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AnHoTanmsa—B cTaTbe paccMOTPeHa 3a71a4a P-IeHTPOB (1 3a1a9a p-MeuaH) 1yt rpados/ceTeii.
B mestom, MmaTepuasi OCHOBaH Ha apXUTEKTYyPHOM B3IJIsiJie Ha 00JIAaCTh 3a/1a9 P-IIEHTPOB U BKJIIO-
gaer ciemyiomue yacru: (1) 0630p 1Mo 3a7adaM P-IEHTPOB U IIOJXOJAM K MX DPEIICHUIO, HEKO-
TOpbIe KOMOUHATOPHBIE OCTAHOBKM THUX 33129 BKJIOYAs MHOIOKPUTEPUAJILHYIO Bepcuio; (2)
0030p 1O 3a7av4aM p-MeIUaH U MOJAXOIAM K UX PEIIeHUIO, HEKOTOPble KOMOMHATOPHBIE IOCTa-
HOBKHU 3THX 3aJ1a4 BKJIIOYasi MHOTOKPUTEpHAJbHBIE Bepcun; (3) MILIIOCTPATUBHbBIE IHMCJIEHHBIE
npuMepsl; (4) HOBas IPUKJIAJHAS 33/]a49a BbIIeJIeHNs "TIeHTpasIbHBIX " cTareil B Tpymne crareii
110 TEMaTHUKE CUCTEM CBS3U.

KJIFOUEBBIE CJIOBA: 3amada p-IileHTPOB, 3aja4da p-MeIuaH, KOMOMHATOPHAsT ONTHMMI3a-
U1, SBPUCTUKHU, PUJIOKEHIE
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1. BBEJAEHUE

Crarbsi nocBsillieHa cJeyonmmM BorpocaM: (1) mpejcrasiieHbl JuTeparTypHble 0030pbI 10 3a-
JladaM p-TeHTPoB (Win k-TeHTPOB) ¥ 10 3ajiadaM p-MeJMaH, IPUBEIeHbI KIaccuduKamm 3a1ad 1
MEeTOJIOB UX pelieHust; (2) nmpuBeieHbl MOjIe N KOMOMHATOHON ONTUMEU3aIuy (BKJIIO9Yasi MHOTOKPHTE-
pHaJIbHbIE IOCTAHOBKUK ); (3) KPATKO ONUCAHBI yIIPOIIEHHbIE 9BPUCTUIECKIE CXeMbl; (4) mpeacraBiie-
HbI UJLIIOCTPATUBHBIE (D POBBIE TIpUMeEpHI; (5) IpeIoyKeHa HoBasl IPUKJIa IHAsT 3319 BbIJIe/IeHUsT
"meHTpabHBIX ' cTATEl B IPYIITE CTATEH MO TEMATHKE CUCTEM CBSI3U. 3aJIa4N P-TIEHTPOB U P-MeTuaH
MOT'YT PacCMaTPUBATHCS KaK 4acTh 061acTH KOMOMHATOPHOI Kiacrepnsarun [1].

2. BAJIAYM P-LIEHTPOB
2.1. Onucarue U UALOCMPAUUL

Kiaccuueckasi 3aj1a4a p-1ieHTpoB (Wiin k-IIEHTPOB) 3aKJ/H0YAETCs B BBIOODE MOJMHOMXKECTBA U3
p BepiuH (IIEHTPBI, IYHKTHI 0OC/Iy’KUBaHUS, IIyHKTBHI pPa3MelleHus: 00OpY/I0BaHNs) B HEHAIIDAB-
JIEHHOM rpade ¢ eJbl0 MUHUMU3UPOBATH MAaKCHUMAJILHOE PACCTOSTHUE MEXKIY KaXKJIOi BEepIIMHOMN
rpada (mosb3oBaTe b, KJIMEHT) (U3 MHOXKECTBa He-IEHTPOB JIAHHOrO rpada) u GimKafiumM 1eH-
tpoMm [2,3,41/5,|6]. Tannas 3amaga 6auska K 3a/1ade MOKPBITUS BeeX BepinH rpada He 6ojee p Kpy-
raMy HauMeHbIIero paJinyca. 3ajada p-IieHTPoB OTHOCUTCs K Kiaccy NP-rpynabix 3amaq |24} 5,/7].
HanHast 3a/1a9a MIUPOKO MCHOJIB3YeTCsl B PA3IMYHBIX 0bJacTsax (tabsmma 1).

B nureparype paccMaTpuBaIOTCs CJIEAYIOININE OCHOBHBIE BEPCUH 38, ATM:

1. /TaHO MHOXKECTBO M3 N TOYEK B HEKOTOPOM MeTpudeckoM mnpocrpancrse |48, 9]:
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Haiitu p crienmasbHbIX TOYeK (IEHTPOB) Tak, YTOOBI MAKCHMAaJbHAs JUCTAHIUS OT OCTAJBHBIX
TOYEK JIO IEHTPOB ObLIa MIHUMAJIBHOI.

2. B HenpepbIBHOIT 3a/1au€e p-IEHTPOB KJIACTEPU3AIUY [IEHTPHI MOTYT OBITh PACIIOJIOXKEHDBI B JIO-
6om MecTe ucxoHOro npocrpancrsa [8,10,/11,/12].

3. B crenpanbHOi ANCKPETHON BEpCHH 3a/1a9l P-IIEHTPOB MHOZKECTBO [EHTPOB-KAH/UIATOB 3a-
naercst 3apanee [8.

4. B 3ajjaue ¢ MUHUMAJBHBIM [HOKPBITHEM HCXOJHOE IPOCTPAHCTBO IIOKPHIBACTCS P MAPaMU TaK,
9T00BI pajuyc HanboJIbInero mapa 6bL1 MuHIMaseH |13].

Tabsmia 1. HekoTopbie mpuioykeHns 3a1a4 p-IIEHTPOB

Howm. | Bagaqa Hcrounuku
1. | Pa3smeleHnne cepBUCHBIX IIEHTPOB:
1.1. | Pa3sMmerenue JIOTUCTUIECKUX [IEHTPOB (B YACTHOCTH, Ha JPEBOBUJIHBIX CTPYKTypax) | [144/15]
1.2. | Pazmerienre MeUITUHCKUX IEHTPOB [16]
1.3. | Pasmernenne nenTpoB (juist xpaHeHusi 6a30Boro KoHteHTa) B UnaTenere [17]
2. | Pasmelenne onepaTuBHBIX [IEHTPOB (IKCTPEHHOM MOMOIIM, U T.IL.):
2.1. | Pa3smernenne 1eHTPOB HEOTJIOKHON MEIUIUHCKON TTOMOIIA (18]
2.2. | OupenesieHne pacoOIOKEHUsT TOCIUTAJIEH [19]
2.3. | Pasmemenne mokapHBIX J€I0 [20L[21]
3. | IIpusioxenust B cersix (TPAHCIOPT, CBSA3b): i
3.1. | Pasmemenue 1ieHTpoB (Xab0oB) B ceTAX [22]
3.2. | Pasmemenue meHTpPOB pacipe/iesieHus, KOMMYTAIIUA B CETAX CBI3U [5L/19}23,/24]
3.3. | Pa3memenne ceHCOPOB B ceTsiX [25]
3.4. | Pasmemenne 060pyA0Batns B TPAHCIOPTHBIX (TOPOACKHUX)) CETAX [26,23,27]
3.5. | Pasmerrienune o60pyioBanus B MOOMILHBIX CETSAX CBA3U (28]
4. | HekoTopsble Jpyrue MpuaoKeHUs:
4.1. | Pasmemenne IeHTPOB MHTErPAIIAN TAHHBIX [29]
4.2. | Aranus joructuyecux cereil (IIOCTABIUKA-TIOTPEOHTENN ) [30]
4.3. | Oupenenenne "nenrpaabHOCTU"B CETSIX IUTUPOBAHUS HAYYHBIX ITyOIMKAIUI [31]
4.4. | Ananus B peJIAIMOHHBLIX 0a3ax JaHHBLIX [32]

BasoBas 3ajada k-11eHTpOB (T.€., U3BECTHAsI 3aJ@da PasMelleHus: obopyIoBanus B k-IeHTpax)
onmcana B jureparype [2,31(13}33,344(35]. meercst nosnbiii nenanpasiennsiit rpad G = (A, E), A
- MHOKeCTBO BepnH, F - MHOXkKecTBO pebep. Paccmarpusaerca merpuka d: A x A — RT. 3anaua
uMeer BUJL:

Haiitu nogmuoxkecrso B C A u3 makcumyM k 1eHTpoB (k - IOJI0KHUTEIBHOE 11€JI0€) KOTOPOe M-
HUMU3UPYET MAKCUMAJIbHOE paccTosinme or 3jieMeHToB n3 A kK B. Mcnonbayercs miesieBast (DyHKIHS:

min  max min d(a,b)
BCA,|B|<k a€A beB

Dra Mozesb KOMOMHATOPHOIN onTuMmusanuu sBisiercst NP-tpysanoit [4,]5]). Bmecro paccrosinust
d MOTYT pacCMaTPUBATLCS PA3JIUIHBIE THIBI OJU30CTH (HAIPUMED, TOPSIKOBBIE MM BEKTOPHDIE
6JIM30CTH, BEPOSITHOCTHBIE U PA3MBIThIE OIEHKH ).

YupolieHHble UTIOCTPAIUN JIUIS 33J1a9u IpuBeaeHbl Ha Puc. 1 n Puc. 2:

NHOOPMAIIMMOHHBIE ITPOIIECCEL TOM 25 Ne3 2025
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(i) mcxomuble aHHbE: (a) MHOXKeCTBO 3j1eMeHTOB (BepmnH) (Puc. 1a), (b) menTpb-Kanu/1aThI
(Puc. 1b);

(ii) mumocTparnBEble HpuMepsbl pernenuii: (a) pemenue: l-nentp (Puc. 2a), (b) perenne: 2-
nenrpa (Puc. 2b), (¢) pemenne: 4-uenrpa (Puc. 2c).

c e e e e c®®
e o o o o o o .@.@@..
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(a) mCXOHBIE SJIEMEHTHI (b) HEeHTPBI-KAHIIATHI

®

Puc. 1. Hcxonnsle maHHbIE IJIS IPUMEpPA 38189l P-IIEHTPOB

e o o o o o e o (® o o o e (® o o (9 o
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L] L] L] [ ] L] L) L) L] L] L] @ L] L] L] o @ L) L) @ L] L]
(a) perenue: 1-neHTp (b) pemenne: 2-nienTpa (¢c) pemenue: 4-nieHTpa

Puc. 2. nmocTparniust permenns sl 3a1a91 P-IIeHTPOB

OTMeTuM, 9TO HMPOIECC PEeIIeHus 3a/add P-IEeHTPOB MOYXKET OBITh OCHOBAH Ha KJIACTEPU3AInN
(T.e., mpeaBapuTeabHOM (hopMupoBanuu p kKiacrepon) (Puc. 3).

. ﬂaCTep

. e . Kiac- ; N
. e rep 2 KﬂaCTep ‘L[\GHTp
RN @ 2

(a) MCXO/HBIE JIEMEHTDI ) pelienue: 4—LL€HTpa (c) pemienue: 2-mieHTpa

Puc. 3. 3&,&&‘1& P-IEHTPOB Ha OCHOBE KJlaCTE€pHU3allun

2.2. Tunwt 3aday p-uenmpos

B Tabaume 2 npuseennbl myOJMKAIMA U THIIBI 38129 P-TIEHTPOB.

NHOOPMAIIMOHHEBIE ITPOIIECCEI TOM 25 Ne3 2025
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Tabauna 2. [Iybaukanuu u THOBL 33/1a9 P-IIEHTPOB, YaCTh 1
How. | IlyGnukatus, TuI 3a1axu Ncrounukn
1. | O630pst
1.1. | Survey on p-center problems (problem variants, methods) [6,[36]
1.2. | The p-center and p-median problems (location on networks) 12,137
1.3. | Survey on k-center problems (problems, approximation) [35]
1.4. | k-center problems (problems, complexity issues) [4]
2. | OCHOBHBIE THIIBI 331aH:
2.1. | Basic p-center (k-median) problems [5,124}/33L[38]
2.2. | Weighted p-center problems [39,140]
2.3. | Connected p-center problem (problem, algorithms, applications) [32]
2.4. | Two-center problems [411}42] 143, /44]
2.5. | Multi-centers problem on a graph (optimum location) [38L}45]
2.6. | Multifacility center problems [46,47]
2.7. | p-center problem with minimum coverage (balanced version) [13,48]
2.8. | The multi-service center problem [50]
2.9. | Alternative p-center problems [51]
2.10. | Fault tolerant p-center problems [52]
2.11. | Hierarchical version of p-center problem [53]
2.12. | Priority p-center problem [54]
2.13. | Discrete p-center problems [55,56]
2.14. | Generalized p-center problems [57]
3. | Bepmunnsie 3ama4un p-neHTpoB (vertex p-center problems):
3.1. | Vertex p-center problem [58,/59,/60L(61,/62]
3.2. | Robust vertex p-center model for locating urgent relief distribution centers | [18]
3.3. | The complete vertex p-center problem [61]
3.4. | Capacitated vertex p-center problems [63L|64L65]
3.5. | The connected p-vertex one-center problem on graphs [66]
3.6. | Large unconditional and conditional vertex p-center problems [67]
3.7. | Large-scale capacitated vertex p-center problem [68]
3.8. | Vertex restricted p-center problems on networks [69]
3.9. | Uniform capacitated vertex p-center problem [70]
4. | Bamaun ¢ pecypcHbIME orpanudenusivu (capacitated p-center problems):
4.1. | Capacitated p-center problem [71L(72,|73]
4.2. | Capacitated fault-tolerant p-center problem [74]
4.3. | Heterogeneous capacitated p-center problem [75]
4.4. | Capacitated p-center problem with failure foresight [76]
4.5. | The fault-tolerant capacitated p-center problem [71]
4.6. | Capacitated vertex p-center problems [63,/64. 65, 68|
4.7. | Uniform capacitated vertex p-center problem [70]
5. | AcuMMeTpUYHbIE 3a/1a4K:
5.1. | Asymmetric p-center problems |77,/78,79,180]
5.2. | Asymmetry weighted p-center problem [79]
5.3. | Asymmetric p-center with minimum coverage [48]
6. [TranapHble 382490 1 33291 ¢ DBKJIUIOBONH METPUKOIA:
6.1. | p-center in planar graphs [3,1811/82]
6.2. | 1-center problem on the plane (with uniformly distributed demand points) | [83]
6.3. | Planar 2-center problem [841(85L86,,87.|44]
6.4. | The weighted Euclidean 1-center problem [88]
6.5. | 2D Euclidean 2-center with outliers [42]
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Tabauna 2. [Iybaukarnun u TUIBL 33189 P-IIEHTPOB, YaCTh 2

Howm. | Ily6mukarnus, Tumn 3a1adu Hcrounuku
7. | Bagaum Ha JIEpPEBBSIX:
7.1. | Center location problems on tree graphs [894}90},132,(91]
7.2. | 1-center problem in tree [92,/93]
7.3. | Continuous p-center problem on a tree [94;95]
7.4. | The weighted 3-center and 4-center problems in trees [96]
7.5. | Equal capacity p-center problem on tree [49]
7.6. | Connected p-center problem on tree [32]
7.7. | p-centers on a weighted tree [971(98199]
7.8. | Upgrading the 1-center problem with edge length variables on a tree [100]
7.9. | Location on tree networks: p-center and n-dispersion problems [101]
7.10. | Maintaining center and median in dynamic trees [102]
8. Two-center problems:
8.1. | Planar 2-center problems [85,,86,44]
8.2. | Discrete 2-center problem [41]
8.3. | 2D Euclidean 2-center with outliers [42]
8.4. | Proximity connected two center problem [43]
8.5. | Bichromatic two-center problem for pairs of points [103]
9. | Bamauu B yCIOBUSIX HEONPEIETIEHHOCTH:
9.1. | The p-center problem under uncertainty [104]
9.2. | Minimax models for capacitated p-center problem in uncertain environment | [105]
9.3. | Computing p-centers of uncertain points on a real line [106]
9.4. | One-dimensional p-center on uncertain data [107]
9.5. | p-center problems under uncertainty (i.e., fuzzy estimates, etc.) (18]
10. | Junamudeckue 3a/1a49m:
10.1. | Dynamic p-center (p-median) problems [108]
(locating centers in a dynamically changing network)
10.2. | The multi-period p-center problem with time-dependent travel times [109]
10.3. | p-center problem on dynamic graphs [110]
10.4. | Dynamically second preferred p-center problem [111]
10.5. | Means of time series [112]
10.6. | New p-means type smooth subspace clustering for time series data [113]
10.7. | The p-next center problem (pNCP) [1141[115,/116,/117)
10.8. | The discrete p-center location problem with upgrading [118]
10.9. | Robust (kinetic robust) p-center problem [119]
10.10. | Maintaining center and median in dynamic trees [102]
11. | MuBepcuble 3a1a4u:
11.1. | Inverse center location problem [120L/121]
11.2. | Inverse center location problem on a tree [122L123/124]
11.3. | Inverse 1-center location on weighted /unweighted tree [123}125L{126])
11.4. | Inverse 1-center location problems with edge length augmentation on trees | [127]
11.5. | Robust reverse 1-center problems on trees with interval costs [128]
11.6. | Inverse absolute and vertex center location problem [129]
11.7. | Inverse absolute and vertex 1-center location problems on trees [125]
12. | HexoTopsie O/iu3KMe 3a/1a%1:
12.1. | Matroid center problem [130]
12.2. | Matroid and knapsack center problem [130]
12.3. | Basic knapsack center problem [341|130,/1311(132]
12.4. | Outlier version of knapsack center problem [130]
12.5. | Multi-knapsack center problem [130]
12.6. | The most degree-central clique problem [133]
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Tabauna 2. [Iybaukarnun u TUIBL 33189 P-IIEHTPOB, 9aCTh 3

Howm. | Ily6ukanus, Tumn 3a1a9u Ncrounuku
13. | CrenmasibHBIE THUITBI 33J1AY:
13.1. | The aligned p-center problem [134]
13.2. | Rectangular p-center problem |20]
13.4. | Locating collection centers for incentive-dependent returns [135]
under a pick-up policy with capacitated vehicles
13.5. | Fair p-center problem with outliers on massive data [136]
(machine learning, distributed algorithm)
13.6. | The p-neighbor k-center problem [137]
13.7. | a-neighbor p-center problem (p — center®) [138]
13.8. | g-coverage p-center problems [13]
13.9. | Colorful p-center problem [139,(140]
13.10. | a-neighbor p-center problem [141},142]
13.11. | Minimum edge-dilation p-center problem [143L|144]
(for edge-weighted undirected and connected graph)
13.12. | Compact MILP formulations for the p-center problem [145]
13.13. | Star p-hub center problem (with bounded path lengths) [22]
13.14. | The 2-mixed-center color spanning problem [146]
13.15. | Bichromatic two-center problem for pairs of points [103]
13.16. | The most vital elements for 1-center and 1-median location problems | [147]
13.17. | Kinetic robust p-center problem [119]
13.18. | The stratified p-center problem [148]
13.19. | Multi-objective (multicriteria) p-center problems [37]
13.20. | Special generalized p-center problem [149]
(distinguishing doubling and highway dimension)
13.21. | Steiner centers in graphs [150]
14. | Bazauu pasmenieHvs /HA3HAUECHUS:
14.1. | p-center facility location problems [124{13}/39,/151L|{152]
14.2. | Multi-center location problems on networks [38,/45,/69]
14.3. | Location on tree networks: p-center and n-dispersion problems [101]
14.4. | The discrete p-center location problem with upgrading [118]
14.5. | Locating centers in a dynamically changing network) [108]
15. | bauskue 3a1a9u KIacTepu3alnuu ¢ k MeHTPaMu:
15.1. | k-center clustering problems (continuous k-center clustering, [153.18]
discrete k-center clustering, parallel k-center clustering)
15.2. | Fair k-center clustering (for data summarization) [294{205]
15.3. | Fair colorful k-center clustering [154]
15.4. | Fair k-center clustering in MapReduce and streaming settings [155]
15.5. | k-center clustering with outliers on massive data [156]
15.6. | Streaming algorithms for k-center clustering with outliers [157]
15.7. | Scalable approximation algorithm for k-center fair clustering [158]
15.8. | k-center clustering (with outliers) in MapReduce and streaming [159]
15.9. | Fully dynamic k-center clustering problem [160L|161|
15.10. | Fully dynamic consistent k-center clustering problem [162]
15.11. | k-center clustering with outliers and coreset construction [163]
15.12. | Dynamic consistent k-center clustering with optimal recourse (survey) | |164]
15.13. | k-center clustering with outliers |165]
15.14. | k-center clustering in distributed models |166]
15.15. | Red-blue k-center clustering with distance constraints [167]
15.16. | Joint cluster analysis of attribute data and relationship data [32]

(connected k-center problem, algorithms, applications)
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2.8. Memodw pewenusa 3aday p-ueHmpos

B Tabnuiie 3 npuBeieHb! MyOJUKAIIINA U TUIIBI METOIOB PEIIeHUsT 3aa9 P-IIeHTPOB.

Tabauua 3. [lybaukaruu, TUIBI METOOB, 9acTh 1

How. | Ilybaukamus, Tum MeToaa Wcrounnkn
1. | OBpucruku:
1.1. | Heuristic for the p-center problem in graphs [3L134/168]
1.2. | Heuristic and optimal algorithms for p-center problems [169]
1.3. | Heuristic algorithm for k-center problem with vertex weight [40]
1.4. | Lexicographic local search and the p-center problem [170]
1.5. | Bee colony optimization for the p-center problem [171)
1.6. | VNS method for the conditional p-next center problem [172]
1.7. | GRASP and VNS for solving the p-next center problem [116]
1.8. | Weighted-based tabu search for p-next center problem (pNCP) [117]
1.9. | Vertex weighting-based double-tabu search algorithm [173]
for classical p-center problem
1.10. | Greedy strategy for k-center clustering with outliers [163]
1.11. | Two clustering-based heuristics for the p-center problem [174]
(O(n?) time algorithms)
1.12. | Constructive heuristic for the uniform capacitated vertex p-center problem [70]
1.13. | Iterated local search for the minimum edge-dilation p-center problem [143]
1.14. | Artificial bee colony algorithm for the minimum edge-dilation p-center problem | [144]
1.15. | Heuristic algorithm for p-center problem with vertex weight [40]
1.16. | Large scale local search heuristic for the capacitated vertex p-center problem |68]
2. | MeTa-3BpHUCTHKHU, COCTABHBIE CXEMbI PEIICHUS:
2.1. | Hybrid meta-heuristic with VNS and exact methods [67]
for large vertex p-center problems
2.2. | Combination of two methods: (i) minimum dominating set based algorithm, |175]
(ii) greedy algorithm
2.3. | Meta-heuristic local based approach for quadratic p-median problem [176]
2.5. | Survey of metaheuristic approaches for p-median problem (177
2.6. | VNS meta-heuristic for p-median based formulations with backbone facility [178]
locations (mixed integer linear programming models)
2.7. | Tterated greedy local search with VNS [65]
(for the capacitated vertex p-center problem)
2.8. | GRASP with strategic oscillation for the a-neighbor p-center problem [142]
2.9. | Combination of tabu search and VNS for p-center problem [179]
3. | llpubnukeHnnble aJrOpUTMBbI:
3.1. | Approximation algorithm for kinetic robust k-center problem [119]
3.2. | 3-approximation algorithm for the the vertex k-center problem [180]
3.3. | Approximation algorithm for the edge-dilation k-center problem [181]
3.4. | Approximation algorithms for the vertex k-center problem |60]
(survey and experimental evaluation, polynomial time heuristics)
3.5. | Approximation algorithms for asymmetric k-center problem (48]
with minimum coverage
3.6. | Improved approximation algorithm for the distributed k-center problem [182]
3.7. | Approximating k-center in planar graphs [81]
3.8. | O(log*k) approximation algorithms for asymmetric k-center problem [77.(80]
3.9. | Approximation techniques for k-center with covering constraints [139]
3.10. | Approximation algorithms for capacitated fault-tolerant k-center problem [74]
3.11. | Greedy approximation for group centrality maximization in large-scale graph [183]
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Tabauiia 3. [lybukamuu, THIIEI METOIOB, IaCTh 2
How. | ITyOoukanus, Tum MeToaa Ncrounuku
4. | DBOIOIMOHHBIE METO/IbI:
4.1. | Evolutionary approach for the p-next center problem [115]
4.2. | GA for the minimum edge-dilation k-center problem [184]
4.3. | Memetic GA for vertex p-center problem [62]
5. | Meroap! HAa OCHOBE JEKOMIO3UIMK (T.€., pa30MeHUs 381891 HA TI0I3aIaN ):
5.1. | Tree decomposition algorithm for network p-center location problems [151]
5.2. | Clustering-based exact algorithm for the p-center problem [185]
5.3. | Decomposition approach for the p-median problem on disconnected graphs [186]
(decomposition of problem into small size subproblems)
5.4. | Efficient Benders decomposition of the p-median problem [187]
(two-phase Benders decomposition)
5.5. | Bender’s decomposition for quadratic p-median problem [176]
6. | Tounble u mepeGOpPHBIE METOIBI:
6.1. | Exact algorithm for the capacitated vertex k-center problem [64]
6.2. | Scalable exact algorithm for vertex p-center problem [59]
6.3. | Branch-and-bound for k-center problem [188]
6.4. | Scaleable projection-based branch-and-cut algorithm for the p-center problem | [189]
6.5. | Mixed breadth-depth first strategy for the branch-and-bound tree [190]
of Euclidean k-center problems
7. | IosmuHOMMaJ/IbHbIE METOIbI:
7.1. | Linear time algorithm for the weighted k-center problem on trees for fixed k [97]
7.2. | O(n log n)-time algorithm for the k-center problem on tree [191]
7.3. | O((n log p)?) algorithm for continuous p-center problem on a tree [94]
7.4. | Near-linear algorithm (for planar 2-center problem) [85]
7.5. | Simple O(n log? n) algorithms for planar 2-center problem [36]
7.6. | O(n? log n) algorithm for the proximity connected two center problem [43]
7.7. | O(n log n) randomizing algorithm for the weighted Euclidean 1-center problem | |88]
7.8. | O(n log n)-time algorithm, for planar two-center problem [84]
7.9. | Polynomial exact algorithm for connected p-center problem on tree [32]
(dynamic programming, runtime complexity equals O(n? log? ))
7.10. | O(n log n) algorithm for the weighted 3-center and 4-center problems in trees | |96]
7.11. | Linear time and space algorithm for p-center problem in tree [14./90]
(based on tree partitioning)
7.12. | Polynomially bounded algorithms for locating p-centers on a tree [192]
7.13. | Unified polynomial dynamic programming algorithms for p-center variants [193]
in a 2D Pareto front
7.14. | Polynomial algorithm for the equal capacity p-center problem on tree [49]
7.15. | O(log*k) approximation algorithms for asymmetric k-center problem [77.,180]
8. | IIpubsmkeHHbIE TOJIMHOMUAIBHBIE CXEMBI C OIPAHUIEHHON OTHOCUTEIBHOI
norpermHocThio (polynomial/fully polynomial approximate schemes -
PTAS, FPTAS):
8.1. | Polynomial time (1 + €)-approximation scheme (PTAS) [194]
for Euclidean k-center clustering problem
8.2. | Approximation schemes (PTAS) for special k-center problem in graphs [195]
8.3. | Polynomial-time approximation schemes for k-center problem [196]
9. | JunaMudaecKue METOMIbI:
9.1. | Dynamic algorithms for k-center problem on graphs [110]
9.2. | Dynamic consistent algorithms for k-center clustering problem [162]
9.3. | Optimal fully dynamic k-center clustering [197]
9.4. | Fully dynamic k-center clustering [160]
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Tabauiia 3. [lybukamuu, THIIBI METOIOB, IaCTh 3

Howm. | Ilybnmkarust, Tum MmeToaa Wcrounukn

10. | CuernuajabHbIE METO/IBI:
10.1. | Tight approximation algorithms for the k-center and matroid center problems | [198]
with outliers
10.2. | Distributed algorithms for finding centers and medians in networks [199]
10.3. | Efficient solution approaches for the bi-criteria p-hub median [200]
and dispersion problem
10.4. | New relaxation-based algorithms for continuous and discrete p-center problems | [10]

10.5. | Centrality of trees for capacitated k-center [201]
10.6. | Efficient algorithms for the one-dimensional k-center problem [202]
10.7. | Algorithms for finding p-centers on a weighted tree [99]
10.8. | Fixed-parameter algorithms for (k,r)-center in planar graphs and map graphs | [203]
10.9. | Cuckoo search algorithm with Q-learning and genetic operation [15]

for logistics distribution center location
10.10. | Graph attention-based policy gradient method with an adaptive embedding [204]
strategy for p-center problems

10.11. | Parallel mayfly algorithm for the a-neighbor p-center problem [141]
10.12. | Composite method: (i) GRASP, (ii) Tabu search, (iii) strategic oscillation [142]
post-processing (for the a-neighbor p-center problem)
10.13. | Sequential algorithms for distributed fair k-center clustering [205]
10.14. | Solving the k-center problem efficiently with dominating set algorithm [206]
10.15. | Double bound method for solving the p-center location problem [69]
10.16. | Harmony search for conditional and unconditional p-center problem [207]
10.17. | Structure-driven randomized algorithm for metric discrete k-center problem. [56]
11. | CuenuaJibHble COCTABHBIE CXEMbI M T'UOPUJIHBIE METO/IBI:
11.1. | Effective approaches to solve p-center problem via set covering and SAT [208]
11.2. | Hybrid meta-heuristic with VNS and exact methods [67]

for large unconditional and conditional vertex p-center problems

Cremyer OTMETHTD, UTO 3aJlada P-IIEHTPOB Ha JPEBOBUIHBIX CTPYKTypax OJM3Ka K 3a/a9u pas-
6uenns nepesa [90):

Pa3buth mepeBo ¢ BecaMu BepIIMH Ha OCHOBE yaajieHus p pedep Tak, 4ToObl MUHUMU3UPOBATH
MaKCHMaJIbHBIH BeC KOMIIOHEHTOB (JacTeil JepeBa) WM MaKCHMI3UPOBATH MUHUMAJIBHBIA BEC KOM-
IIOHEHTA..

Texnnka perennda JaHHOT'O THUIla 3aJ1av MOXKeT OBITH MCIIOJIL30BaHa, JJId ITOJITMHOMMAJIBHOT'O (JII/I-
HeﬁHOI‘O) aJITOpUTMa peHeHUsd 3a/Ja49 p-IEeHTPOB Ha AepeEBeE.

2.4. Hexomopuie modeau KoMOUHamoprots onmumMu3ayu
JuckpeTHas 3aja4a p-IleHTPOB Ha CETH
Moyiesib 11€1091CIEHHOrO IPOrpaMMIPOBaHust uMeeT cieaytommii Bus [2)/118)189,209]. Ucnoss-
3yI0TCS 0O03HAYCHUSI:
(1) MHOXKeCTBO y3J10B - noJb3osaresieii/kianentos (demand nodes) A = {i};
(2) MHOXKecTBO TeHTpOB-KaHuaaros B = {j};
(3) upesBapuUTEIbBHO 3aJIAHHOE YUCJIO UCKOMBIX IIEHTPOB P,

(4) HeorpurnaTesbHast CTOUMOCTD (Bec, "myTh"06ciryKuBanust) (yI0BI€TBOPsieT HEPABEHCTBY TPe-
YTOJIBHUKA) JIJIsl HOJIKJIIOUEHUs Y3JI0B i € A K IeHTpY j € B (9Ta CTOMMOCTH MOXKeT COOTBETCTBOBATD
PaCCTOSHUIO /6IM30CTH, BpEMEHH B Iy TH ¥ T.II.);
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(5) Bynessl nepemenusie:

(5.1) mepemennas y; (j € B) paBua 1 eciiu y3eis j BLIOpaH Kak LEHTD;

(5.2) mepemennast x;; (i € A), j € B) pasHa 1 ecm y3ein i € A nogkiodaercs K IeHTPY j € B;
(6) meseBast pyHKIMs 381891 Z 3aKJII0YAETCS B BBIOOPE P IEHTPOB C IEJIbI0 MUHUMU3AIMN MaK-

CHMAJIBHOM CTOMMOCTH HMOJKJIIOYCHNS y3JI0B K BBIODAHHBIM IICHTPAM.

KombunaTopHast OnTUMHU3AITMOHHAST MO UMEET BUI:
min Z (1)

s.t. Z CijTij < Z, Yi€A, (2)

jEB

Z Tij = 1, VieA, (3)
jEB

IL‘iijJ’ \V/Z'EA, \V/jEB, (4)
> wi=np (5)
jeEB

xij,y; € {0,1}, i € A, j € B. (6)

CronMocTh (paccTosiHue, BEC)) ¢;j MOXKHO PACCMATPUBATD B BUJIE BEKTOPA, Cjj = {c}j, e cfj, - cf‘j .
B pesysibrare mosiygaercss MHOMOKpPUTEPUATIbHAS MOJIETh:
min Z = (min Z',...,min Z* min Z*), (7)
s.t. Z c}jxij <z .., Z cfjwzj < ZH .., Z c;‘j:c,-j < 7, Vie A, 9)
jeB jeB jEB
Z Ti5 = 1, VieA, (9)
jEB
Tij < Y Vie A, Vj € B, (10)
jE€EB
Tij,Yj € {0,1}, 1€ A, j € B. (12)

CHG,ZLyGT OTMETUTDL, YTO B MHOTI'OKPUTEPUAJJIbHBIX MOIAEJIAX HGJIGCOO6P&3HO HUCKaTb pemeHusd B BUJE

[TapeTo-3pheKTUBHBIX TOUEK.

Ba,qaqa MaKCMMMU3annnum I‘pyl’IHOBOﬁ om3ocTH!

Bajlaua MaKCUMU3AIUU IPYyNnoBoii 6imsocru (group closeness maximization problem) wacro
paccMaTpuBaeTcsi B KauecTBe KpUTUUecKoil npu anaause rpacdos/cereit [210,211). 3amaua umeer
By [2114212]213):

Haiitu "nenrpasbayto"rpymny BepummH (y3710B) B ucxognom rpade (cern).

B rabsmie 4 npuBeieHbl HEKOTOPBIE MCCJIeI0BaHUst /TlybMKaImu 1o 3Toii 3a1a4e. Jlannas 3a1ada
BayKHa 1IpH noncke Hanbosee "BaxkHbIX"BepiinH (y3710B) B UCXOAHBIX I'padax (cersix), HAIPUMED,
KOHIIENIHIT B ceTsiX nHMOPMAINOHHbIX 00beKToB [211,214].
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Tabauiia 4. VccienoBanns mo 3ajade MaKCUMU3AIINNA TPYIITIOBOI O130cTH

Howm. | Uccaenosanue Hcrounuku
1. | O6mume uccae0BaAHUS:
1.1. | Bompocs! IeHTPAIBHOCTH B CETSIX [211]
1.2. | Maremaruieckue MOJEHN [JIs TPYIIIOBBIX CTPYKTYD [210]
1.3. | Ipymnmosas nieHTpasbHOCTh (community-based) B coxubIX cersix | [214]
2. | Bajgaun 1 UCCaeI0BAHUS :
2.1. | Bagaun MaKCHUMU3AIUE IPYIIIOBOI OM30cTH [213L|215]
2.2. | lenrpampHocTh 110 Gau3ocTu it "BaykHBIX "k y3710B B ceTsix [216,1217]

2.3. | Unentndukanus "Baxubix"k y3,10B B ceTsix 6osbiol pasmepHocTH | [218]
3. | Meromap! pemntenus:

3.1. | Merox adderTuBHOI HeHTHDUKAITT [219]
3.2. | Meroz, sokanbHOTO MOMCKa (B Gosbmux rpadax) [212]
3.3. | Tounble ajropuTMbl JIjist BbleieHus "BaxKHBIX"k y3J10B B ceTsIX [215]
3.4. | Ospucruku (0630p) [212]

3.5. | Meroz unenTudukanun zHanbosee pausaTeapHbix (influential) ysimos | [214]
B CJIOXKHBIX CETsAX Ha OCHOBE I'DYIII y3J0B (communities)
3.6. | BoicTpblit anropuT™ jist BejeaeHns "BaXKHBIX"k y3JI0B B ceTsIX [220]

BasoBasi Moziesib 331841 MaKCHMI3AIMK IPYIIOBOil Giu3ocTu onucana B |215]. Mmeercst nexoz-
ubtit rpad G = (A, E): A - muoxkecrso Bepimu (|A| = n), E - mHO)KecTBO pebep (|E| = m).
PaccMarpuBaloTcst THIIBI PACCTOSTHUN /6I130CTH:

(1) xparuaitimuii myrh Mex 1y Bepumnamu rpada Va,a' € A.

(2) paccrosinue Mex ity BepHOil a € A u nmogmuO)KecTBOM BeprmH S C A:

d(a,S) = mingeg d(a, s).

(3) MHJEKC TEHTPAIbHOCTH 1O GJIN30CTH JIjIsi BEPINUHBL @ € A:

cla) = (n—=1)/ Y04, d(a,a’) (a,d" € A).

(4) 6amzocTs MHOKecTBa S (rpymmosast 6imsocts): ¢(S) = (n— |S])/ Y29 d(S,a)

3aj1a4a UMeeT BUIL:

Haittu nogmuoxkectso S* C A samansnoro pasmepa (momuoctu) k (K < m) ¢ MaKCHMAJIbHOI
IPYHIIOBO# 6JIN30CTHIO:

St = arg max {c(S) : |S] = k}.

Puc. 4 nnmocrpupyer 3aja4y.

O O O o O o
o O O O

I'pad ‘UenTpaabHoe’ ))
G(A, E) \ mmoxecrso S*

0O O O O
O 0O 0O O o o O O

O O O O
O O O O
O O O O
O O O O

Puc. 4. Unttoctpanust rpynmnoBoit 6yim3ocTu

3. SBAJAYN P-MEJIIAH
3.1. Onucarue

Basosas 3ajada meuansr umeer Buj [19)]:
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Haiitu "abcomorayo"Menany Kak TOYKY B CETH TAKyl0, YTO CYMMAa B3BEIIEHHBIX PACCTOSHUI

MeZK/1y 3TOU TOYKOH M JIDYyIUMU y3JIaMu Obljla MUHUMAJIbHOI.

HaJiee MOKHO paccMaTpuBaTh HOUCK p Meauan |2,4,23]:

Haiiru p MeJuaH B CeTU Tak, 9ITOOBI CyMMa B3BEIICHHbIX paCCTOHHI/IfI MeXK/y y3J1aMMu CeTU U UX
OJIMZKARIIIIMU MeAnaHaMM1 ObLIM MUHUMAJILHOIA.

Tabymia 5 comepKUT HEKOTOPbIE OCHOBHBIE IIYOJUKAINU 110 MCCJICOBAHUAM U TUIIAM 331849 P-

Me/InaH.
Table 5. 3amaun p-meauan

Howm. | Uccnenobanue /3ana4a Ncrounuknu

1. | O630psr:

1.1. | Survey on p-center and p-median problems [2,137]

1.2. | Recent surveys on p-median problems [177,221]

2. | OCHOBHBIE THITBI 38189 P-Me THAH: i

2.1. | The p-median problems [2,/4L(19L[24]
2.2. | Large p-median problem (222,223,224, |225,|226)|
2.3. | The planar p-median problem [227]

2.4. | Capacitated p-median problem [2281229,(230,1231,(232,|233|
2.5. | Generalizations of p-median problems [234L|235]
2.6. | Dynamic p-median problem (with mobile facilities) [236]

2.7. | Inverse p-median problems [237]

3. | Bagaum p-MeMaH Ha JIEPEBbX:

3.1. | p-median problem on tree graphs [238L|239)]
3.2. | 2-medians problems in trees [240}2411[242]
3.3. | Robust inverse median problems on trees with interval costs [243]

3.4. | k-median on a directed tree [244]

3.5. | Localizing 2-medians on probabilistic and deterministic tree networks | [245]
3.6. | Capacitated balanced 2-median problem on tree network |246]

4. | CuernuasbHbIe TUIBL 33144 P-MeJIUAH:
4.1. | The Euclidean p-median problem with uniform weights [247]
4.2. | The pos/neg weighted p-median problem [248L|249)|
4.3. | The p-median problem under uncertainty [250]
4.4. | Multiple p-median problem [251]
4.5. | Neural model for the p-median problem [252]
4.6. | The reliable p-median problem with at-facility service [253,254]
4.7. | Discrete ordered median problems [255,1256,257,1258]
4.8. | Ordered median hub location problems [259,260]
4.9. | Diversity-aware k-median: clustering with fair center representation | [261]
4.10. | Online median problem (metric uncapacitated k-median problem) [262]
4.11. | p-median problem with backbone facility locations [178]
4.12. | Traveling k-median problem (optimal network coverage) [263]
4.13. | Vector assignment ordered median problem [264]

5. | CuenuasbHbIE UCCIIEIOBAHNUSI:

5.1. | Comparison of p-median and maximal coverage location models [265]

5.2. | From Steiner centers to Steiner medians |266]

5.3. | Knapsack median (generalization of k-median problem) [267]

5.4. | The p-median structure as a linear model [268]

for location/allocation analysis
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OcHoOBHBIE METO/IbI PpEHICHUA 3aJa91 P-MEJINaH YKa3aHbl B Ta6JII/IH€ 6.

Tabuuia 6. OCHOBHBIE METOJIbI PELIEHUs] 33 a9l p-MeJMaH, JacThb 1

Howm. | Meron, ucciiegoBanune Ncrounukn
1. | O630psr:
1.1. | Solution methods for the p-median problem: an annotated bibliography [269]
1.2. | Survey of metaheuristic approaches for the p-median problem [177]
1.3. | Evaluation of heuristics for p-median problem [270]
2. | DBpUCTUKHU W META-IBPUCTUKU:
2.1. | Local search heuristics for k-median problem [271]
2.2. | Local search heuristics for capacitated p-median problem [228]
2.3. | Several basic heuristics for p-median problems [2]
2.4. | Ant colony algorithm for weighted p-median problem [249]
2.5. | Algorithms of ant system and simulated annealing for the p-median problem [272]
2.6. | Optimization-based Lagrangian algorithm for p-median problems 12]
2.7. | Reverse greedy algorithm for metric K-median problem [273]
2.8. | Hybrid heuristic for the p-median problem [274]
2.9. | Discrete PSO for p-median problem [275]
2.10. | Aggregation heuristic for large scale p-median problem [223]
2.11. | Efficient tabu search procedure for the p-median problem [276]
2.12. | Heuristic algorithms for planar p-median problem [227]
2.13. | Three heuristics for dynamic p-median problem [236]
2.14. | Local search approximation schemes for k-median [277]
in Euclidean metrics
2.15. | Hybrid modified PSO for inverse p-median location problem |278]

(fuzzy random environment)
2.16. | General framework for local search applied to the continuous p-median problem | [279]

3. | DBOIOINOHHBIE METOIBI:

3.1. | Efficient GA for p-median problem [280]

3.2. | GAs for the discrete ordered median problem [258]

3.3. | Efficient heuristic method (GA) for capacitated p-median problem [231]

3.4. | Special GA capacitated p-median problem [230]

3.5. | Parallel GA for capacitated p-median problem [232]

4. | MeTonp! moncka Ha OCHOBE TIepeMeHHBIX oKpecTHOCTel (VNS):

4.1. | VNS for p-median problem [281]

4.2. | VNS for p-median problem with weights [248]

4.3. | VNS meta-heuristic for p-median based formulations with backbone facility [178]
location (mixed integer linear programming models)

5. | llommHOMUAIBLHBIE METO/IBI:

5.1. | Computing 2-median on tree networks in O(n log n) time [238]

5.2. | O(p n?) algorithm for p-median on tree graphs [239]

5.3. | O(p n?) algorithm for the p-median and related problems on tree graphs [239]

5.4. | Efficient algorithms for two generalized 2-median problems [242]

and the group median problem on trees

6. |Ilepebopuble MOIXOIBI:

6.1. | Branch-and-price approach to p-median location problem [282]
6.2. | Branch-and-price algorithm for the capacitated p-median problem [229]
6.3. | Branch-and-bound algorithm for the capacitated p-median problem [229]
6.4. | Branch-and-price algorithm for dynamic p-median problem [236]
7. | MeToap! Ha OCHOBE JUHAMHUYECKOT'O IPOrPAMMUPOBAHUSL:
7.1. | Branch decomposition based dynamic programming algorithm [283]
for p-median problem
7.2. | Dynamic programming heuristic for p-median problem |284]
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Tabuua 6. OCHOBHBIE METO/IBI PENTeHUs 3aa9l P-MEINaH, YaCTh 2

Howm. | Merox, nccienoBanme Hcrounuku

8. | CuernpaiabHble METO/IbI PEIIEHUST:
8.1. | Fast and robust techniques for the Euclidean p-median problem | [247]
with uniform weights
8.2. | Solving the p-median problem with semi-Lagrangian relaxation | [285]
8.3. | Tree search algorithm for the p-median problem [286]
8.4. | Efficent neural network algorithm for the p-median problem [287]
8.5. | Column generation approach (iterative decomposition method) | [233]
to capacitated p-median problems
8.6. | Benders decomposition (Branch-and-Benders-cut) [256]
for discrete ordered median problem

3.2. Modeau xomMOUHAMOPHOT ONMUMU3AUUL
JluckperHast 3a/1a4a p-MeauaH

Juckpernasi 3ajia4a p-MeJMaH 3aK/I0YAETCs B Pa3MENIeHUN P eJUHUI] 000pyoBaHus (Meu-
aH, IEHTPOB) C IEJIbI0O MUHUMHU3AINK OOINEro B3BEIIEHHOIO PACCTOSHUS MEXKJy O00OpYI0BaHUEM
U 10JIb30BaTeNsIMU (KJIUEHTaMu). DTa 3aja4a sBJsieTCs PACIIUPEeHNeM W3BeCTHON 3ajaqdu Bebe-
pa [288,289,290| 3a cuer ucnonbzosanusi Habopa obopyroBanust. KoMOGuHATOPHAS ONTUMU3AIMOHHAST
Mojiesh 3ajaun umeer BuJ [287.291):

min Z Z dijacij (13)

ZTij = 1, 1= 1,7’L (14)

En: Tjj=p (15)

Tij < Tjj 1= 1,n, j = 1,77,, (16)

re

N - PACCMaTPUBAEMOE MHOXKECTBO MCXOJHBIX TOUEK-IojIb3oBaTeeil (demand points),

p - "ancsio 0bopyoBaHus (UM MeJuaH, IeHTPOB),

d;j - paccTosiHEe (CTOMMOCTD, BEC) MEZK/Ly HOJIb30BATENISIMH (KJIHEHTaM1) ¢ 1 000py/I0BaHUEM j,

Bynesa nepemennas x;; = 1 ecim 4 cBsa3an ¢ obopynosanueM j (uHade xi; = 0).

B city4gae ucnosb30BaHUsT BEKTOPHOIT OIEHKH paccTostHus (Beca, 6imsocTn) di; TpancdopmMupy-
eTcsl B BEKTOD: Eij = {dzlj, e dfj, e di‘j} B pesysnbrare nosyvaercss BeKTOpHAas IiesieBast (QyHKITUS:

n n n n

min ( Z diljxij,...,z Z dfjxij,...,z Z df}-xij ) (17)
i=1 j=1 =1 j=1 i=1 j=1
Hucs10BOM MILIIOCTPATHBHBIN IPUMED ISt 33190 p-MejinaH npuse/ieH Ha Puc. 5:
(1) ncxomunte Toukn (Puc. 5a):
A=1{1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15, 16, 17, 18, 19, 20, 21}..
(2) sapaua 4-menman (Puc. 5b):
.1) muO)kecTBO U3 4-x Mejpman: {3,11,12,19};

(2.1
(2.2) momkIOYeHNe TOYEK K MeJIuaHaM [MPEJCTABICHO B TabJuIle 7.
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(a) MCXOIHDIE SJIEMEHTBHI ) 3amada 4-mequan (¢) MyJIBTH-00CITy 2KUBAHEE

Puc. 5. I/Inn}OCTpaLu/Iﬂ IS 331849 4-MeanaH

Tabmauria 7. Ilpucoeannenne Touex B 3ajade 4-MeauaH

Howm. | Meauana (myHKT obcayKuBanus, | [Ipucoe mHeHHBIE TOUKH
obopy/loBaHue) (mosb3oBaTENN)
1. 3 1,2,4,5,6
2. 11 7,8,13,14
3. 12 9,10,15,16
4. 19 17,18,20,21

3anaya p-meauaH C peCypCHbIM OTrPaHUYEHUEM

Bajlaua p-MejuaH ¢ pecypcHbIM orpanudenueM (capacitated p-median problem) umeer MHOrO
upustoxkennii [228}229,230,231]. Uconb3yiores ciiepyone KOMIOHEHTH:
yy ey MY

(2) IOMHOKECTBO MIOTEHIIUAIBHBIX MECT pa3Mellenus Mejauan (kanaugaros) B = {1, ...
(B C A);

(3) nesouncsenabie KO3(MMUIMEHTDI W; COOTBETCTBYIOT PECYPCY, KOTOPBIH TPeOyeTcsl MoJIb30Ba-
temio (Vi € A);

(4) mesoumC/IEHHBLT TaApaMeTep ¢j COOTBETCTBYIOT pecypcy 000PYI0BAHMSI, PA3MEIIEHHOTO B IE€H-
tpe j (Vj € B);

(5) p equauUIy 060PYIOBAHUS JOJKHBI OBITH PA3MEIIEHBI B P PA3INIHBIX MECTaxX;

(1) ncxommoe muoxkecrso Touek (yzmoB) A = {1,...

7j7 “‘7m}

(6) mesounciieHnblil mapamerep d;; xapakTepusyer "paccTosHue' MeXKIy JIByMsI TOUKAME § U j
(Vi,j € A). Takxke ncrosnb3yercs JONOIHATEIbHOE Ipenonoxkenue: di; > 0 Vi, j € A.

3agata MMeeT BUI:

Kaxkpiit nosb3oBaressb (KiaueHrt) i € A o/keH ObITh MOJAKIIOYEH K OJHOMY 0GODYI0BAHHIO
(menmane, nentpy) j € B (B € A ) tak, 9T00bl: (a) KaxKJ0e 000pyJOBaHNE MMEJO JIOCTATOTHO
pecypca st 06y KUBaHUs TI0JIKJIIOUEHHBIX I0JIb30oBaTe e, (6) obmmast cToMMOCTh 00CIIyKUBa~
Hus (T.e., cyMMapHoe "paccrosiare" 0T moJib30BaTeIell 10 COOTBETCTBYIONIEr0 060PyI0BaHust) ObLIa
MUHUMAaJIbHOM.

HOJIy‘{aeTCH cieayroliasd MOIe/Ib KOM6I/IHaTOpHOI71 OIITUMU3 AN

i€AjEB

st. > wy=1, Vi€ A, (19)
jeB
> wizi; <qy; Vi€ B (20)
1€A
> yi=p (21)
jeB
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Ti5 € {0, 1} Vie A, VjeDB (22)
yj €{0,1} VjeB (23)

3/1eChb UCIIOIB3YIOTCS CIEAYIOIINEe IePpEeMEHHBIE:

(a) ByneBa nepemennast {x;;}: x;; = 1 ecim nosb3oBaress { € A HOAKIOYEH K 000PYI0OBAHNIO
J € B;

(b) Bynesa nepemennast {y}: y; = 1 ecau obopymoBanue pasMelaercs Ha mo3unuu j € B.

HesreBast byHKIMST HaIpaBjieHa HA MUHAMHA3AIUID CYMMAapPHOTO "pacCTOSHUS "MEXK Y KaXKIbIM
[I0JIb30BATENIEM W COOTBETCTBYIONMM 0obopynoBaHueM. OUeBUIHO, YTO MOJb30BATEH, OIKJIIOUEH-
HBIE K OJIHOMY O0Opy/I0BaHNIO, 06pa3yioT rpymmny (KJjacrep), rje Ho3ulyst 060py/0BaHHs UIrpaer
POJIb IIEHTPA.

B muOrokpuTepunanbHoii mocranoske "paccrogane'd;; TpanchopMupyeTcsa B BEKTOD

g, — 1 o A

B pesynbrare nesnesas GpyHKIUsS NPpUOOpETAET BUI BEKTOPA:

: 1 n A
min ( Z Z dz‘jxija ceny Z Z dijxij, PN Z Z dijxij ) (24)
icAjEB icAjeB icAjeB

JlomoTHAUTEIbHO MOXKHO PACCMaTpPUBATh BEKTOPHYIO OLEHKY IOTPeOHOCTEl 110/Ib30BaTe s

w; = W; = {w}, .., ..., wr}

U BEKTOPHYIO OIIEHKY pecypca 0b6opyI0BaHMst

4 =7 =14}, 4, q}}

B srom ciyuae orpanndenue mo pecypey (20) usmeHsieTcst:

Z @il‘ij =< qjyj Vj € B (25)
i€A

Sa,uaqa p-MearnaH C MHOI'MMUA INOAKJIFOYE€HMUAMMN

Bajiaua p-Meuan ¢ MHOruME nojkiodernsM (multiple p-median problem) pacemorpena B [251].
3/1ech 1M0JIb30BATE b MOXKET ObITH MOJKJ/IIOUEH K HECKOJBLKUM TO3UIUSIM ¢ 000pyoBanueM. Vcnoib-
3YIOTCS CJICAYIONINE KOMIOHEHTBI 381a91:

(1) muOXKecTBO TOUEK (mosib3oBareseit, kineHtoB) A = {1,...,4,...,n};

(2) MHOKECTBO MOTEHIUATBHBIX MO3UIHNIT (KAHANIATOB) JJisi 06OPYIOBaHUS (JIJIsT MEIUAH, TIeH-
tpoB) B ={1,...,],....,n};

(3) "paccrosinme"d;; Mexty mosb3oBaTeseM i € A u obopynoBanueM j € B;

(4) KaxKIpIil TTOJIB30BATENb § € A MOMXKET OBITH MPHUCOCINHEH K HECKOJIBKHUM TO3UIUIM ¢ 000py-
JOBaHUEM, YUCJIO NOJKJ/II0UEeHNT He TIPEBBIIIAET 1);

(5) obiriee UncIIo MO3UIHIA ¢ 06OPYIOBAHIEM OIIPEJIEJISIeTCsT HapaMeTPOM p (KaxK1asi TOUKa MOXKeT
HOJIKJIOUATHCS K YHCILy 0O0PYI0BAHUI 1) 13 ODIIEro 4ucia p);

(6) BysieBbl epeMeHHbIe:
(6.1) 45: 245 = 1 ecam TOYKa ¢ MOAKIIIOUEHA K 000pyHoBaHuIO j, (zi; = 0 - nHade);
(6.2) yj: y; = 1 ecam obopyroBanue pa3mMenieHo Ha nosunuu j, (y; = 0 - unade).
Mogesnb koMGuHATOPHON onTUMu3aImu umeer B [265,2214251]:
min Z Z disz'j (26)
JEBicA
s.t. Z xij >n, VieA (27)
jEB
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> yi=p (28)
jEB
i —y; <0, Viec A, VjeB (29)
yj €{0,1}, Vje B (30)
Tij € {O, 1}, Vie A, VjeB (31)

Baech neseast Gynknus (26) HanpasieHa Ha MUHEME3ANUIO obiero (cymmapuoro) "paccrosaus .
JIOIOJIHUTEILHO MOXKHO PACCMOTPETh PACHIMPEHUE MOJIEIN:

(1) momosnmuTenbHbIT mapamerp w; (Vi € A) Kak Bec 00CIIyKUBaHUS II0JIH30BATENs (CTOMMOCTH
HOTPEOHOCTH, KaK B IPebULYIIeil 3a1aue);

(2) mepexo/1 K MHOrOpUTEPUAIBLHOl TOCTAHOBKE Kak B IpeAbLLy el 3aade: "paccrostaue” (6u30CTh)
d;; TpaHchOpMEpYeTCsi B BeKTOp d;j = {d}j, ...,dfj, ,df‘J} B pesyabrare neseBas dyukims (26)
npeobpasyercs: K BHUJLY:

icAjEB icAjeB icAjeB
Ha Puc. 5c npuBejieH WIIOCTPATUBHBIN [IPUMep Jisl JAHHOI 3a1a9u (C MHOIUMHU [OJKJTIOYeHUSIMU
HoJIb30BaTeleil) )
(1) MmOXKeCcTBO HCXOMHBIX TOUeK (91ementoB) (Puc. 5a):
A=1{1,2,3,4,56,7,8,9,10,11,12, 13,14, 15, 16, 17, 18, 19, 20, 21}.
(2) 4-ss1leMeHTHOE MHOXKECTBO MeJaH (IIeHTpoB obcirykuBanusi, obopyrosanusi) (Puc. 5c¢):
(3,11,12,19};

(3) upucoeHEHNE IEMEHTOB K Me/IaHaM yKa3aHo B Tabuuie 8.

Tab6auna 8. [pucoenunenue B 3a1aue 4-meauan (MyaIbTH-00CIYKUBAHUE)

Howm. | Meauana (myHKT obcayKuBanusi, | [IpucoeuHeHHbIE TOUKH
obopy,/roBaHue) (mosb3oBaTENN)
1. 3 1,2,4,5,6,8
2. 11 7,8,9,13,14
3. 12 5,6,9,10,15,16,17
4. 19 13,14,17,18,20,21

4. O TTIPOCTHIX 9BPUCTNYECKUX CXEMAX

C.HeILyeT IIPUBECTU HECKOJIbBKO OYE€BUJHDBIX 9BPUCTUYICCKUX CXEM PCIICHUA.

BO—HepBbIX7 opeaBapuTeJibHOE 3a/laHue MHO2KeCTBa HOBI/IL[I/IIZ—KELH,ZLI/I,ILELTOB JJId paSMeIleHn A 060-
PyaA0oBaHUA:

1. DkcneprHoe 3a1anue (expert judgment).

2. IlpenBapurenbHas OaaHCHASA KJIACTEPU3ANd UCXOTHOTO T'pada JJid MoaydeHus p cOalaHcu-
POBAHHBIX KJIACTEPOB U HA3HAYEHME B KAXK/IOM KJIacTepe MOJIOBHO BepIINHbI ([IO3UIUI-KAHIUIATA).

3. IlocTpoenue B ucxomuomM rpade JTOMUHUPYIOIMIETO MOAMHOXKETBA, U UCIOJIL30BAHIE 3TOTO IO/
MHO2KECTBa KaK HabOPa MO3UIUN-KAH/AIATOB.

4. T'eneparnst MHOXKECTBa, KAHINIATOB Ha OCHOBE PEIeHMs 332491 MOKPBITUS UCXOTHOTO rpada.
5. KoMOMHIpOBaHHBIE CXEMBI IIOCTPOEHMSI MHOYKECTBA, TIO3UITNI-KaH I IATOB.
B-BrophbIX, ciaemayioliue IpocThle 3BPUCTUIECKHE CXEMbI MOI'YT ObITH MCIIOJIb30BaHDIL:

Cxema 1: Ha OCHOBe IpEJIBAPUTEJILHON OATAHCHON KJIACTepU3aIuu.
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Crema 2: Ha OCHOBE AIIPOKCUMAIMU UCXOJHOTO Ipada mepapXudecKoi CTpyKTypoil (Tuma mo-
KPBIBAIOIIETrO JIepeBa, Jieca). B obieM cirydae B KOMOUHATOPHO ONTHMU3AIMA YACTO UCIOJIb3YIOTCS
JIePeBO-/IEKOMIIO3UpYeMble CTPYKTYpHI (tree-decomposable):

JIEPEBbsI, TAPAJLIETHHO-TIOCIEIOBATEIbHBIE TPadbI, HHTEpBaIbHbIE TPadbl U IP.

Crema 3: Ha, OCHOBE ANMTPOKCUMAIIIN UCXOTHOTO Tpada MIaHAPHONW CTPYKTYPOIL.

Crema 4: Ha OCHOBE IIPEJBAPUTEILHO JEKOMIIO3UIUA UCXOIHOM 3a/1a4uu (HAIPUMED, UCIIOJIb30-
BaHMEe MeTojla JeKoMIo3uiun Benzepca).

5. IPUKJIAJTHOI TIPUMEP

B/ech paccMaTpuBaeTcst 3ajaua onpejiesienns "IeHTpaabHbIX ' uceeoBarebekux crareit (myo-
JIMKAIWil) Ha IIpuMepe Habopa craTeil B 0OJacTH COBpeMEHHbIX cereil cBsizu. Ciiefyer OTMETHTD,
YTO AHAJIM3 Mep IEHTPAIBHOCTU B CeTsiX NUTUpoBaHust npuseseH B |31]. B mamem ciaygae nesbio
SIBJISICTCSL BbIjIeJIeHIe HanboJiee TePCIEKTUBHBIX (MHHOBAIIMOHHBIX, "TIEHTPAIbHBIX") KOMIUIEKCHBIX
Ty OJIMKAITHA.

B Tabaune 9 nmpuBeaeHbl JeCATh UCCAEA0BATE]IbCKUX IIyOIMKAUil B 00J1aCTH COBPEMEHHBIX CH-
creM cBs3u. Takum 0Opa3oM MMEETCsl MCXOJHOE MHOXKECTBO 37eMeHTOB: A = {ai,...,a;,...,a10}.
B rabsure 10 npecraBieHbl COOTBETCTBYIONIHE MyOJIUKAIUSM (T.€., 9JIEMEHTaM HUCXOHOTO MHOKE-
CTBA) KJIIOUEBbIE CJIOBA,/ KJIIOUEBbIe HHMOPMAIMOHHbBIE KOHIIENTHI (110 6 KJIFOYEBBIX CJIOB JIJIsT KAZKI0TO
ssreMenTa Va; € A).

Tabauiia 9. [lyGaukanyu B 0071aCTH COBPEMEHHBIX CUCTEM CBSI3U

Daement a; | [lybnukarmst Hcrounuk
ay Reconfigurable intelligent surface (principles and opportunities) [292]
as Reconfiguring wireless environments via intelligent surfaces for 6G [293]
as Comprehensive review on RIS for 6G communications: overview, deployment, | [294]

control mechanism, application, challenges, and opportunities
ay Trajectory optimization of UAV-IRS assisted 6G THz network [295]
using deep reinforcement learning approach
as Intelligent reflecting surface enhanced mobile edge computing [296]
(minimizing the maximum computational time)
ag Communication networks perspectives towards 6G (complex systems) [297]
ar MEC-Empowered non-terrestrial network for 6G wide-area time-sensitive IoT | [298]
as 6G cognitive information theory [299]
ag Survey on security and privacy for 6G [300]
a0 Survey on 6G networks with optical communications [307)

Tabauua 10. [Iybaukanuy u cCOOTBETCTBYOIINE KIIOUEBBIE CJIOBA
Dnement | KitoueBwie citoBa
aq 6G, RIS, intelligence - ML, optimization, wireless network, system architecture
as 6G, RIS, security, modulation, wireless, system reconfiguration
as 6G, MEC, RIS, control, IoT, challenges
a4 6G, UAV, RIS, intelligence - ML, optimization, architecture
as 6G, IRS (RIS),, MEC, optimization, latency, computational time

ag 6G, mobile network, modeling, wireless network, network architecture, perspectives
ar 6G, IoT, MEC, architecture, non-terrestrial network, cell-free

as 6G, UAV, evolution, intelligence, data fusion, MEC

ag 6G, ground-see network, space network, air network, security, architecture

aio 6G, optical communications, optimization-allocation, P2P, architecture, perspectives

Tabsmia 11 comepkut onenkn "moxoxxecTu"B Bue 0DOIIEr0 YHMC/Ia KJIIOUEBBIX CJIOB ISl KarKI0i
[aPBI JIEMEHTOB p(ai, , Aiy) Vai, , ai, € A. Bamsocts ("paccrosiue) MexK Ly 1leMeHTAMI  @;, U a4,
MOXKHO BBIIHCJIATH 10 (opmyrte 1 — p(a;,,a;,)/6.
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Tabsuua 11. "Tloxoxects"p(a;, , a4,
a;, a2 Az | a4 | A5 | Qs | A7 | A8
ar |3 12|65
as 2122
as 2 3
Qy 3
as
ae
az
as
ag

S
= [~
o

— N o o
N NN W N
NN W N N

PO s WO o &

NN WN W NW

MoKHO BBIJICUTE 3 IPYINIbI OJIN3KUX 9JI€MEHTOB (KJIacTepbl) Ha OCHOBe Tabuuipl 11; rpymnma
1: Xy = {a1,a9,a4,as5}, rpymna 2: Xo = {a7,ag, a9}, rpymna 3: X3 = {as,ag,ajo}. Caenyrormue
ssieMeHThl (mybmkanum) gBiasoTcs "neHTpaabHbiMu" (Ha OCHOBE MUHUMAJILHOMN 0bIIel Gsin3ocTu
BHYTPH I'DYIIIBI): @1 JIsA TPYNIBL 1, a7 JUIs TPYIIBL 2, a3 JJist TPYIIIbI 3.

6. SAKJIFOYEHUE

Janmnast pabora npejcrapisieT coboii "uHKeHepHbI"0030p 38184 P-IIEHTPOB U P-MEIUAH, BKJIIO-
4yad TUIBL 38749, METOIbI PeIIeHus, nimocTpanun. [Ipeamoxkena HoBas IPUKIALHAS 3212498 BhIIe-
jierust "TeHTpabHbIX " TyOJIMKAI B HEKOTOPO# 1TpobieMHOM 00/1acTH.

B kauecTBe mepCHEKTUBHBIX HANPABJIECHUI MCCIEIOBAHUN MOXKHO yKasaTh cienyorme; (1) uc-
cIIeI0BaHMe 3a/ad P-TIEHTPOB U P-MEIUaH C MCIOJIb30BAHUEM IMOPSIKOBBIX U BEKTOPHDBIX OIEHOK
napameTpoB 3aJa4; (2) uccjienoBanue 3aa4 p-IIeHTPOB U P-MeJIMaH B YCJIOBHUsIX HEONPEIeJIEHHOCTE
(T.€., BEPOSITHOCTHBIE IIAPAMETPbI, [APAMETPhl Ha OCHOBE Pa3MbITBIX MHOXKECTB); (3) mcciieoBa-
HEE JUHAMHYECKUX TIOCTAHOBOK 3aJad; (4) mcciie/joBaHue Pa3IMdHBbIX MHOTO-CTUIHBIX CTpaTe-
ruit /upouneayp pemenust; (5) uccseoBaHle Pa3IUYHBIX NPUIOKeHNH; (6) IPOEKTUPOBAHNE CIIEIU-
AJIbHBIX CHCTEM IIOJIEPKKH PEIIEHN 33024 P-IEHTPOB U P-MEIMAaH U UCIIOIL30BAHIE X B yIeOHOM
poriecce.

ABTOp OATBEPXKIAET, YTO HET KOH(MIMKTOB HHTEPECOB.

Uccnenosanue ocymiectsiaeno B pamkax [oczaganus Hom. FFNU-2025-0035 (MIIIIN PAH).
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On p-center problem

M. Sh. Levin

The paper addresses p-center and p-median problems in graphs/networks. In general, the material
is based on an architectural glance to domains of p-center problems and involves the following
parts: (1) a survey on p-center problems, solving approaches, some problem formulations (including
multicriteria version); (2) a survey on p-median problems, solving approaches, and problem formulations
(including multicriteria versions); (3) illustrative numerical examples; (4) a new applied problem
for selection of ’central’ papers in a group of research papers on communications.

KEYWORDS: p-center problem, p-median problem, combinatorial optimization, heuristics,
application
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