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Amnnorarmusa—B crarbe paccMaTpuBaeTcss KOMOMHATOPHAS 331244 KJIACTEPU3aIii Ha OCHOBE pac-
kpacku pebep rpada. Ilpeacrasien kpaTkuit 0630p 3a7a1 PACKpPaACKu rpadOB U UX IPUMEHEHUsT
B CETIX CBSI3U M KOMIIBIOTEPHBIX cucTemax. OnucaHa OCHOBHAsI MATeMaTHYECKasi MOCTAHOBKA
3a/1a91 KJIACTEPU3AIH Ha OCHOBE packpacku pebep rpada. IIpesioxkerna MHOrOKpuTepruabHast
IIOCTaHOBKa 3a/laM. HpI/IBeﬂeHbI WJITIOCTPATUBHBIEC YUCJIEHHbIE IIPUMEDPDI JIJId PaCCMOTPEHHBIX
3a,/1a4.
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1. BBEJAEHUNE

B mocnemmmne roma 3amaum KOMOMHATOPHON KJIACTEPU3AINH TPUBIEKAIOT BHUMAHNE UCCIIET0BA~
resteit [43]. Januas crarbsi HocBsileHa 3a/a4e KJIaCTepU3allni Ha OCHOBE packpacku pebep rpada.
DTa 3aja4a MOXKeT ObITh OTHECEHa K KJAcCy 3aJlad KOMOMHATOPHON KjacTepusaiuu. B pabore
OMMCAHBI OCHOBHAST M3BECTHAs 3a71a9a KJIACTEPU3AINY Ha OCHOBE pacKpacKu pebep rpada u mpe-
JIOXKEHa ee MHOIOKpUTEepuasbHas Bepcus. [IpuBe/ieH KpaTkuii cTpyKTypU30BaHHbIH 0630p (B Buje
TabuIbl) 3a4ad packpacku rpados u obsacreii nux npumenenns. Ocoboe BHUMAHHE Y/IEJISIETCS
[IPUJIOYKEHUIM B obJiacTu cucteM cBsazu. s wmiocTpanuu pacCMaTpPUBAEMbIX 33J1aY TPUBEICHDI
quc/IeHHbIe IpuMepbl. JlaHHas craThs OCHOBaHA Ha IpenpuHTe [44].

2. PACKPACKA T'PA®A 11 KJTACTEPUSBAIINA HA OCHOBE PACKPACKI PEBEP

Basaan packpacku rpados [15,26,34,35] urpaior BaxKHYIO poJib B KOMIILIOTEDHBIX HayKaX, TEXHI-
Ke U yIpaBJEeHUH, HAIpUMeED: (a) pa3MelleHne BbIYUCIUTeIbHBIX pecypcos [18,26], (6) yupasienue
JacToTaMu, [IJIAHUPOBaHNe paciucanuii B cucremax cesasu (e.g., [15,22,36,51,65]), (B) cocraBienune
crienmasbHBIX pacnucanuii (timetabling) [33,46,64].

Puc. 1-3 mmocTpupyioT 6a30BbIE 3aJa49u PacKpacKu rpada g UCXOIHOr0 HEOPHEHTHPOBAH-
Horo rpada. Uexomusiii rpad G = (A, B) npeacrasien Ha Puc. 1:

(1) muoxkectso Bepmun: A = {ay,...,a9},

(2) muO)kecTBO pebep: B = { by = (a1,a2), by = (a1,a5), by = (az,a3), by = (az,a¢), bs =
(as,as), bs = (as,a6), b7 = (as,a7), bs = (as,as8), by = (a4,a9), bio = (as,ar), bun = (as,ar),
bi2 = (a7, as), b1z = (as, ag) }.

Paccmarpusaercs Habop (MuoxkecTBo) nBeroB: C' = {c1,ca,c3,¢4}. [Ba packpaineHHbx rpada
IIPe/ICTABJICHDIL:

(a) packpacka Bepmun (Puc. 2), cocenmme BepiHbl (CBsI3aHHBIC peOPOM) UMEIOT PA3HbIE I[BETA,
HCIIOJIL30BaHbLl TPU LBETA;

(6) packpacka pebep (Puc. 3), ucronb3oBaHbl yeTbipe IBeTA.
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B pmannoii pabore paccMaTrpuBaeTcs clelualbHas 3aa4da KJIACTEPU3ALUNA Ha OCHOBE PACKPACKH
pebep (k-edge colored clustering problem). B paccmarpusaemoii 3ajade 3aan rpad ¢ pacKpaiieH-
ubiMu pebpamu G = (A, B); A = {a1, ..., a;, ..., an} - MHO)kecTBO BepruH, B = {b1,...,b;,....,b; }} -
MHOZKecTBO pebep. Vmeercst MuozkecTBO mesbix uncen (mseros) C' = {c1,...,¢y, ..., c;}. st xax-
noit Bepiuabl b € B masnaden 1ser ¢, (b) u Bec wy. OcHoBHAS 33j1a4a K/IACTEPU3AINN Ha OCHOBE
packpacku pebep (basic Max k-Edge Colored Clustering problem - MAX-k-EC) umeer Buj [2,4,6,7:

Haznauure nper u3z Muoxkecrsa C = {ci, ..., Cy, ..., Ck } VI KazKJI0# BepIIHHbI Ipada TaK ITo0bI
MMOJIVIUTh KaK MakcuMyM k KjacTtepoB. KaskIpIil KjiacTep COOTBETCTBYET MOArpady ¢ BEPIIMHAMU
oxHoOro TBeTa. B packpacke BeprimH rpada Jyra Ha3bIBAETCs COOTBETCTBYIONMIEH (Mm cTabuIbHOM
- stable) ecsin ee nBeT coBHajAET ¢ BETOM COCTABJISIIONUX ee BepuinH. lleneBoii dbyHKImel 3amauu
SIBJISTIETCSI MAKCUMU3AIUsT OOIIEro Beca cTabUIbHBIX pebep rpada.

Mogesnb nannoii 3aa4un onucana B [4,6,7]. PaccmarpuBarorcst 1Ba MHOXKeCTBa epeMeHHbIX: (1)
2y, b€ B (ii) Tac,, a € A, ¢ € C (u=1,k); t1ie 2, = 1 ecim 0be BepumHbL 11 pebpa b nmeror
TOT K€ 1IBeT Kak u b 1 2z, = 0 B MHOM CJlydae U ZTge, = 1 €CJIM BepIIMHA @ UMEET IBET €y U Tqc, = 0
B nHOM ciydae. Mozmenb umeer Buf (31ech ¢(b) COOTBETCTBYET IBETY ¢, KOTODBIl OB Ha3HAYEH
pebpy b € B):

k
max Z wpzp  S.L. Z Tac, =1, Va € A4
beB p=1

2y < Mg, c(b)> Tage(r)} V0 = (a1,a2) € By %qc,, 2 € {0,1}, Ya€ A, ¢, € C, be B.
Hannas mogenb orHocuTest K Kiaaccy NP-rpyaasix. st 9roii 3agaum ObLIM IPEIJIOKEHBI METOIbI
pellleHnsl B BUJIe 9BPUCTHUK, [TOJIMHOMUAIBHBIX HpubsmkenHbix cxem (PTAS) [2,4,6,7].

VumrocTpaTuBHBINA HpuMep 3ajadu uMeeT ceaytomuii Bug. Vubopmaiust 110 ucxogaoMy rpady
upejcrasiena B rabiune 1 n wa Puc. 4a (uera: C' = {cq, ..., ca}).

I[TostyaeHbl KacTepsl (peleHust KJIacTepu3aium:

X ={X1, X2, X3, Xu} (X CAVu=1,4,3necs | Xy, UXp| =0 Vo # pi2 )

(Puc. 4b, tabauna 1, Tabauna 2):

(i) X1 = {a1,a5,ar}, user cy;

(i1) X2 = {a2,as}, user cy;
(i) X3 = {a4, a6}, user c;
(iv) X4 = {as, a9}, uBer cs.
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Tabmuma 1. Pebpa rpada G =

(4, B)

Howm. Pebpo Bec IIser pebpa | Bunapuas nepemennast (BbI60D)
be B Wp c(b) z(b)
1. bl = (&1,&2) Wy, = 0.5 C1 0
2. b2 = (al,a5) Wy, = 0.9 C1 1
3. bs = (ag,as) | wp, = 1.2 C4 1
4. by = (az2,a6) | wp, = 0.4 c1 0
5. b5 = (a37a4) Wyy = 0.6 Co 0
6. b6 = (ag, a7) Wy, = 0.3 C3 0
7. b7 = (61,47 0,6) Wpg = 0.9 Co 1
8. bg = (0,4, ag) Wpy = 0.5 (&1 0
9. bg = (a4, a9) | wp, = 0.4 C4 0
10. b10 = (ag,,a7) Wy, = 1.0 C1 1
11. bll = (aﬁ,a7) Wy, = 0.2 C4 0
12. | b1a = (a7, as) | wp,, = 0.5 cs 0
13. b13 = (as,ag) Wy,3 = 1.1 C3 1

ai
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(a) ucxojHast packpacka pebep

(6) packpacka BEpPIIMH U KJIACTEPI
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Puc. 4. Tlpumep 3aga4un KiracTepu3alnd Ha OCHOBE PACKpacKu pedbep

Ta6mauma 2. Bepmunaer rpada G =

(A, B) (pemenue)

Howm.

Bepmmna a; € A

HasnaveHHblil BeC BEPIIUHBI Cq,

Kanacrep X (u) (Puc. 4)
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MozKHO yKa3arTh Cle/lyIOliie OCHOBHBIE TUIILI 33/ KJIACTEPU3AlUN Ha OCHOBE PACKPACKU Bep-
mun rpada: (1) kommakTHas packpacka Bepimi (compact k-edge-coloring) [5]; (2) mukimdeckast

KOMIIaKTHast packpacka sepimH (cyclic compact k-edge-colorings) [59];

(3) Makcumm3anust pac-

kpacku BepumH rpada (Max Edge-Coloring problem) [49,50]; (4) makcumusanumst packKpacKu Bep-
mun rpada ¢ orpanndenneM (bounded max-vertex-coloring problem) [12[; (5) kmacTepusanus na
rpade ¢ packpaimenubivu pebpamu (clustering on k-edge-colored graphs) [6]; (6) makcumasibHast
KJIacTepusanus Ha rpade ¢ packparmeHHbIMu pebpamu (maximum k-edge colored clustering: MAX-
K-EC) [2,4]; (7) anbrepHaTuBHBIN 1IyTh U pacKpallleHHas Kjacrepusanus (alternating path and
colored clustering) [19]; (8) 3amaua packpacku Beprins u pa3buenust pebep rpada (vertex coloring

edge partitions) [1].

,ZLOHOJIHI/ITGJH)HO, MO2KHO YKa3aTb CBfA3b 06a30B0OI 3aJa9u KJIaCTEepU3alluu Ha

ocrose packpacku pebep rpada (MAX-K-EC) u 6umskux 3aa4 [4]: (1) o6obiienne 3a1a9u Makcu-
MaJsIbHOrO B3BereHHoro coorsercrsust (Maximum Weight Matching) [26]; (2) pacmupenune mozenn
pacupejesiernst THMOPMAIMU B COIUATIBHBIX ceTsaX (pebpa He packpariensl) [37]; (3) cueruasnbHbii
citydaii KOMOMHATOPHON 3a/ia4n HasHadeHust |24).
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B tabsiniie 3 npuBeieHbI OCHOBHBIE TUIIBI 33J1a9 PACKPACKH I'PA(OB U ITPUIOKEHUS.

Mapx III. JIEBVH
3. BAIAYN PACKPACKU 'PA®A U ITPUJIOYKEHUI

Tabmuma 3. OcHOBHBIE THIIBI 33129 PACKPACKA I'PAGOB U IPUIOKEHUS

Howm. | Tun 3agasn [Tpumoxenne Wcrounnk
1. | O630psbI, obIIME 3a,1a9K:
1.1. | O6mue 0630pLI Pasmerienne BbI4. pecypcos, [26, 34, 46]
[JIAHUPOBAHNUE, HA3HAYEHUE YaCTOT,
[TOCTPOEHUE T'PYIIIT
1.2. | Packpacka rpada VYupapiieHne BO3/IyIITHBIM JIBHKEHAEM [13]
1.3. | Mozenu u anropuTMBbl IS Cerun, wianuposanue (timetabling), [16,54,55]
packpacka BepimH/pebep ¢ Becamu Ha3HA4YCHNE KAHAJIOB CBI3N [66]
1.4. | Packpacka npeBoBuIHBIX TpadOB CBs3b B HEPAPXUIECKUAX CETIAX [32]
1.5. | CpaBuenune 3bdeKTUBHBIX Pasmemenune pecypcos, miannpoBaHue [45,46]
aJITOPUTMOB PACKpacKu rpadon (timetabling), HasHauenwne gacTor
2. | OcHoBHBIE 33,1291 PACKPACKH IPadOB:
2.1. | Packpacka BepImmH Hasznauenue gacror [15,26,34]
2.2. | MakcumaJjbHash pacKpacKa BepIIuH Pasmemienne 6ydepos B ceTsix [28,62,63]
2.3. | Pacupenenennas packpacka rpagon Maprpytusaius 6e3 KOoJuIn3uil [60]
B cencopbix cerax (WSNs)
2.4. | Iapammenbras packpacka rpada Pampeiestennast naMaTh KOMITBIOTEPA [18]
2.5. | OnrumasbHas pakpacka rpada Wurerparusi 7aHHBIX B JIPEBOBUIHBIX [48]
cercopubix cersax (WSNs)
2.6. | Bajgaun MaKCUMAJIBHON PACKPACKU Pacniucanus ¢ xoudnkramun [22,25]
2.7. | llocTrpoenune Touek nepeceveHust BrisiesieHre TOKPBIFOIIUX 10/I-PETMOHOB [30]
B paCKpaIlleHHbIX Ipadax B cercopubix cersax (WSNs)
2.8. | k-packpacka rpados Hasznauenue 4acTor B paIHOCTAHITUSIX [61,61,65]
2.9. | Packpacka BepIuH C BecaMmu:
2.9.1. | Bapemennas packpacka ITepenaua coobmennii (peanbhoe Bpemst), | [11,16,21]
pasMelleHne CJI0TOB, HA3HAUEHNe KaHAJIOB | [23,29, 56]
[57]
2.9.2. | Packpacka Ha jepeBbsx/Jjiecax ¢ Becamu | MampyTusanus B ONTHYECKUX CETIX [9,10,14]
2.9.3. | MunumasbHast B3BeleHHast packpacka | CB3b TEDMUHAJIOB B CETAX 8]
2.9.4. | Packpacka c Becamnu (orpannvenns na | Hasmadenwe gacror [42,53]
PaCCTOSIHUSI, HECKOJIBKO 11BETOB
JLJISL KAZKJION BEPIIMHDI)
3. | Packpacka pebep rpada:
3.1. | Packpacka B rpadax:
3.1.1. | Packpacka pebep CropruBHBIE paCIUCAHMIA [33]
3.1.2. | Packpacka pebep Ceru cBsI3M, paJMoBeIIaHNe [27,31,41]
(gossiping, broadcasting) [47]
3.1.3. | Packpacka B AByIOJIbHBIX T'padax Pasmemienne B cucremax J10CTaBKH [67]
3.1.4. | Packpacka ¢ Becamn Ceru cBsi3u [66]
3.1.5. | MakcumaJsibHasi pacKkpacka Onruyeckast CBsI3b, [17,36,49]
CHCTEMBI C IIE€PeKJII0IeHNEeM [50]
3.1.6. | Packpacka B pasmbIThIX rpadax [TnanupoBanue Tpaduka [52]
3.2. | Packpacka Ha J1€peBbsIX:
3.2.1. | Packpacka Ha JepeBbsx Ceru cBs3n [3,58]
3.2.2. | Packpacka Ha GMHOMMAJBHBIX JepeBbsax | Pacrmcanus [40]
4. | Packpacka pebep ¢ k mBeTaMu
(k-edge-coloring of graph):
4.1. | Packpacka pebep ¢ k 1iBeTamu Haznagenune KaHaaoB, paclucanms (26, 38]
4.2. | KomnaxrHas k-packpacka Huknnyeckue pacrnucaHus [5]
4.3. | Hukanyeckast KoMnakTHas k-packpacka | MHOro-IIpoIeccopHbie paciuCaHust [39,59]
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4. MHOT'OKPUTEPUAJIbBHA A KJTACTEPU3AIINA HA OCHOBE PACKPACKU PEBEP

Ocnosnas 3agaua (MAX-k-EC) pacimupsiercs: 3a ¢4eT UCIOJB30BAHUs BEKTOPHON OINEHKH JIJIsI

BecoB pebep: wp = (wg, e wg, e wl;\) Vb € B. Ilony4aercs MHOTOKpUATEPUAIbHAST MOJIEIIb:
max F! = Z wgzb, ey max F¢ = Z wfzb, ey max F* = Z wg‘zb,
beB beB beB

k
s.t. Z Tae, =1, Va € A4
pn=1

2y < Min{Tq, c(b)> Tasew)} V0 = (a1,a2) € B Zac,,2 € {0,1}, Va € A, ¢, € C, be B.

BexTopuas nesesas dbynxmus umeer sug; F o= (FU .. F& .. F*). Ouesuuno, 4To 3/€Ch Cle/yer
OCYIIECTBJIATD 1Touck Ilapero-sdpheKTuBHBIX pelennii 1o JaHHON Ie/1eBoit pyHKIMNU. B ymporneH-
HOM CJIyYae MOXKHO HCITOJIb30BATh CJIEJIYIONLYIO MEJIEBYI0 (DYHKIIUIO:

A
max F*™ = Z Z wgzb VE=1, A\
beB =1

Nudopmarius st UTIOCTPATHBHOIO YUCJIEHHOT'O IIPUMEpPa IIpeIcTaB/ieHa B TabUuax U Ha PUCYH-
kax: Tabiuna 4, rabsaura 5, tabauna 6, Puc. 4a, Puc. 5, Puc. 6). Vcnosbsyercst ncxozubiii rpad
¢ packparmeHubiMu pedbpavu u3 Puc. 4a. Ilsera pebep u 1ByX-KOMIIOHEHTHBIE Beca pedep IpuBe-
nenbl B Tabsune 4. [Ia Ilapero-sdbdekTuBHbIX pernienust (JBa BapuaHTa PaCKpPacKd BEPIUH) U UX
OIIMCAHUSI IPUBEJIEHBI B Tabaure 4, Tabauie 5, Tabsuie 6 u Ha Puc. 7:

Pemenne 1: Pemenue 3ajgaun knacrepmsammi umeer ug X' = {X1, X1 X4 X1} (X /i cA
V=1,4, | X, UXu| =0 Vi # po (Puc. 5, Tabnuna 4, tabiuna 5):

(i) X{ = {a1,as,a7}, user cy;

(i) X3 = {az, a3}, mser cy;

(iii) X1 = {a4, ag}, mser cy;

(iv) X} = {as, ag, nser cs.

Henesas dynxmus umeer sur: F(X!) = (5.1,3.1).

Pemenme 2: Pemenne sajaun knacrepusamun umeer sug X2 = {X?, X2, X2, X3} (X2 Cc A
V=14, | Xy, UX,,| =0 Vg # po (Puc. 6, rabmuia 4, Tabiuna 6):

(i) X? = {a1,as,a7}, user cy;

(ii) X7 = {a3,as,ag}, uBer co;

(iii) X3 = {as,ag}, uBer cs.

(iv) X2 = {az}, nser c4.

Ilenesas bynkius umeer su: F(X?) = (4.5,4.1).
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Tabunua 4. Hannbie ms pebep rpada G = (A, B)

How. Pebpo Bec Wcxomnbrit per bBunapnas | Bumapnas

be B wy = (wi, w}) pebpa IepeMeHHas | IepeMeHHAS

c(b) s X' n X2 | 2(b) ana X' | 2(b) anst X2
1 by = (al,ag) wy, = (05,05) Cc1 0 0
2 by = (a1,as) | Wy, = (0.9,0.8) c1 1 1
3 by = (CLQ,(Ig) Wy, = (1.2,0.5) Cy4 1 0
4 by = (CLQ, ag) wyp, = (04, 05) c1 0 0
5 b5 = (0,3, (14) wbs = (06, ].5) Co 0 1
6 be = (ag, CL7) Wpy = (03, 05) C3 0 0
7 by = (a4, ag) Wy, = (0.9, 08) Co 1 1
8 bg = (a4,a8) Wpy = (05705) c1 0 0
9 by = (CL4, ag) Wpy = (047 05) Cy4 0 0
10 b10 = (a5, 0/7) Whyy = (10, 05) C1 1 1
11 bll = (aﬁ,a7) ﬁbll = (02,05) Cyq 0 0
12 b12 = (a7,ag) Whiy = (05705) Co 0 0
13 b1z = (ag,ag) Whys = (1.1,0.5) C3 1 1

Grla) @@)Ci@) oy ) B G0 6w

@ 2@ e

_*_r !
— D B & Cl

@ 2@ U

Puc. 5. Pemenue no Ilapero X! Puc. 6. Pemenue no Ilapero X2

Ta6muma 5. Bepmuner rpada G = (A, B) (pemienne )21)

Howm. | Bepumna a; € A | Hazmauennstii nser sepumnsi ¢, | Knacrep X' (p) (Puc. 5)
1. al C1 Xll
2. a9 Ca X3
3. as Cq X21
4. Qy Co X;
5. as C1 Xll
6. [¢7 Co X31
7. ar 1 Xi
8. as C3 Xi
9. ag C3 Xi

Tabsuma 6. Bepmunnt rpada G = (A, B) (pemenue )22)

Howm. | Bepminna a; € A | Hasnauennblii et Bepiunbl ¢, | Kiacrep X2(u) (Puc. 6)
1. ay C1 Xll
2. as Cq Xi
3. as Cq4 X21
4. [e7} C2 X21
5. as C1 Xll
6. ag C2 X21
7. ar C1 Xll
8. as C3 X;
9. ag C3 X?}

NHOOPMAIIMOHHEBIE ITPOIIECCEI TOM 22 Ne 2 2022



KJTACTEPU3AIINA HA OCHOBE PACKPACKU PEBEP I'PA®A 125

O6muit Bec
F2
F(X?) _
[ ] F(Xl)
O]
(0,0) O6umii sec F1

Puc. 7. Unmrocrparust mis pernennii mo [lapero

5. BAKJIFKOYEHINE

JlaHHast CTATbs COIEPXKUT OIUCAHUE 3aa4UN KJIaCTEPU3AINN HA OCHOBE pacKpacku k-pebep rpada
BKJIIOYasi MHOTOPUTEPHUAJILHYIO MOJEb 3a1a4qn. [Ipuioxkenus 3amad packpacku rpadoB U PaccMOT-
PEHHOI 3aJ[a9u CTPYKTYPHO IIPEJICTABJIEHBI B BUe Tab/MIbl. BHUMAHUE y/Ie/IeHO TPUIOKEHUAM B
KOMIIBIOTEPHBIX CUCTEMaX M CeTdX CBst3u. MOXKHO yKa3aThb CJIEIYIONINe MTePCICeKTUBHBIE HAIIPABJIC-

HUs uccaenoBanuii: (1) wcciiemoBanne SBPUCTHIECKIX METOIOB PEIeHIs PA3INIHBIX BEePCHil 331~
9K KJIACTEPHU3AIMN Ha OCHOBE packpacku k-pebep rpada; (2) uccienoBanue peajibHbIX TPUTOKEHU
JTAHHOI 3a/1a91 B KOMIIBIOTEPHBIX CHCTEMaX W CETsAX CBs3d; (3) OmMcaHWe HOBBIX MEPCIEKTUBHBIX
[OCTAHOBOK JIAHHOW 3ajiadu (HAIPUMED: Y4YeT HEOIPEeJEJEHHOCTH, y4eT COBMECTUMOCTHU IIBETOB,
pacKpacKa ¢ Ha3HaYeHNeM HECKOJIbKUX IIBETOB Jisl KayK 10l BepIuHbl); (4) ucroab3oBaHue JaHHOl
3aja49i npu 00yIeHNH CTYIEHTOB.
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On models of clustering based on edge colored in graph

Levin M.Sh.

The paper addresses combinatorial problem of edge colored clustering in graph. A brief structured
survey on the problems and their applications in communication networks and computer systems
is presented. Basic mathematical formulation of the problem of edge colored clustering in graph
is described. A multicriteria problem statement is suggested. Numerical examples illustrate the
considered problems.
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