I
B̂s(X̃ ′) = 2

[

Å�ÆAÇAÈFÉFÊ<Æ�!�Ì*��6:D=6APRC�BQDFLÄW�7=CYPRC�9FB�OAX���TFDFE<PRC�D�9=6��aE<; [ x��
[ 7=CYPRC�9FB

aj
` OQPRC�D�?@786A;�B�C�D=6

ι
�
X ′

ι

� \ CY;4W�7=CYPRC�9FBA6
w(aj)

æ EFT�W�7=CYPRC�9FB:6
θ(aj)

a1 2 4.2 1
a2 3 5.1 1
a3 2 1.1 3
a4 2 2.0 3
a5 3 3.1 2
a6 3 3.2 2
a7 4 1.0 3
a8 1 3.4 2
a9 1 5.0 1
a10 3 0.9 3
a11 4 4.5 1
a12 4 4.8 1
a13 1 0.8 3
a14 1 3.4 2
a15 4 3.7 2
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Å�ÆAÇAÈFÉFÊ<ÆO\QÌ \ CY;N60D<CY5QC�D�;�XQ>@GYE�KF7<>���TFDFE<PRC�D�9=60�aE<; [ x��

aj1 aj2

�
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 4.1 2.1
2 4.4 4.5 3.0
3 4.1 1.5
4 2.1 1.5 3.0 2.9 0.7
5 4.4 3.6 3.0 1.0
6 4.5 3.6 0.8
7 3.2 2.5 3.2
8 3.0 4.0 3.2
9 2.9 3.0 4.0 1.6 3.1 6.0
10 3.0 0.7 1.0 0.8 3.2 1.6 5.0 3.3
11 2.5 5.0 6.2 4.3
12 3.2 6.2 4.2
13 3.1 5.0
14 3.2 6.0 5.0 2.5
15 3.3 4.3 4.2 2.5

Å�Æ:ÇAÈFÉFÊ<ÆO]�Ì^Þ�7<EFGNOQ;�BQi�;�BQDF��?FBQ��D�?@786A;�B�C�D<OAXl��TFDFE<PRC�D�9=6��RE<; [ x����
δ(e(X ′

ι1
), e(X ′

ι2
))ê 786A;�B�C�D

X ′
ι1

ê 786A;�B�C�D
X ′

ι2

�
X ′

1 X ′
2 X ′

3 X ′
4

X ′
1 0 2 0 1

X ′
2 2 0 3 4

X ′
3 0 3 0 1

X ′
4 1 4 1 0

Å�Æ:ÇAÈFÉFÊ<ÆO^�Ì^��6:D=6APRC�BQDFL¾?@786A;�B�C�D<OAX���TFDFE<PRC�D~9=60�RE<; [ x��
ê 786A;�B�C�D

ηι(X
′
ι) = |X ′

ι|
∑

aj∈X′

ι
w(aj)

∑
aj1

,aj2
∈X′

ι
v(aj1 , aj2) e(X ′

ι)

X ′
1 4 12.6 21.3 (1, 2, 1, 0)

X ′
2 3 7.3 7.7 (1, 0, 2, 1)

X ′
3 4 12.3 18.4 (1, 2, 1, 0)

X ′
4 4 14.0 21.6 (2, 1, 1, 0)

��6A;Y;YPa6:BQDFEFX�6AC�B�;�>�BA6:?F�&C�XQB�OAD<OQC�D<C�j�C�9FE<C0?@786A;�B�C�DFEFG�6:HFEFE��
X̃ ′′ = {X ′′

1 , X ′′
2 , X ′′

3 , X ′′
4 }

m�K=C
X ′′

1 =
{4, 8, 9, 13, 14}

[
X ′′

2 = {1, 3}
I
X ′′

3 = {2, 5, 6}
I
X ′′

4 = {7, 10, 11, 12, 15}
[ Þ�7<EFGNOQ;�BQEl;�BQDF��?FBQ��D�?@786A;�B�C�U

D<OAXkTFDFEFX�C�K=C�9FLûXkB:6A5:7<EFH<C ZNÒ@[ �(C�GY��7<i�BQEFDF��g���E<C0T=6:D=6APRC�BQDFLý?@786A;�B�C�D<OAX�TFD<C�K=;�B:6:XA7=C�9=6kX�B:6A5:7<EFH<C
ZQZQ[

Å�ÆAÇAÈFÉFÊ<Æ�Ë`_�Ì*Þ.7<EFGNOQ;�BQi�;�BQDF��?FBQ��D�?@786A;�B�C�D<OAX���TFDFE<PRC�D�9=60�aE<; [ x����
δ(e(X ′′

ι1
), e(X ′′

ι2
))ê 786A;�B�C�D

X ′′
ι1

ê 786A;�B�C�D
X ′′

ι2

�
X ′′

1 X ′′
2 X ′′

3 X ′′
4

X ′′
1 0 5 2 1

X ′′
2 5 0 3 6

X ′′
3 2 3 0 3

X ′′
4 1 6 3 0

} ?�OA9Fd=6:B�C�7<iQ9<OFIAEF9@K=C�?�;�LS5�6�786:9<;N6*T<O�PRC�B�OYK<� Z T<O:7<��d=6:ghB�;
>�;�7=C�K<��g��&E<P�E��
Bc(X̃ ′′) = 3

I
Bw(X̃ ′′) =

9.6
I
Bv(X̃ ′′) = 29.0

I
Bs(X̃ ′′) = 6

[
} T<OADF9=6:>�;�BQDF��?FBQ��D=6�?@786A;�B�C�D=6�E<;�T<O:7<iQGY��C�B�;�>~?�6:?~EkKF7<>�T<C�DFX�OAmNO�D<C�j0C�9FEF>���B [ C [ I

X̃ ′ ��� p|X0| = 4
I

pw0 = 12.0
I
pv0 = 15.0

[�\ D<C�GY��7<i�B:6:B�CQI�OAT<OADF9=6:>·OAH<C�9F?@6�E<PRCYC�B�XQE@K»�
ep0 = (1, 1, 3, 0)

I b 9@K=C�?�;�L
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°e±�²�³1²�´ ó ´�°^µ·¶*³1² ó(¸(¹�º»�1¼ ².½ ���¾��� ´.¿ ¹ ¶ ó(À üAÁ °(¿ ¹ ³ �aüQ�*º»��Á�¹�º»À�� �����
5�6�786:9<;N6�T<O�PRC�B�OYK<�ow�T<O:7<��d=6:g�B�;�>o;�7=C�K<��g��&E<P�E��

B̂c(X̃ ′′) = 2
I
B̂w(X̃ ′′) = 6.7

I
B̂v(X̃ ′′) = 14.2

I
B̂s(X̃ ′′) = 4

[
æ 6A5:7<EFH=6 Z w�;YOYK=C�D���EFB�T<O:7<��d<C�9F9FL1C�GY9=6Yd<C�9FEF>�EF9@K=C�?�;YOAX�5�6�786:9<;N6�KF7<>�D<C�j0C�9FEF��?@786A;�B�C�DFEFG�6:HFEFE

X̃ ′ E X̃ ′′ [
Å�ÆAÇAÈFÉFÊ<Æ�ËQË:Ì*��6:D=6APRC�BQDFLÄ?@786A;�B�C�D<OAX���TFDFE<PRC�D�9=6��aE<; [ x��

ê 786A;�B�C�D
ηι(X

′′
ι ) = |X ′′

ι |
∑

aj∈X′′

ι
w(aj)

∑
aj1

,aj2
∈X′′

ι
v(aj1 , aj2) e(X ′′

ι )

X ′′
1 5 14.6 27.2 (1, 2, 2, 0)

X ′′
2 2 5.3 4.1 (1, 0, 1, 3)

X ′′
3 3 11.4 12.5 (1, 2, 0, 2)

X ′′
4 5 14.9 33.1 (2, 1, 2, 0)

Å�Æ:ÇAÈFÉFÊ<Æ�Ë�ø�Ì b 9@K=C�?�;�LÄ5�6�786:9<;N6�D<C�j�C�9FEF��?@786A;�B�C�DFEFG�6:HFEFE
X̃ ′ E X̃ ′′

` OQP [ �(C�j�C�9FE<C
X̃ ′ �(C�j�C�9FE<C

X̃ ′′

ZQ[ßZQ[
Bc(X̃ ′) = 1 Bc(X̃ ′′) = 3ZQ[ w [

Bw(X̃ ′) = 6.7 Bw(X̃ ′′) = 9.6ZQ[ x [
Bv(X̃ ′) = 13.9 Bv(X̃ ′′) = 29.0ZQ[ u<[

Bs(X̃ ′) = 4 Bs(X̃ ′′) = 6w [ßZQ[
B̂c(X̃ ′) = 1 B̂c(X̃ ′′) = 2w [ w [

B̂w(X̃ ′) = 4.7 B̂w(X̃ ′′) = 6.7w [ x [
B̂v(X̃ ′) = 7.3 B̂v(X̃ ′′) = 14.2w [ u<[
B̂s(X̃ ′) = 2 B̂s(X̃ ′′) = 4

%'&Sa>&,+.-�/0-2143�14-�=?;�/0-23�@A6CBE8Vb�-2c48>=�:�/V=?deDIB>G�82BfD�F�-2148>=hgIBE80HP-�:A3�@Ji*:26�14@JD2F
��6A;Y;YPa6:BQDFEFX�6ACYP�L���TFDFE<PRC�Dá>@XA7<>@C�B�;
>fPROYK<E<��EF?�6:HFE<C���dFE<;�7=C�9F9<OAmNO�TFDFE<PRC�D=6�EFG�p uQu | [fb PRCYC�B�;
>

10
;�BQ��K=C�9FB�OAX

A = {a1, ..., aj , ..., a10}
��B:6A5:7<EFH=6 Z x��4X�OQ5:786A;�BQE+D=6�K<E<OAB�C�n�9FEF?FE [kj C�BQL�D<C�BQEFT=6~Pa6�U

;�B�C�D<;�BQX�6���;�?@7=OA9F9<OQ;�BQE�I�9=6:XQL�?�OAX<I�?�OQP�T<C�B�C�9FHFEFE8��E<;�T<O:7<iQGY��ghB�;
>�X4?�6Nd<CY;�BQX�C1T=6:D=6APRC�BQD<OAX�Û�?FDFEFB�C�DFE<C�X
��BA6A5:7<EFH=6 Z x����1� Z �R?�OQP�T<C�B�C�9FHFEFE�X�Pa6:B�CYPa6:BQEF?�C

C1

IJ�Úw��aB�CYOAD<C�BQEFd<CY;�?�6:>�T<OYK<mNOAB�OAXQ?@6�X&D=6�K<E<OAB�C�n@9FEF?�C
C2

IV�Úx���9=6:XQL�?FE�D=6A5QOABQL�;�D=6�K<E<OAB�C�n�9FEFd<CY;�?FE<P�E~��;�BQD<OA�<;�BQX�6AP�E
C3

IV� u �a�@PRC�9FE<C�T<OYK<mNOAB�OAXQ?FE~OABQd<C�B�OAX
��;�BA6:B�C��8�

C4

[hb ;�T<O:7<iQGY��C�B�;�>�j�?�6�786
[0, 1, 2, 3]

I�m
K=C
0
U*OAB�;���B�;�BQXQE<C�T<OYK<mNOAB�OAXQ?FEf��9=6:XQL�?�OAX���I

1
U.9FEFG�U

?FEF�o��D<OAX�C�9Fi�T<ONK<mNOAB�OAXQ?FEÄ��9=6:XQL�?�OAX���I
2
U�;�D<C�K<9FEF�o��D<OAX�C�9Fi�T<ONK<mNOAB�OAXQ?FEÄ��9=6:XQL�?�OAX���I

3
U�XQL1;YOA?FEF�

��D<OAX�C�9Fi�T<ONK<mNOAB�OAXQ?FE$��9=6:XQL�?�OAX�� [Ý} H<C�9F?@6�?@6:�0K=OAmNO�;�BQ��K=C�9FB:6
j
�
j = 1, 10

��TFD<C�K=;�B:6:XA7<>FC�Bo;YOQ5QOA�
u U�?�OQP�T<OA9<C�9FBQ9FL��·X�C�?FB�OAD

ξ(aj) = (ξ1(aj), ξ
2(aj), ξ

3(aj), ξ
4(aj))

[ ��D<C�K<T<O:786:m�6AC�B�;�>VIRdFB�O�?�6:�0K<L��
;�BQ��K=C�9FB�E<PRCYC�B�T<OAGYEFBQEFXQ9F��gûOAH<C�9F?F��n�OAB�>�5AL�T<O�ONK<9<OQP���?FDFEFB�C�DFEFg [
\ B:6A5:7<EFH<C Z�u ;YONK=C�D��06:B�;�>�OAH<C�9F?FE�;YOAX�PRCY;�BQE<PROQ;�BQEl;�BQ��K=C�9FB�OAX

Rf = {ε(aj1 , aj2)}
�
j1, j2 = 1, 10

�
��T<OAD�>�K<?�OAX�6:>�j�?�6�786

[0, 1, 2, 3]
I
0
Ua9<CY;YOAX�PRCY;�BQE<PROQ;�BQi�� [

� BQDF��?FBQ��D=60?@786A;�B�C�D=6�E<PRCYC�B�XQE@K»�
Xι = {b1, ..., bτ , ..., bµι

}
[

æ OAm
K86�E<;Y;�7=C�K<��ghB�;
>�T=6:D=6APRC�BQDFL¾?@786A;�B�C�D=6@�
ZQ[�} 5A��6:>�X�C�?FB�OADF9=6:>�OAH<C�9F?�6�?@786A;�B�C�D=6@�

ξ(Xι) = (ξ1(Xι), ξ
2(Xι), ξ

3(Xι), ξ
4(Xι))

I
m�K=C

ξκ(Xι) = maxτ=1,µι
ξκ(bτ )

I
∀κ = 1, 4

��EF9@K=C�?�;"?FEFB�C�DFEF><Û�T=6:D=6APRC�BQD=6�� [
w [�} 5A��6:>�OAH<C�9F?�6�?@6Yd<CY;�BQX�6�;YOAX�PRCY;�BQE<PROQ;�BQE~X�?@786A;�B�C�D<C���OAH<C�9F?FE�T<O�K<��m�6AP����

ε(Xι) =
∑

bτ1
,bτ2

∈Xι,bτ1
<bτ2

ε(bτ1 , bτ2)
[

c 6�K86Yd=6�?@786A;�B�C�DFEFG�6:HFEFE�PRO��&C�Bk5AL�BQi�D=6A;Y;YPROABQD<C�9=6�;�7=C�K<��gh��E<PeOQ5AD=6:GNOQP��

` 6:�FBQE0D<C�j�C�9FE<C^?@786A;�B�C�DFEFG�6:HFEFE
X̃ = {X1, ..., Xι, ..., Xλ})

��B [ C [ IQ9=6A5QOAD0mYDF��TFT8Û�?@786A;�B�C�D<OAX";�BQ��K=C�9@U
B�OAX�5QC�G�T<C�D<CY;YC�d<C�9FEF>=��KF7<>�XQL�T<O:7<9<C�9FEF>�;�T<C�HFE=6�7<iQ9FL*n�786A5QOAD=6:B�OADF9FL*nkD=6A5QOAB���9=6:TFDFE<PRC�D�IFX0OQ5:786A;�BQE
D=6�K<E<OAB�C�n@9FEF?FE8�1;���d<C�B�OQPe;�7=C�K<��gh��E@nkBQD<CY5QOAX�6:9FEF���
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���YÂ Á ò ÷Rò ³ ¹lØ(� ´
�Ú6���OAmYD=6:9FEFd<C�9FEF>�9=6�dFE<;�7=O�W�7=CYPRC�9FB�OAX���;�BQ��K=C�9FB�OAX��1X�?�6:�0K=OQP�?@786A;�B�C�D<C���9=6�PROA��9<OQ;�BQik?@786A;�B�C�U

D=6����
η− ≤ |Xι| ≤ η+ Ù��5��^OAmYD=6:9FEFd<C�9FE<C&9=60OQ5A��CYC�Pa6A;�B�C�D<;�BQX�O���?�OQP�T<C�B�C�9FHFEFg���X�?@786A;�B�C�D<CQ�

ξ(Xι) � ξ0 = (2, 3, 3, 2) Ù��X���H<C�7=C�X�6:>��4��9F?FHFEF> Z 9=6:TFD=6:XA7=C�9=6�9=6�P�EF9FE<P�EFG�6:HFEFgáEF9@K=C�?�;N6�5�6�786:9<;N6hT<O�PROA�&9<OQ;�BQE0?@786A;�B�C�D=6

Bc(X̃) Ù��m��0H<C�7=C�X�6:>á�4��9F?FHFEF>�wl9=6:TFD=6:XA7=C�9=6S9=6�Pa6:?�;�E<P�EFG�6:HFEFg ��P�9<OAmNOA?FDFEFB�C�DFE=6�7<iQ9FL���;�7<��d=6:�8��KF7<>
OAH<C�9F?FE�;�BQDF��?FBQ��DFL�9=6:E@n@��K<j0C�mNO�?@786A;�B�C�D=6 Ù��K��1H<C�7=C�X�6:>��4��9F?FHFEF>~x�9=6:TFD=6:XA7=C�9=6�9=6�Pa6:?�;�E<P�EFG�6:HFEFgùOAH<C�9F?FElT<O�X�CY;���D<CY5QC�De��OAH<C�9<OA?�;YOAX�PRC�U
;�BQE<PROQ;�BQE8��XJ	Ü9=6:E@n���K<j0CYPl��?@786A;�B�C�D<C [

Å�ÆAÇAÈFÉFÊ<ÆkË���Ì � BQ��K=C�9FBQL�I=OAH<C�9F?FE�T<O0?FDFEFB�C�DFEF>FP
� BQ��K=C�9FB

C1 C2 C3 C4

\ C�?FB�OADF9=6:>�OAH<C�9F?@6
aj

�
ξ1(aj)

�ä�
ξ2(aj)

� �
ξ3(aj)

� �
ξ4(aj)

�
ξ(aj)� BQ��K=C�9FB Z �

a1

� Z w x x � Z IÏw@IÏx@IÏx��
� BQ��K=C�9FB�w��

a2

� Ò Z w Z � Ò I Z IÏw@I Z �
� BQ��K=C�9FB u �

a3

� w w Z x �Úx@IÏw@I Z IÏx��
� BQ��K=C�9FB�z��

a4

� Ò Z w Z � Ò I Z IÏw@I Z �
� BQ��K=C�9FB v �

a5

� x x x x �Úx@IÏx@IÏx@IÏx��
� BQ��K=C�9FB�Ð��

a6

� x x x x �Úx@IÏx@IÏx@IÏx��
� BQ��K=C�9FB ZNÒ �

a7

� x x w x �Úx@IÏx@IÏw@IÏx��
� BQ��K=C�9FB ZQZ �

a8

� Ò Z x w � Ò I Z IÏx@IÏw��
� BQ��K=C�9FB Z w��

a9

� Ò w x Z � Ò IÏw@IÏx@I Z �
� BQ��K=C�9FB Z x��

a10

� Ò Z Z Z � Ò I Z I Z I Z �

Å�ÆAÇAÈFÉFÊ<Æ�Ë���Ì*�4OAD�>�K<?�OAXQL1C&OAH<C�9F?FE�;YOAX�PRCY;�BQE<PROQ;�BQEl;�BQ��K=C�9FB�OAX
Rf = {ε(aj1 , aj2)}

aj1

Û
aj2 a2 a3 a4 a5 a6 a7 a8 a9 a10

a1 2 3 3 2 2 2 2 3 2
a2 1 2 2 0 0 2 2 1
a3 1 3 2 3 0 3 3 2
a4 3 1 2 2 2 3 1
a5 1 2 0 3 3 3
a6 3 2 3 1
a7 2 3 2
a8 3 3
a9 3

�4O:7<��d=6ACYPa6:>�X�C�D<;�EF>�OATFBQE<P�EFG�6:HFE<OA9F9<OA��PRONK=C�7<E�E<PRCYC�B�XQE@K»�

min Bc(X̃) = max
ι=1,λ

|Xι| − min
ι=1,λ

|Xι|, max min
ι=1,λ

ξ(Xι), max min
ι=1,λ

ε (Xι)

s.t. 3 ≤ |Xι| ≤ 4 ∀ι = 1, λ, ξ(Xι) � ξ0 = (2, 2, 3, 2) ∀ι = 1, λ.

c 6�K86NdFEÝ?�OQPR5AEF9=6:B�OADF9<OA�¾OATFBQE<P�EFG�6:HFEFE-B:6:?�OAmNOoBQEFT=6+OABQ9<OQ;�>@B�;�>�?á?@786A;Y;��áÍm#�U�BQDF��K<9FL*n [ë\ WYB�OQP
;�7<��d=6AC�E<;�T<O:7<iQGY��ghB�;
>�T<C�D<CY5QOADF9FL1C�PRC�B�ONK<LfE@7<E�WYXQDFE<;�BQEF?FE [�à TFD<OA��C�9F9=6:>�WYXQDFE<;�BQEF?@6"PRO��&C�B&E<PRC�BQi
XQE@K»�
n @J-2:�8>=�('&a\ L�dFE<;�7=C�9FE<C�TFDFE<5:7<EF��C�9F9<OAmNO�dFE<;�786�?@786A;�B�C�D<OAX���9=6:TFDFE<PRC�D�I

3
� [

n @J-2:�8>=�TV&a\ L15QOAD�9=6:E<5QO:7=CYC�X�6:��9FL*n�?FDFEFB�C�DFE<C�X<�oT<C�DFXQL���XQL15QOAD���?FDFEFB�C�DFEF��x@I�XQB�OAD<OA��XQL15QOAD��
?FDFEFB�C�DFEF�lw [
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°e±�²�³1²�´ ó ´�°^µ·¶*³1² ó(¸(¹�º»�1¼ ².½ ���¾��� ´.¿ ¹ ¶ ó(À üAÁ °(¿ ¹ ³ �aüQ�*º»��Á�¹�º»À�� �����
n @J-2:�8>=Ya>&�\ L15QOAD�7<��dFj�E@n�W�7=CYPRC�9FB�OAXo��TFDFE<PRC�DF9<O u ��;�B�OAdF?FE+GYD<C�9FEF>�XQL15AD=6:9F9FL*n�K<XQ��n�?FDFE@U

B�C�DFE<C�X-��9=6:TFDFE<PRC�D�I.T<OlTFD=6:XQE@7<�·��6:D<C�B�O���?�6:?e>�K=C�D¾��7<E@K=C�D<OAX���KF7<>omYDF��TFT8Û�?@786A;�B�C�D<OAX [á\ OQ5A�0CYP
;�7<��d=6ACQI�?@7<EF?FE�E@7<Eá?FX�6:GYE@U�?@7<EF?FEÝPROAmY��BSD=6A;Y;YPa6:BQDFEFX�6:BQi�;
>�?@6:?á��?�6:G�6:9F9FL1C�>�K<D=6 [�\ dFE<;�7=C�9F9<OQP
TFDFE<PRC�D<C"T<O:7<��d=6:g�B�;�>�W�7=CYPRC�9FBQLù��B [ C [ IF7<E@K=C�DFLh���

a1

I
a5

I
a6

[
n @J-2:�8>=�oE& ��6A;�j�EFD<C�9FE<C�?@6:�0K=OAmNO�>�K<D=6�G�6�;�d<C�B�TFDFE<;YOQC�K<EF9<C�9FEF>�K<DF��mYE@n�W�7=CYPRC�9FB�OAXl;���d<C�B�OQP

OAH<C�9<OA?�;YOAX�PRCY;�BQE<PROQ;�BQE [4\ D<C�GY��7<i�BA6:B�C�PRON��9<O�D=6A;Y;YPROABQD<C�BQi�;�7=C�K<��g���CYC&D<C�j0C�9FE<C"?@786A;�B�C�DFEFG�6:HFEFE��
X̃ = {X1, X2, X3}

�
Bc(X̃) = 1

��I<m�K=C4?@786A;�B�C�DFLÄE<PRC�ghB�XQE@K»�
��Õ��

X1 = {a1, a2, a3}
I
ξ(X1) = (2, 2, 3, 3)

I
ε(X1) = 8 Ù��ÕßÕ��

X2 = {a5, a4, a8}
I
ξ(X2) = (3, 3, 3, 3)

I
ε(X2) = 8 Ù��ÕßÕßÕ��

X3 = {a6, a7, a9, a10}
I
ξ(X3) = (3, 3, 3, 3)

I
ε(X3) = 15

[
b 9@K=C�?�;&5�6�786:9<;N60T<O�X�CY;���D<CY5QC�D�X�?�6:�0K=OQPf?@786A;�B�C�D<CQ�

Bv(X̃) = 7
[

` 6+�RE<; [ûu TFD<C�K=;�B:6:XA7=C�9<OeT<O:7<��d<C�9F9<OQClD<C�j0C�9FE<Cl?@786A;�B�C�DFEFG�6:HFEFE
X̃ = {X1, X2, X3}

��OAH<C�9F?FE
X�CY;YOAX�Û:;YOAX�PRCY;�BQE<PROQ;�BQElB:6:?F��C"��?�6:G�6:9FLh� [

�RE<; [Ru<[ �(C�j�C�9FE<C"?@786A;�B�C�DFEFG�6:HFEFE
a1 a3

a2

2 3

3
se s
s

�
�
�

A
A

A

ê 786A;�B�C�D
X1

a5 a8

a4

3 2

3
se s
s

�
�
�

A
A

A

ê 786A;�B�C�D
X2

a6 a10

a7 a9

3 3
3

1

23se s
s s
�

�
�

��

Q
Q

Q
QQ

ê 786A;�B�C�D
X3

\ G�6:?@7<g�d<C�9FE<C.;�7=C�K<��C�B�G�6APRC�BQEFBQi<I:dFB�O1D=6A;Y;YPROABQD<C�9F9=6:>�G�6�K86Yd=6�T<OYn�ON�06h9=6�G�6�K86YdF�&��OAD<P�EFD<OAX�6:9FEF>
WY?FEFT=6:��C���KF7<>kmYD=6:�0K86:9<;�?FE@n~6:XQE=6�786:�F9<C�D<OAX [

v@[ c ç ê èMp j4]a`4b4]
\ K86:9F9<OA�á;�BA6:BQi�C�TFD<C�KF786:m�6AC�B�;�>fT<ONKFn�OYK-?eG�6�K86Yd=6APù5�6�786:9<;�9<OA�f?@786A;�B�C�DFEFG�6:HFEFE-9=6�OQ;�9<OAX�C�E<;�U

T<O:7<iQGNOAX�6:9FEF>oD�>�K86~EF9@K=C�?�;YOAX�5�6�786:9<;N6�KF7<>SD<C�j�C�9FEF�+?@786A;�B�C�DFEFG�6:HFEFE [ ��DFE+WYB�OQPÄOAH<C�9F?@6l5�6�786:9<;N6
��EF9@K=C�?�;�Lã5�6�786:9<;N6��0OQ;�9<OAX�6:9=6�9=6�D=6:G�7<EFdFEFEen�6:D=6:?FB�C�DFE<;�BQEF?áT<O:7<��d=6ACYP�L*n·?@786A;�B�C�D<OAX���dFE<;�7=O�W�7=C�U
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